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PREFACE. 


1s the present treatise, I have given an account, from the 

modern point of view, of the theory of the circular functions, 
and also of such applications of these functions as have been usually 
included in works on Plane Trigonometry. It is hoped that the 
work will assist in informing and training students of Mathematics 
who are intending to proceed considerably further in the study of 
Analysis, and that, in view of the fulness with which the more 
elementary parts of the subject have been treated, the book will 
also be found useful by those whose range of reading is to be more 
limited. 

The definitions given in Chapter 111, of the circular functions, 
were employed by De Morgan in his suggestive work on “ Double 
Algebra and Trigonometry,’ and appear to me to be those from 
which the fundamental properties of the functions may be most 
easily deduced in such a way that the proofs may be quite general, 
in that they apply to angles of all magnitudes. It will be seen 
that this method of treatment exhibits the formulae for the sine 
and cosine of the sum of two angles, in the simplest light, merely 
as the expression of the fact that the projection of the hypothenuse 
of a right-angled triangle on any straight line in its plane, is equal 
to the sum of the projections of the sides on the same line. 

The theorems given in Chapter VIL. have usually been deferred 
until a later stage, but as they are merely algebraical consequences 
of the addition theorems, there seemed to be no reason why they 


should be postponed. 
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A strict proof of the expansions of the sine and cosine of an 
angle in powers of the circular measure has been given in Chapter 
vill.; this is a case in which, in many of the text books in use, the 
passage from a finite series to an infinite one, is made without any 
adequate investigation of the value of the remainder after a finite 
number of terms, simplicity being thus attained at the expense of 
rigour. It may perhaps be thought, that at this stage, I might 
have proceeded to obtain the infinite product formulae for the sine 
and cosine, and thus have rounded off the theory of the functions 
of a real angle; for convenience of arrangement, however, and in 
order that the geometrical applications might not be too long 
deferred, the investigation of these formulae has been postponed 
until Chapter XVII. 

As an account of the theory of logarithms of numbers is given 
in all works on Algebra, it seemed unnecessary to repeat it here; I 
have consequently assumed that the student possesses a knowledge 
of the nature and properties of logarithms, sufficient for practical 
application to the solution of triangles by means of logarithmic 
tables. 

In Chapter xi, I have deliberately omitted to give any 
account of the so-called Modern Geometry of the triangle, as it 
would have been impossible to find space for anything like a 
complete account of the numerous properties which have been 
recently discovered; moreover many of the theorems would be 
more appropriate to a treatise on Geometry, than to one on 
Trigonometry. 

The second part of the book, which may be supposed to 
commence at Chapter XIII, contains an exposition of the first 
principles of the theory of complex quantities; hitherto, the very 
elements of this theory have not been easily accessible to the 
English student, except recently in Prof. Chrystal’s excellent 
treatise on Algebra. The subject of Analytical Trigonometry has 
been too frequently presented to the student in the state in 
which it was left by Euler, before the researches of Cauchy, Abel, 
Gauss, and others, had placed the use of imaginary quantities 
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and especially the theory of infinite series and products, where real 
or complex quantities are involved, on a firm scientific basis. In 
the Chapter on the exponential theorem and logarithms, I have 
ventured to introduce the term “generalized logarithm” for the 
doubly infinite series of values of the logarithm of a quantity. 

I owe a deep debt of gratitude to Mr W. B. Allcock, Fellow of 
Emmanuel College, and to Mr J. Greaves, Fellow of Christ’s 
College, for their great kindness in reading all the proofs; their 
many suggestions and corrections have been an invaluable aid to 
me. I have also to express my thanks to Mr H. G. Dawson, 
Fellow of Christ’s College, who has undertaken the laborious task 
of verifying the examples. My acknowledgments are due to 
Messrs A. and C. Black, who have most kindly placed at my 
disposal the article “Trigonometry” which I wrote for the 
Encyclopaedia Britannica. 

During the preparation of the work, I have consulted a large 
number of memoirs and treatises, especially German and French 
ones. In cases where an investigation which appeared to be 
private property, has been given, I have indicated the source. 

I need hardly say that I shall be very grateful for any 
corrections or suggestions, which I may receive from teachers or 


students who use the work. 


E. W. HOBSON. 


Curist’s CoLLEGE, CAMBRIDGE, 
March, 1891. 
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CHAPTER. I. 
THE MEASUREMENT OF ANGULAR MAGNITUDE. 


1. THE primary object of the science of Plane Trigonometry 
is to develope a method of solving plane triangles. A plane 
triangle has three sides and three angles, and supposing the 
magnitudes of any three of these six parts to be given, one at 
least of the three given parts being a side, it is possible, under 
certain limitations, to determine the magnitudes of the remaining 
three parts; this is called solving the triangle. We shall find 
that in order to attain this primary object of the science, it will be 
necessary to introduce certain functions of an angular magnitude, 
and Plane Trigonometry, in the extended sense, will be under- 
stood to include the investigation of all the properties of these so- 
called circular functions and their application in analytical and 
geometrical investigations not connected with the solution of. 
triangles. 


The Generation of an Angle of any Magmtude. 


2. The angles considered in Euclidean Geometry are all less 
than two right angles, but for the purposes of Trigonometry, it is 
necessary to extend the conception of angular magnitude so as to 
include angles of all magnitudes, positive and negative. Let OA 
be a fixed straight line, and let a straight line OP, initially coinci- 
dent with OA, turn round the point O in the counter-clockwise 
direction, then as it turns, it generates the angle AOP ; when OP 
reaches the position OA’, it has generated an angle equal to two 
right angles, and we may suppose it to go on turning in the same 
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direction until it is again coincident with OA; it has then turned 
through four right angles; we may then suppose OP to go on 


A A 


turning in the same direction, and in fact, to make any number 
of complete turns round 0; each time it makes a complete 
revolution, it describes four right angles, and if it stop im any 
position OP, it will have generated an angle which may be of 
any absolute magnitude, according to the position of P. We 
shall make the convention that an angle so described is positive, 
and that the angle described when OP turns in the opposite or 
clockwise direction is negative. This convention is of course 
perfectly arbitrary, we might if we pleased, have taken the 
clockwise direction for the positive one. In accordance with 
our convention then, whenever OP makes a complete counter- 
clockwise revolution, it has turned through four right angles 
reckoned positive, and whenever it makes a complete clockwise 
revolution, it has turned through four right angles taken negatively. 


As an illustration of the generation of angles of any magnitude, we may 
consider the angle generated by the large hand of a clock. Each hour, this 
hand turns through four right angles, and preserves no record of the number 
of turns it has made; this, however, is done by the small hand, which only 
turns through one-twelfth of four right angles in the hour, and thus enables 
us to measure the angle turned through by the large hand in any time less 
than twelve hours. In order that the angles generated by the large hand 
may be positive, and that the initial position may agree with that in our 
figure, we must suppose the hands to revolve in the opposite direction to that 
in which they actually revolve in a clock, and to coincide at three o’clock 
instead of at twelve o’clock. ; 
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3. Supposing OP in the figure, to be the final position of 
the turning line, the angle it has described in turning from the 
position OA to the position OP, may be any one of an infinite 
number of positive and negative angles, according to the number 
and direction of the complete revolutions the turning line has 
made, and any two of these angles differ by a positive or negative 
multiple of four right angles. We shall call all these angles 
bounded by the two lines OA, OP, coterminal angles, and denote 
them by (O04, OP); the arithmetically smallest of the angles 
(OA, OP) is the Euclidean angle AOP, and all the others are 
got by adding positive or negative es of four right angles 
to the algebraical value of this. 


The Numerical Measurement of Angles. 


4, Having now explained what is meant by an angle of any 
positive or negative magnitude, the next step to be made as 
regards the measurement of angles, is to fix upon a system for 
their numerical measurement. In order to do this, we must 
decide upon a unit angle, which may be any arbitrarily chosen 
angle of fixed magnitude, then all other angles will be measured 
numerically by the ratios they bear to this unit angle. The 
natural unit to take would be the right angle, but as the angles 
of ordinary size would then be denoted by fractions less than 
unity, it is more convenient to take a smaller angle as the unit. 
The one in ordinary use is the degree, which is one ninetieth 
part of a right angle. In order to avoid having to use fractions 
of a degree, the degree is subdivided into sixty parts called 
minutes, and the minute into sixty parts called seconds. Angles 
smaller than a second are denoted as decimals of a second, 
the third, which would be the sixtieth part of a second, not 
being used. An angle of d degrees is denoted by d°, an angle 
of m minutes by m’, and an angle of n seconds by n”, thus 
an angle d° mn” means an angle containing d degrees + m 

: : d m n 
minutes + m seconds, and is equal to 90 a 90 . 60 + 90.60.60 
of a right angle. 

This system of numerical measurement of angles is called 
the sexagesimal system. For example, the angle 23° 14 564 

23 14 56°4 
denotes 99 + 90.60 * 90. 60. 60 


of a right angle. 
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It has been proposed to use the decimal system of measurement of angles. 
In this system the right angle is divided into a hundred grades, the grade 
into a hundred minutes, and the minute into a hundred seconds ; an angle of 
g grades, m minutes and ” seconds is then written g*m'n*. For example, 
the angle 13° 97' 4-2 is equal to 13-97042 of a right angle. This system has 
however never come into use, principally because it would be inconvenient in 
turning time into grades of longitude, unless the day were divided differently 
than it is at present. The day might, if the system of grades were adopted, 
be divided into forty hours instead of twenty-four, and the hour into one 
hundred minutes, thus involving an alteration in the chronometers; one 
of our present hours of time corresponds to a difference of 50/3 grades of 
longitude, which being fractional is inconvenient. 

It is an interesting fact that the division of four right angles into 360 
parts was used by the Babylonians; there has been a good deal of speculation 
as to the reason for their choice of this number of subdivisions. 


The Circular Measurement of Angles. 


5. Although, for all purely practical purposes, the sexagesimal 
system of numerical measurement of angles is universally used, 
for theoretical purposes it is more convenient to take a different 
unit angle. In any circle of centre 0, suppose AB to be an arc 


pe ike B 


whose length is equal to the radius of the circle; we shall shew 
that the angle AOB is of constant magnitude independent of 
the particular circle used; this angle is called the Radian or 
unit of circular measure, and the magnitude of any other angle 
is expressed by the ratio which it bears to this unit angle, this 
ratio being called the circular measure of the angle. 
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6. In order to shew that the Radian is a fixed angle, we shall 
assume the following two theorems: 

(a) In the same circle, the lengths of different arcs are to one 
another in the same ratio as the angles which those arcs subtend 
at the centre of the circle. 


(b) The length of the whole circumference of a circle bears 
to the diameter a ratio which is the same for all circles. 

The theorem (a) is contained in Euclid; Book v1. Prop. 33, and 
we shall give a proof of the theorem (b) at the end of the present 
Chapter. From (qa) it follows that 

arc AB Be eZ 


circumference of the circle 4 right angles "’ 


Since the arc AB is equal to the radius of the circle, the first 
of these ratios is, according to (b), the same in all circles, conse- 
quently the angle AOB is of constant magnitude independent of 
the particular circle used. 


7. It will be shewn hereafter that the ratio of the circum- 
ference of a circle to its diameter is incommensurable, that is, 
we are unable to give any integers m and n such that m/n is 
exactly equal to the ratio. We shall, in a later Chapter, give an 
account of the various methods which have been employed to 
calculate approximately the value of this ratio, which is usually 
denoted by 7. At present it is sufficient to say that mw can only 
be obtained in the form of an infinite non-recurring decimal, and 
that its value to the first twenty places of decimals is 

3°1415926535897 9323846. 

For many Oeil it will be are to use the approximate value 

314159. The ratios =3: 142857, a8 1415929... may be used as approxi- 


mate values of 7, since they agree with the correct value of 7 to two and six 
places of decimals respectively. 


8. We have shewn that the radian is to four right angles 
in the ratio of the radius to the circumference of a circle; the 


radian is therefore . xa right angle; remembering then that 
Tv 


a right angle is 90°, and using the approximate value of 7, 
31415927, we obtain for the approximate value of the radian 
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in degrees, 57°-2957796, or reducing the decimal of a degree to 
minutes and seconds, 57° 17’ 44/81. 


The value of the radian has been calculated by Glaisher to 41 places of 
decimals of a second}. The value of 1/m has been obtained to 140 places of 
decimals. 


9. The circular measure of a right angle is $7, and that of 
two right angles is 7, and we can now find the circular measure 
of an angle given in degrees, or vice versa; if d be the number of 
degrees in an angle of which the circular measure is @, we have 


0 


for each of these ratios expresses the ratio of the given 


a 180’ 
angle to two right angles; thus a d is the circular measure of 


an angle of d degrees, and 7 is the number of degrees in an 


angle whose circular measure is @; if an angle is given in degrees, 
minutes and seconds, as d° m’ n”, its circular measure is 


(d + m/60 + n/3600) 7/180. 


The circular measure of 1° is 01745329..., of 1’ is ‘0002908882..., and 
that of 1” is ‘000004848137...... 


10. The circular measure of the angle AOP, subtended at the 
are AP 


radius of circle’ 


centre of a circle by the arc AP, is equal to 


are AP LAINIE 
arc AB” ZAOB’ 


The are AP may be greater than the whole circumference and 
may be either positive or negative, according to the direction in 
which it is measured from the starting point A, so that the 
circular measure of an angle of any magnitude, is the are which 
subtends the angle, divided by the radius of the circle. The 
length of an arc of a circle of radius 7, is 70, where @ is the 
circular measure of the angle the are subtends at the centre 


of the circle. The whole circumference of the circle is therefore 
Qqar. 


this ratio is equal to 


* On the calculation of the value of the theoretical unit angle to a great number 
of places. Quarterly Journal, Vol. tv. 
2 See Grunert’s Archiv, Vol. 1., 1841, 
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Proof that the Cireumferences of Circles vary as their 
Diameters. 


11. In order to prove that the lengths of the circumferences 
of different circles vary as their diameters, we have recourse to the 
Newtonian conception of a curve as being the limit of an inscribed 
polygon, when the number of sides of the polygon is indefinitely 
increased, each side of the polygon becoming indefinitely small. 
The length of the curve is then considered to be the limit of the 
sum of the lengths of the sides of the polygon. Suppose a regular 
polygon of n sides to be inscribed in a circle, then in accordance 
with this conception, we regard the circumference of the circle as 
differing from the perimeter of the polygon, by a quantity which 
may be made as small as we please by making the number n of 
the sides great enough. Suppose C to be the length of the 
circumference of the circle, and P,, the perimeter of the polygon, 
then C =P, +, where «, may be made smaller than any assign- 
able quantity by making m increase sufficiently. If C’, P,’, x,/ be 
corresponding quantities, for the same value of n, for another circle, 
we have by Euclid Book vi. Prop. 20, P,: Pn’: D: D’, where 
D and D’ are the diameters of the circles; 


° C= 8,0 —a,2 D:D, 
or CD —C’D =2,,D' — «,/D. 


Now «,,D' — x,/D becomes less than any assignable quantity, when n 
is indefinitely increased, or in other words the limit of #,D’ — x,'D 
is zero; hence CD’—C’D=0, or 0: C’ :: D: D’. 


In the preceding proof, the length of the circumference of the circle has 
been implicitly defined to be the limit which the perimeter of an inscribed 
regular polygon approaches as the number of sides is indefinitely increased. 
If there be inscribed in the circle a polygon whose sides are not equal but are 
different from one another in accordance with any arbitrarily prescribed law, 
it has not been shewn that the perimeter of such polygon, when the number 
of sides is indefinitely increased, necessarily tends to the same limit as in the 
case of a regular polygon. The investigation of this point is contained in 
that of the fundamental Theorem of the Integral Calculus. The above proof 
may be regarded as complete if we assume the restricted definition of the 
length of the arc of a curve as the limit of the perimeter of an inscribed 
polygon with equal sides. 


8 EXAMPLES. CHAPTER I. 


The area of a sector of a circle. 


12. In order to find the area of the sector of a circle, bounded 
by any two radii, consider a regular polygon inscribed in the 
circle, as in the last article. The area of the triangle of which 
one side of the polygon is base, and of which the radii at the 
extremities of that side are sides, is half the product of the base 
and the altitude of the triangle; the altitudes of all such triangles 
are the same, hence the sum of the areas of any number s of such 
triangles taken consecutively, is half the product of the altitude 
into the sum of the s sides of the polygon. When the number n of 
the sides of the polygon is indefinitely increased, s bearing a finite 
ratio to n, the sum of the s sides is ultimately the length of a 
finite arc of the circle, and the altitude of the triangles is ulti- 
mately the radius of the circle, hence the area of the sector of the 
circle which is the limit of the sum of the triangular areas, is half 
the product of the radius into the length of the arc of the sector. 
The area of a sector of which the bounding are subtends an angle 
whose circular measure is 0, at the centre of the circle, is 4r x 70 
or $7°@. The whole circle is a sector of which the bounding arc is 
the whole circumference, hence the area of the whole circle is rr. 


EXAMPLES ON CHAPTER I. 


1. What must be the unit of measurement, that the numerical measure 
of an angle may be equal to the difference between its numerical measures as 
expressed in degrees and in circular measure ? 


2. If the measures of the angles of a triangle referred to 1°, 100’, 10000” 
as units, be in the proportion of 2, 1, 3, find the angles. 


3. Find the number of degrees in an angle of a regular polygon of 7 sides 
(1) when it is convex, (2) when its periphery surrounds the inscribed circle m 
times. 


4. Two of the angles of a triangle are 52° 53’ 51”, 418 22° 50" respectively ; 
find the third angle. 


5. Find, to five decimal places, the arc which subtends an angle of 1° at 
the centre of a circle whose radius is 4000 miles. 
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6. An angle is such that the difference of the reciprocals of the number 


of grades and degrees in it, is equal to its circular measure divided by 2z ; 
find the angle. 


7. The angles of a plane quadrilateral are in a.p. and the difference of 
the greatest and least is a right angle; find the number of degrees in each 
angle and also the circular measure. 


8. In each of two triangles the angles are in a@.p.; the least angle of one 
of them is three times the least angle in the other, and the sum of the 
greatest angles is 240°; find the circular measure of the angles. 


9. Ifan are of ten feet on a circle of eight feet diameter, subtend at the 
centre an angle 143° 14’ 22”, find the value of m to four decimal places, 


10. Find two regular figures such that the number of degrees in an 
angle of the one is to the number of degrees in an angle of the other as the 
number of sides in the first is to the number of sides in the second. 


ll. ABC is a triangle such that, if each of its angles in succession be 
taken as the unit of measurement, and the measures formed of the sums of 
the other two, these measures are in A.P. Shew that the angles of the 
triangle are in H.p. Also shew that only one of these angles can be greater 
than 3 of a right angle. 


12. Shew that there are eleven and only eleven pairs of regular polygons 
which are such that the number of degrees in an angle of one of them, is 
equal to the number of grades in an angle of the other, and that there are 
only four pairs in which these angles are expressed by integers. 


13, The apparent angular diameter of the sun is half a degree. A planet 
is seen to cross its disc in a straight line at a distance from its centre equal 
to three-fifths of its radius. Prove that the angle subtended at the earth, by 
the part of the planet’s path projected on the sun, is 7/450. 


CHAPTER IT. 


THE MEASUREMENT OF LINES. PROJECTIONS. 


13. IF it is required to measure a given length along a given 
straight line, supposed indefinitely prolonged in both directions, 
starting from any assumed point, the question arises, in which 
direction is the given length to be measured off. In order to avoid 
ambiguity, we agree that lengths measured along the straight 
line in one direction shall be considered positive, and consequently 
in the other direction negative; it is necessary then in such a 
straight line to assign the positive direction. Suppose, in the 
figure, we agree that lines measured from left to right shall be 


A B C 


considered positive and from right to left negative; the length AB 
is then positive, and the length BA negative, or AB=— BA. 


14. If C be any third point anywhere on the straight line, we 
shall have AB= AC + CB, for example if, as in the figure, C lies 
beyond B, the line CB is negative, and therefore its numerical 
length is subtracted from that of AC. The sum of the lengths of 
any number of such straight lines generated by a point which 
starts at A and finishes its motion at B, is accordingly equal to 
AB. 


15. When, as in Art. 2, an angle is generated by a straight 
lime OP turning from an initial position 0.4, we shall suppose 
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that, whilst turning, the positive direction in the line OP remains 
unaltered, thus the angle which has been generated in any position 
of OP, is the angle between the two positive directions of the 


D 


A B 


bounding lines. It follows, that if AB, CD are the positive 
directions in two straight lines, the angle between AB and DC 
differs by two right angles from the angle between AB and CD, 
for a line revolving from the position AB, must turn through an 
angle in order to coincide with DC, 180° greater or less than the 
angle it must turn through in order to coincide with CD. 


If we consider all the coterminal angles bounded by AB and 
CD, and by AB and DC, respectively, we shall have (AB, CD) 
= (AB, DC) + 180°, the angles being all measured in degrees. 


16. When a straight line moves parallel to itself, we shall 
suppose its positive direction to be unaltered, so that if AB, CD 
are non-intersecting straight lines, the angle between them is equal 
to the angle between AB and a straight line drawn through A 
parallel to CD. For ordinary geometrical purposes, the angle 
between AB and CD, is the smallest angle between AB and this 
parallel, irrespective of sign. 


Projections. 


17. If from the extremities P, Q of any straight line PQ 
perpendiculars PM, QN be drawn to any straight line AB, the 
portion MN, with its proper sign, is called the projection of the 
straight line PQ on the straight line AB. It should be noticed 
that PQ and AB need not necessarily be in the same plane. The 
projection of QP is NM, and has therefore the opposite sign to 
that of PQ. 
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If the points P and Q be joined by any broken line, such as 
PpgqrQ, the sum of the projections of Pp, pq, gr, 7rQ on AB, is equal 


A m M s N 2 B 


to the projection of PQ on AB. For the sum of the projections 
is Mm+mn+ns+sN, which is, according to Art. 14, equal to 
MN. We obtain thus the fundamental property of projections. 
The sum of the projections on any fixed straight line, of the parts 
of any broken line joining two points P and Q, depends only upon 
the positions of P and Q, being independent of the manner in which 
P and Q are joined. 


A particular case of this proposition is the following : 


The sum of the projections on any straight line, of the sides, 
taken in order, of any closed polygon, is zero. If in the above figure, 
the points P and Q coincide, the broken line joining them becomes 
a closed polygon, and since the projection of PQ is zero, the sum of 
the projections of the sides, taken in order, of the polygon, is also 
zero. The polygon is not necessarily plane, and may have any 
number of re-entrant angles. 


CHAPTER AIL 
THE CIRCULAR FUNCTIONS. 


Definitions of the circular functions. 


18. HAVING now explained the manner in which angular and 
linear magnitudes are measured, we are in a position to define the 
Circular Functions or Trigonometrical Ratios, Suppose an angle 
AOP of any magnitude A, to be generated as in Art. 2, by the 


ae, 


revolution of OP from the initial position OA, remembering the 
convention made as to the sign of angles. Let B’OB be drawn 
perpendicular to A’OA; we suppose the positive directions in 
A’OA and B’OB to be from O to A, and O to B respectively. We 
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also remember the convention made in Art. 15, as to the positive 
direction of the revolving line. 

The ratio of the projection of OP on the initial line, to the length 
OP, ts called the cosine of the angle A, and is denoted by cos A. 

The ratio of the projection of OP on the straight line OB which 
makes an angle + 90° with the initial line, to the length OP, as called 
the sine of the angle A, and 1s denoted by sin A. 

The ratio of the projection of OP on OB, to ats projection on OA, 
is called the tangent of the angle A, and is denoted by tan A. 

The ratio of the projection of OP on OA, to its projection on OB, 
is called the cotangent of the angle A, and is denoted by cot A. 

The ratio of OP to its projection on OA, ts called the secant of 
the angle A, and is denoted by sec A. 

The ratio of OP to its projection on OB, is called the cosecant of 
the angle A, and is denoted by cosec A. 


Thus we have 


OMe, ON ON 
cos A = Fp > sind =p, tan A = Oy 
cot A= ON, seed =O, cosee A = OO. 


When each of the lengths in the ratios is taken with its proper 
sign, the sign of OP is always positive, but those of OM, ON, are 
each positive or negative according to the magnitude of the angle 
A. It should be observed that MP is equal to, and of the same 
sign as ON, so that 


MP Lele _ OM OP. 
OP” tan A = OM’ cot A =P’ cosec A Se 
In the figure, the angle A has four different magnitudes AOP,, 
AOP., AOP;, AOP,, corresponding to the four positions P,, P,, 
ee P., of P. 


sin A = 


The projection of any positive or negative length AB, on a straight line 
CD, is obtained by multiplying the length AB taken with its proper sign, 
by the cosine of the angle between the positive directions of the lines on 
which AB and CD lie ; the projection is thus given with its proper sign. 


It should be observed that since OP, in the figure, always retains the 
positive sign as it revolves from the position 0.4, when it coincides with OA’ 
it has the opposite sign to that of Od’. 
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19. The six ratios defined above, are the six Circular 
Functions, called also Trigonometrical Ratios or Trigonometrical 
Functions. Each of them depends only upon the magnitude of the 
angle A, and not upon the absolute length of OP. This follows 
from the property of similar triangles, that the ratios of the sides 
are the same in all similar triangles, so that when OP is taken of a 
different length, we have the same ratios as before for the same 
angle. These six ratios are then functions of the angular magni- 
tude A only; we may suppose A to be measured either in the 
sexagesimal system or in circular measure. For convenience, we 
shall in general use large letters A, B, C,... for angles measured in 
degrees, minutes and seconds, and small letters a, 8, 0, ¢,... for 
angles measured in circular measure; so that, for example, sin 4 
denotes the sine of the angle of which A is the measure in degrees, 
minutes and seconds, and sin a is the sine of the angle of which 
a is the circular measure. To these six circular functions two 
others may be added, which are sometimes used, the versine written 
versin A, and the coversine written coversin A; these are defined 
by the equations versin A = 1 — cos A, coversin A = 1—sin A. 


The versine and coversine are used very little in theoretical 
investigations, but the versine occurs very frequently in the 
formulae used in navigation. 


20. In the case of an acute angle, the definitions of the 
circular functions may be put into the following form. Let P 


oo 
= 
ea 


A 


ies 


be any point in either of the bounding lines of the given angle ; 
draw PN perpendicular to the other bounding line, we have then 
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the right-angled triangle PAN, of which the angle PAN is the 
given one A, 
Cos A is then defined as 


side adjacent to A side opposite to A 


yn A 
hypothenuse — ” SHES Soa hypothenuse 
de oppost ide adjacent to A 
lek ae side opposite to ay Mevdtes side adjacent to 4 
side adjacent to A side opposite to A” 
fae hypothenuse  ecre ae hypothenuse 
side adjacent to A side opposite to A 


21. Until recently, the circular functions of an angle were defined, not as 
ratios, but as lengths having reference to ares of a circle of specified size. If 
PA be an arc of a given circle, let PV be drawn perpendicular to OA, and let 


PT be the tangent at P; the line PWV was defined to be the sine of the arc 
PA, ON to be its cosine, PT its tangent, O7' its secant, and AJ its versine. 
In this system the magnitudes of the sine, cosine, tangent, &c. depended not 
only upon the angle POA, but also upon the radius of the circle, which kad 
therefore to be specified. The advantage of the present mode of definition of 
the functions as ratios, is that they are independent of the radius of any 
circle, and are therefore functions of an angular magnitude only. The sine 
of an arc was first used by the Arabian Mathematician Al-Battani (878—918) ; 
the Greek Mathematicians had used the chords P/” of the double arc, instead 
of the sine PW of the arc PA. 
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Relations between the circular functions. 


22. Referring to the definitions of the circular functions, 
we see at once that there are the following relations between 
them, 


(1) cosAsecA =1, (3)" tan 4 cot A =1, 


(2) sin A cosec A =1, (4) tan A =sin A/cos A 
cot A =cos A/sin ah . 


Expressed in words, the relations (1), (2), (3), assert the facts 
that the secant, cosecant, and cotangent of an angle are the reci- 
procals of the cosine, sine, and tangent of the angle respectively ; 
and relation (4) expresses the fact that the tangent of an angle is 
the ratio of its sine to its cosine, or what, in virtue of (3), comes to 
the same thing, that the cotangent of an angle is the ratio of the 
cosine to the sine of the angle. 


23. Referring to the figure in Art. 18, the square on OP is, 
by the Pythagoraean theorem, equal to the sum of the squares of 
its projections OM and MP, so that since the ratios of these pro- 
jections to OP, are the cosine and sine respectively of the angle 
A, we have (cos A)?+(sin A)?=1, or as it is usually written, 
cos?A+sin?A=1. If we divide both sides of this equation by cos?4, 
and remember the relations (1) and (4), we have 1 + tan?.A =sec? A ; 
similarly if we divide both sides of the equation by sm? A, and 
remember the relations (2) and (4), we have 1 + cot? .A =cosec? A. 
Thus the three identities, 

cos? A + sin? A =1 | 
tan Ace SCO A 19 acs of cqsaicc ames (5) 
1 + cot’? A = cosec?A j 


are different forms of the same relation between the functions. 


24. The five independent. relations just obtained between 
the six circular functions, enable us to express any five of these 
functions in terms of the sixth. The student should verify: the 
correctness of the following table, in which the meaning of # in 
each column, stands at the head of that column, and the value of 
the expressions in each horizontal line, at the beginning. 


H. T. 2 
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sn A=7 cosd Satan =e cot A=ax sou'd =eleosecd =e 
sin A= ae | vI-a Jig eee ee : 
cos A= | V/1—2? a | a | ree 2 eu 
fe | 
tan A= | i is a x /a—1 a 
COvrA= Vv ee | er | : x mn / a2 —1 
ae 2 | oS | we | V1 4x2 aS | x 


In this table, the ambiguities in the signs of the square roots 
are left undetermined. As an example of the verification of this 
table, we will suppose sec A = #, to be given; we have at once from 
(1) in Art. 22, cos A=1/x, and from the second form of (5), 


tan A =Va?—1, and then from (3), cot A=1/Va?—1; from the 


; tt Vee 
first form of (5), ot Ae aah then from (2), 
cosec A = raat we have thus verified the correctness of the 
4 hy _ 


fifth column in the table. 


Range of values of the circular functions. 


25. The projection of one straight line upon another, cannot 
be of greater length than the projected line, hence the sine or the 
cosine of an angle cannot be numerically greater than unity; each 
of them may have any value between +1 and —1, both inclusive ; 
the secant and cosecant which are the reciprocals of the cosine and 
sine, cannot therefore lie between the limits + 1, and are therefore 
numerically greater than, or equal to unity. The tangent or the 
cotangent, being the ratio of two projections, one of which has its 
greatest numerical value when the other one vanishes, may have 


any value between + «. The versine may have any value between 
0 and 2. 
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Properties of the circular functions. 


26. If the angles AOP, AOp be A and —A respectively, we 
see that OP and Op have equal projections OM, upon OA, but 


Ie Bl 


that their projections OV, On, on OB are of equal magnitude but 
opposite sign, therefore 
cos(— A)=cos A, and sin(—A)=—sinA ...... (6) ; 
it follows that tan(—A)=—tan A, cot(— A)=—cot A, 
sec(— A)=sec A, cosec(— A)=—cosec A. 

If a function of a variable has its magnitude unaltered when 
the sign of the variable is changed, that function is called an even 
function, but if the function has the same numerical value as 
before, but with opposite sign, then that function is called an 
odd function; for instance 2 is an even function of w, 2 is an 
odd function of 2, but z?+.* is neither even nor odd, since its 
numerical value changes when the sign of wis changed. We see 
then that the cosine and the secant of an angle are even functions, 
and the sine, tangent, cotangent, and cosecant, are odd functions. 
The versine is an even function, but the coversine is neither even 
nor odd. 


27. The values of the ‘circular functions of an angle, depend 
only upon the position of the bounding line OP, with reference 
to the other bounding line OA, consequently all the coterminal 

2—2 
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angles (OA, OP) have the same circular functions, or in other 
words, all the angles n.360°+ A, where n is any positive or 
negative integer, have their circular functions the same as those 
of A. If a be the circular measure of the angle which contains 
A degrees, all the angles 2n7 +a, in circular measure, have the 
same circular functions. We have also, since all the angles 
2nm—a have the same circular functions, 


sin (2n7 — a) = sin (— a) =— sina, 
and cos (2n7 — a) = cos (— a) = cosa. 
The ‘properties we have obtained are both included in the 
equations 
sin (2Qn7 +a)=+sina 
cos (2n7r + a) = cos a 


28. Ifthe angle 180°—A or 7 —a, is bounded by OQ, then OQ 
makes the same angle with OA’, as OP does with OA, and we see 
that the projections of OP and OQ on OA, are equal and of opposite 


B' 


sign, and the projections of OP and OQ, on OB, are equal and of 
the same sign, therefore sin (7 — a) = sin a, and cos (m — a4) =— cosa. 
These equations hold whatever « may be, so that we can change 
into —a, and we have A 

sin (7 + «) = sin (— a)=—sina 


and cos (7 + a) = — cos (— a) = — cosa. 
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Thus we have the system of equations 


sin(m +a)=F sina 
Be ( OSE RR ee ee oe (Ts 
7+a)=—cosa 
from these we obtain 
ES 0 Grit wale) eR Sar) > Oy er Pe (8). 


Also sin (2n+1la7+a)=sin(rta)=Fsina 
cos (2n+ 1la+a)=cos(rm+a)=—cosar .........(9). 
tan (2n+1la7+a)=tan(7+a)=+ tana 


29. In the figure of Art. 28, the angle OP makes with OB’, is 
90° + A, therefore the cosine of the angle 90°+ A or 47 +a, is the 
ratio of the projection of OP on OB’, to OP; hence since the pro- 
jection on OB’, is equal with opposite sign to the projection on OB, 
we have cos($7 +a)=—sina; changing 47+4a into a, we have 
cos a= — sin (4 — $77), hence in virtue of (6), we have 

cos a= sin (47 —a). 


In these equations we can, if we please, change the sign of a, 
since a may be either positive or negative; we have then the 
equations 

sin (47 +a)=cosa 
COS Gear $50) = Plea eee ae (10). 
tan (47 +a)=F cota 
We have also, from (6) and (9), 
sin (m +4 +a)=(—1)"sin (47 £2), 
cos(m+4m+a)=(—1)"cos(47 + a), 
tan(m+4 +44) =tan (47 +4), 


hence 
sin (m+4mr+4a)=(—1)™cosa 
cos(m+4r4a)=F(-l)™sinaf oe. (11). 
tan(m+4or +a)=+F cota 

The angle 7—a is called the supplement of the angle a, and 
the angle 47 —a is called the complement of a. 

We have shewn that the sine of an angle 1s equal to the 
sine of the supplementary angle, and the cosine of an angle ws 
equal, with opposite sign, to the cosine of its supplement ; also that 
the sine of an angle is equal to the cosine of its complement, and the 
cosine of an angle is equal to the sine of its complement. 
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The formulae (6) to (11), enable us to find the circular functions 
of an angle, when we know the values of the circular functions of 
that angle between zero and $77, which differs from the given angle 
by a multiple of $2, or also when we know the circular functions 
of the complement of this latter angle. 


Periodicity of the circular functions. 


30. When a function f(z) of a variable, has the property 
fw) =f (@+ bk), for every value of a, k being a constant, the function 
f(a) is called periodic; if moreover the quantity k is the least 
constant for which the function has this property, then k is called 
the period of the function. 

It follows at once that if f(z) =f(«#+h), then f(x) =f(«#+nk), 
where n is any positive or negative integer; if then we know 
the values of the function, for all values of w lying between two 
values of # which differ by k, we know the values of the function 
for all other values of #, the function having values which are a 
mere repetition of its values within the interval for which they 
are given. 

The property (6), of sma and cosa, shews that these func- 
tions are periodic functions of a, the period being 27, or if 
the angle is measured in degrees, sin A and cos A are periodic 
functions of A, the period being 360°. The property (7), shews 
that these functions are such that their values, for values of the 
angle differing by half the complete period, are equal with 
opposite sign. The property (8), shews that the tangent is 
periodic, the complete period being 7, half the period of the sine 
and cosine. Obviously the period of the secant or of the cosecant, 
is 2, and that of the cotangent is 7. It will be hereafter seen 
that the circular functions derive their importance in analysis, 
principally from their possession of this property of periodicity. 


Changes in the sign and magnitude of the circular functions. 


31. We shall now trace the changes in the magnitude and 
sign of the circular functions of an angle, as the angle in- 
creases from zero to four right angles. 


(1) To trace the changes in the value of the sine of an angle, 
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we must observe the changes in magnitude and sign of the 
projection OV, in the figure of Art. 18. When the angle A is zero, 
ON is zero, and as A increases up to 90°, ON is positive and 
increases until when A is 90°, OW is equal to OP, thus sin A is 
positive and increases from 0 to 1. As A increases from 90° to 
180°, ON is positive and diminishes until when A is 180°, it is 
again zero, therefore sin A is positive and decreases from 1 to 0. 
As A increases from 180° to 270°, ON is negative and increases 
numerically, until when A is 270°, ON=—OP, hence sin A is 
negative and changes from 0 to—1. As A increases from 270° to 
360°, ON is negative and diminishes numerically, until when A 
is 360°, it is again zero, thus sin A is negative and changes from 
—1 to 0. 


(2) In the case of the cosine, we must observe the changes in 
magnitude and sign of the projection OM. We find that as A 
increases from 0° to 90°, cos A is positive and diminishes from 1 to 
0; as A increases from 90° to 180°, cos A is negative and changes 
from 0 to —1; as A increases from 180° to 270°, cos A is negative 
and changes from — 1 to 0; and as A increases from 270° to 360°, 
cos A is positive and increases from 0 to 1. 


(3) To trace the changes in the tangent of an angle, we must 
consider the ratio of ON to OM; when the angle is zero, this ratio 
is zero, and is positive and increasing as the angle increases from ()° 
to 90°; when the angle is 90°, the projection OM is zero, and ON 
is unity, hence tan90° = #; as A increases from 90° to 180°, the 
tangent is negative and changes from — 2% to 0. As A increases 
from 180° to 270°, tan A is positive, since ON and OW are both 
negative, and it increases until it again becomes infinite when 
A=270°. As A increases from 270° to 360°, the tangent is 
negative and changes from — to 0. It will be observed that 
tan A changes from + to — in passing through the value 90°, 
and from — © to + in passing through 270°; to explain this, it 
is only necessary to remark that as a variable w changes sign by 
passing through the value zero, its reciprocal 1/” changes sign in 
passing through the value «. 


(4) The changes in the values of the cosecant, secant, and 
cotangent of A, may be deduced from the above, if we remember 
that they are the reciprocals of the sine, cosine, and tangent, 
respectively. Their values for 4A =0°, 90°, 180°, 270°, 360°, are 
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given in the following table, which also includes the results ob- 
tained above for the sine, cosine, and tangent. 


0° _ 0°-90° | 90° | 90°-180° 180° | 180°-270° | 270° | 270°-360°| 360° 
sn| 0 | + | 1 oh Mal ieee - 0 
cos} 1 | + | 0 - 9-1 Psp ie + 1 
tan 0" | by eee, a 0 ic +0 = “6 
cot | +o! + | 0) | - | Fo + | 0) — +o 
sec 1 + | +00 = alt = Fo + ] 
cosec +O} + et | + +0 -- -l1 — Fo 


Graphical representation of the circular functions. 


32. In order to obtain a graphical representation of the 
changes in value of the circular functions, we shall suppose that 
the circular measure # of an angle, is represented by taking a 
length w measured along a fixed straight line, according to any 
fixed scale, from a fixed point, and that the numerical value of 
the function to be represented, is the length of a corresponding 
ordinate drawn perpendicularly to the given straight line, through 
the extremity of the length #; the function is represented graphi- 
cally by the curve traced out by the extremity of this ordinate. 
This curve is called the graph of the function. 

The first of the three figures opposite, gives the graphs of sin x 
and of cos#. If O is the origin from which the length « is 
measured along the fixed straight line OX, and OA = 7, OB= 27, 
OW =47, O'C’=1, the curve OPAP’B is such that any ordi- 
nate represents roughly the value of sinw corresponding to 
any value of « between 0 and 27. If O’ is taken as origin, and 
O'B’= 27, the curve C’PP’D’ represents the value of cosa for 
values of « between 0 and 27; this follows from the relation 
cos #=sin(47 +2). Beyond OB, the curve OPP’B will be 
repeated indefinitely on both sides of the origin 0. The second 
figure represents, in a similar manner, the values of tan x and cot a, 
O being the origin for tan «, and O’ for cot 2; the ordinates through 
O', A’, B’, are asymptotes of the curve, where the functions change 
sign by passing through an infinite value. The third figure 
represents the values of secw and cosec#, O being the origin for 
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cosec x, and O’ for seca; the ordinates at O, A, B, are asymptotes 
of this curve. 


0 a A 4’ B ‘alae al 


7 oO” A w B B’ uf. 


26 THE CIRCULAR FUNCTIONS. 


Exampie. Draw graphs of the following functions 


(1) stmx+ cosx. (2) cos (m sin x). cos (m Cos X). 
(3) tanx+secx. (4) stn (a cos X)/cos (a sin X). 
(5) sm? x—2cosx. (6) sin (4r+4n cos x). 


Angles with one circular function the same. 


33. We shall now find expressions for all the angles which 
have one of their circular functions the same. 


B 


B' 


(1) Ifim the figure, AOP is a given angle, and PP, is drawn 
parallel to OA, the angles (OA, OP) and (OA, OP,) are the only 
angles which have their sine the same as that of AOP, for they 
are the only angles for which the projection of the radius on OB, 
is equal to ON; these angles are 2n7 + a and 2na7 +a —a, where a 
is the circular measure of AOP, and n is any integer; they are 
both included in the expression ma+(—1)™a, where m is any 
positive or negative integer; this is therefore the expression for all 
the angles whose sine is the same as that of . 


(2) Next draw PP, parallel to OB, then the angles (0A, OP) 
and (OA, OP.), are the only angles which have the same cosine as 
a, for they are the only angles for which the projection of OP on 
OA, is equal to OM; they are both included in the formula 2mm +a, 
where m is any positive or negative integer. 
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(3) If PO is produced to P;, the angles (OA, OP), (OA, OP;), 
are the only ones which have the same tangent as a; these angles 
are respectively 2n7 +a and 2n7++4a, and are therefore both 
included in the formula ma+a, where m is any positive or 
negative integer. 


(4) Since angles which ‘have the same cosecant, have also 
the same sine, we see that mm +(—1)™a includes all the angles 
whose cosecant is the same as that of a; also 2m +a includes 
all angles whose secant is the same as that of a, and mmr+a 
includes all angles whose cotangent is the same as that of a. 


In every case zero is included as one value of m or n. 


Determination of the circular functions of certain angles. 


34. The values of the circular functions of a few important 
angles, can be obtained by simple geometrical means. 

(1) The angle 45° or 47, is an acute angle in a right-angled 
isosceles triangle, the sine and cosine of this angle are therefore 
obviously equal to one another, and since the sum of their squares 
is unity, each of them is equal to 1//2; the tangent of the angle 
is therefore unity. 


(2) Each of the angles of an equilateral triangle is 60° or 47. 


\ 
i \ 
B E D C 


Let ABC be such a triangle; draw AD perpendicular to BC, 
then the cosine of the angle B, is ees and this is equal to 4; the 


sine of the same angle is V1—4=41/3. The complement of 60° 
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is 30° or 47, hence we have cos 30°= 44/3, and sin 80° = 3. We 
have also tan 60° = 4/8, and tan 30° = 1/,/3. 


(3) Draw AEF bisecting the angle DAB, then the angle DAE 
is 15° or 47. We have by Euclid, Book vi. Prop. II. 


DE DA 
poe aye ay 
EBAl AB wes ve 
: DE. f/3 

therefore DB 243’ 

and thence or tan 15°, is equal to ee or 2—4/3. 

From this we obtain 

sin 15° = rae etereae® ae 


We can from these values, obtain the sine, cosine, and tangent of 
75° or ;®;7, the complementary angle. If we proceeded in the same 
way, bisecting the angle DAH, we should obtain the tangent of 
7° 30’ or s47, and we might continue the process so as to obtain 


the tangent of all angles of the form where p is a positive 


T 
eee 
integer, but we shall hereafter obtain formulae by which the 
functions of these angles may be successively calculated, thus 
obviating the necessity of continuing the geometrical process. 

By a similar geometrical method, we might obtain the circular 
functions of the angles of the form 7/2”. 

(4) Let ABC be a triangle in which each of the base angles 
is double of the vertical angle A; the base angles are each 72°, or 


A 
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37, and the vertical angle is 36°, or 47. If AB is divided at D so 
that AB. BD = AD, then it is shewn in Euclid, Book tv. Prop. x. 
that AD=DC=CB. Draw AE perpendicular to BC. Denoting 
the ratio of AD to AB by a, we have 1—w =2*, and solving this 


quadratic, we find e=4$(+V5—1); we must take the positive 


AD = 
root, hence ant 4 (V5 — 1), thus 


BC 
eh DR ae 
cos 72° = sin 18° =} B 


from this we obtain sin 72° = cos 18° = 4/10 + 2/5. 


=4(v5 -1); 


Also cos 36° = 34°, since DAC is an isosceles triangle, 


therefore cos 36° =1(V5 +1), hence sin 36° =} 10 — 2.5. 

Since 54° is the complement of 36°, we have therefore the 
values of sin 54° and cos 54°. 

In the following table, the values we have obtained are collected 
for reference. The functions in the first line, refer to the angles 


in the first column, and the functions in the last line, to the angles 
in the last column. 


sine cosine tangent cotangent 
qgm = 15° oe eae 2/3 NE fom = 75° 
Bal ti0e DD. we oe we 
18° us . vad ee 1/25—10/5| V5+2/5 | 3r=72 
° ae Hf 1 13 7 ee 60° 
om = 30" | 2 33 V3 6 hr= 
jr—a6?| VIO=Bv5 | W541 | 535 | y/a5-F108| tor—54 
1 1 . 
= 45° ; =e 1 ber = 45 
cosine sine cotangent tangent 


We can find at once the circular functions of any angle which 
differs from any one of those in the table, by a multiple of a right 
angle, by employing the formulae (6) to (Lt): ; 


Albion. 
College 


Library 
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ExampLe. Find the sine and cosine of 120°, and of - 576°. 


We have 120°=90°+ 30°, hence 
sin 120°=cos 30°=$,/3, cos 120°= —sin 30°= — 3. 
Again — 576°= — (3,180° + 36°), therefore’, 
sin (—576°)=sin (+180° — al eae 36°, 
also cos — 576° =cos (180° — 36°) = — cos 36°. 


The inverse circular functions. 


35. If y is a function f(z) of w, then w may also be regarded 
as a function of y; this function of y, is called the inverse function 
of f(a), and is usually denoted by f(y), thus «=f—(y). If 
f(a) is a periodic function, of period k, so that f(«) = f(# + mk), 
where m is any positive or negative integer, the function /~(y) 
will have an infinite number of values given by «+ mk, where 1s 
any one value of f(y); such a function of y is called multiple- 
valued, since it has not a single value for each value of the 
variable y. We see therefore that corresponding to a pertodic 
function f(x) =y, there is a multiple-valued inverse function f~ (y) 
which has an infinite number of values for any one value of y, these 
values differing by multuples of the period of f(x). 


36. If there are two or more values of #, lying between 0 and 
k, for which f(x) has equal values, the multiplicity of values of 
J~(y) is still further increased, since it will have each of the 
values of « for which f(«)=y, and the infinite series of values 
obtained by adding multiples of & to each of these. For example, 
suppose that there are two values #,, «,, each lying between 0 and 
k, for which f(#)=y, then the inverse function f—1(y) has the 
two sets of values 2, + mk, x, + nk. 


37. In the case of the circular function sin = y, the values 
of the inverse function sin“ y are na +(—1)"a,, where a is any 
value of « for which sinz,=y; in this case the complete period 
of sin # 1s 27, and there are two values of a, say 2, and 7 — %, lying 
between 0) and 2r, for which sin w= y; thus the values of sin—y are 
the two series of values n.27 +”, and n.27 +7 —«,, both included 
in nw +(— 1)" a. 

In a similar manner, we see that the values of cosy are in- 
cluded in 2n7r + w, where cosa = y. 

The periods of the functions tan, cots, are za, only half 
those of sin w and cosa, and there is only one value of « between 
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0 and z, for which tan w or cot # has any given value; thus tan y 
has the values nw +,, and cot y the values na +a,, where a is 
that value of # between 0 and 7, such that tan a, or cot, is equal 
to y. 


38. The numerically smallest quantity « which has the same 
sign as y, and is such that sinw=y, is called the Principal Value 
of sin“ y; a similar definition applies to the principal values of 
tan“ y, cot~ y, cosec™ y. 

The numerically smallest positive value of # which is such 
that cos «= y, is called the Principal Value of cos—y; a similar 
definition applies to sec™ y. 

Thus the principal values of sin y, tan y, cot7' y, cosec™ y, 
lie between the values +47, and the principal values of cos y, 
sec y, lie between 0 and 7. In some works, the principal values 
of sin y, cosy, tan~1y, are denoted by Sin y, Cosy, Tan y ; 
the general values are then given by 


sin7y=nr+(—1)"Sin~y, cosy = 2n7 + Cosy, tan y=n7r+Tany; 


we shall however not use this notation. It must be remembered 
that in many equations connecting these inverse functions, it is 
necessary to suppose that the functions have their principal values, 
or at all events that the choice of values is restricted. For 
example, in such an equation as sin y + cosy = 377, the choice of 
values of the inverse functions is restricted. 

It should moreover be noticed that the functions cosy, sin-y, 
have only been defined for values of y lying between +1; beyond 
those limits of y, the functions have no meaning, so far as they 
have been at present defined. The student should draw, as an 
exercise, graphs of the various inverse circular functions. 

In Continental works, the notation arc sin a, arc cos @, arc tan 2, 
is used for sin-z, cosa, tan a. 


EXAMPLES ON CHAPTER III. 


1. Prove the identities 
(i) tan A (1—cot? A)+cot A (1—tan? A)=0, 
(ii) (sin A+sec A)?+(cos A +cosec A)?=(1+sec A cosec A)? 


Qe 

: _ mn : ae 

2. The sine of an angle is Pree e find the other circular functions. 
m+n 
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3}, Ihe tan dA+sinA=m, tan d—sin d=n, 


prove that m2 — n2=4r/mn. 


sin A cos A 


SRL? ee find tan A and tan B. 


4, Having given 


sin A tan A , 
emai aa 2— ’ tan BUN find 4 and B. 
Galt cos A=tan B, cos B=tan C, cosC=tan A, 
prove that sin A=sin B=sin C=2 sin 18°. 


7. Solve the equations : 
(i) sind+2cosé=1, 
af cosa 3 
@) tana 2? 
(iii) /3 cosec? 6=4 cot 6. 
8. Solve the equations : 
cos (24 +7) =sin (4 — 2y) 
cos (w+ 2y) =sin (2% — A ; 
9. Find a general expression for 6, when sin?@=sin?a, and also when 
sin 6= —cos 6=1/,/2. 
10. Find the general values of the limits between which A lies, when 
sin? A is greater than cos? A. 


1l. Find the general value of 6, when 9 sect 6=16. 


125 Tk tan (2 cot 6) =cot ( tan 6), 
then tan 06=} {2n4+ 1+1/4n?+4n — 15}, 
where 7 is any integer which does not lie between 1 and — 2. 
13. Give geometrical constructions for dividing a given angle into two 


parts, so that (1) the sines, (2) the tangents of the two parts may be in a 
given ratio. 


14. Construct the angle whose tangent is 3— ,/2. 


15. Divide a given angle into two parts the sum of whose cosines may be 
a given quantity c. What are the greatest and least values c can have ? 

Geet, Un =COs” 8+ sin” 6, 
prove that 2u, — 3u,+1=0, 

61) — 15u,+ 10u,—1=0. 

17. Two circles of radii a, b touch each other externally; 6 is the angle 
contained by the common tangents to these circles, prove that 
4 (a—b) Jab 


sin @= (a+b) 
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18. A pyramid has for base, a square of side a; its vertex lies on a line 
through the middle point of the base, perpendicular to it, and at a distance h 
from it ; prove that the angle a between two lateral faces is given by 


; Qh r/ 202+ 4h? 
sin a= —,—5 —* 
a+ 4h? 


19. Two planes intersect at right angles in a line AB, and a third plane 
cuts them in lines AD, AC; if the angles DAB, CAB be denoted by a, B 
respectively, prove that the angle BA makes with the plane CAD is 


agri tana tan B 
‘/tan?a + tan2B 

20. Shew that if OD be the diagonal of a rectangular parallelepiped ; the 
cosines of the angles between OD and the diagonals of the face of which 
OA, OB, are adjacent sides, are respectively 


AB OA? ~ OB? 
OD and OD. AB: 

21. Two circles, the sum of whose radii is a, are placed in the same 
plane, with their centres at a distance 2a, and an endless string, quite 
stretched, partly surrounds the circles, and crosses itself between them. 
Shew that the length of the string is (47+2,/3) a. 


22. Prove that 


; “?+1\3 
: ~1 = : 
cos tan~1 sin cot7!& 2) 
23. Illustrate graphically the change in sign and magnitude of the func- 


. A . * Tw : 
tions 3sinz+4cos 2, e* sin z, and sin ae sin “) for all values of z. 


v 


Shew that the equation 20=(2n+1) m vers .v, where 7 is a positive integer, 
has 22+3 real roots and no more, roughly indicating their localities. 


CHAPTER IV. 
THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES. 


The addition and subtraction formulae for the sine and cosine. 


39. We shall now find expressions for the circular functions 
of the sum and of the difference of two angles, in terms of the 
circular functions of those angles. 


Suppose an angle AOB of any magnitude A, positive or 
negative, to be generated by a straight line revolving round O 
from the initial position OA, our usual convention being made as 
to the sign of the angle, and suppose further that an angle BOC of 
any magnitude B, is described by a line revolving from the initial 
position OB, then the angle AOC is equal to 4+ B; in OC take a 
point P, and draw PN perpendicular to OB. 


According to the convention in Art. 15, the straight line ON 
is positive or negative according as it is in OB, or in OB produced ; 
also VP is positive when it is on the positive side of OB, revolving 
counter-clockwise, and negative when on the other side. The 
positive direction of the straight line on which VP lies, makes 
an angle 4+90° with OA. We have ON=OP cos B, and 
NP=OP sin B, for ON and NP are the projections of OP 
on OB, and on the line which makes an angle A + 90° with OA. 


In figure (1), each of the angles A, B, is positive and less than 
90°; in fig. (2), the angle A lies between 90° and 180°, and the 
angle B also lies between 90° and 180°; in fig. (3) the angle A lies 
between 180° and 270°, and the angle B is negative and lies 
between — 90° and — 180°. In figs. (1) and (2), WP is of positive 
length, and in fig. (3), WP is of negative length, since in the last 
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ease, PN is the direction of a line making an angle A + 90° with 
OA. 

By the fundamental theorem in projections, given in Art. 17, 
the projection of OP on OA, is equal to the sum of the projections 
of ON and VP on OA, or 

OP cos (A + B) = ON cos A + NP cos (A + 90°) 
= OP cos A cos B + OP sin B cos (A + 90°) 
therefore cos (A + B)=cos A cos B—sin A sin B......... (1). 

If instead of projecting the sides of the triangle ONP on O4, 
we project them on a line making an angle + 90° with OA, we 
have 

OP sn (A +B)=ON sin A + VP sin (A + 90°) 
= OP sin A cosB+ OP sin (A + 90°) sin B 
therefore sin (A + B)=sin A cos B+ cos A sin B............ (2). 

The formulae (1) and (2) have thus been proved for angles of 
all magnitudes, both positive and negative. The student should 
draw the figure, for various magnitudes of the angles A and B, in 
order to convince himself of the generality of the proof. 

If we change B into — B, in each of the formulae (1) and (2), 
we have 


cos (A — B) = cos A cos (— B)—sin A sin (— B) 


and sin (A — B) =sin A cos (— B) — cos A sin (— B) 
hence cos (A — B)=cos A cos B+ sin A sin B...........055: (3), 
and sin (A — B)=sin A cos B—cos A sin B...........006. (4). 


These formulae (3) and (4) would of course be obtained directly, 
by describing the angle B in the figure, in the negative direction, 
so that the angle POA would be equal to A — B. 


40. The formulae (1), (2), and (3), (4), are called the addition 
and subtraction formulae respectively ; either of the formulae (1) 
and (2), may be at once deduced from the other; in (1) write 
A + 90° for A, we have then 

cos (90° + A + B) = cos (90° + A) cos B —sin (90° + A) sin B 
or —sin(dA + B)=— sin A cos B—cos A sin B, 
and changing the signs on both sides of this equation, we have the 
formula (2); in the same way, by writing A + 90° for A in (2), we 
should obtain (1). It appears then that all these four fundamental 
formulae are really contained in any one of them. 
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41. The proof of the addition and subtraction formulae, given by Cauchy, 
is as follows :—With O as centre describe a circle, and let the radii OP, O@ 


make angles A, B, respectively, with OA ; join P@, and draw PM, QN, per- 
pendicular to OA, and QR parallel to OA, then we have 
PY=QFR? + RP? 

=(0ON -OM)?+(PM-ON)? 

= 0A? {(cos B—cos A)?+(sin A—sin B)?} 

=20A?(1—cos A cos B-sin A sin B). 

Let PS be drawn perpendicular to the diameter QQ’, then 
PY?=OS . OY =20A (OA —OS) 
=20 A? {1—cos (A — B)}, 

therefore cos(4— B)=cos A cos B+sin Asin B......c cece eee (3). 


The other formulae may then be deduced ; (1) by changing B into — B, (2) by 
changing B into 90° — B, (4) by changing B into 90°+ B. 


42. Besides the two proofs which we have given of the 
fundamental addition and subtraction formulae, both of which are 
perfectly general, various other proofs have been given, some of 
which are in the first instance only applicable to angles between 
a limited range of values, and require extension in the cases of 
angles whose magnitudes are beyond that range. We shall make 
this extension in the case in which the formulae have been first 
proved for values of A and B between 0° and 90°. Whatever 
A and B are, it is always possible to find angles A’ and B’, lying 
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between 0° and 90°, such that A=m.90°+A’, B=n.90° +B, 
where m and n are positive or negative integers; we have then 


cos (A + B)=cos(m+n90° + A’ +B); 


(1) if mand n are both even, we have 
mtn 
cos (A + B)=(—1)? cos(A’+ B) 


min 


=(—1)? (cos A’ cos B’—sin A’ sin B’), 


now cos A =(—1)* cos A’, sin. A =(—1)*? sin A’, 
with similar formulae for B, 
hence cos (A + B)=cos A cos B—sin A sin B; 
(2) if m and n are both odd, we have 
m=1 me 
cos A =(— 1)” cos (90° + A’) =(—1)” sin A 
m—1 m—1 


sin A = (—1)* sin (90° + .A’)=(—1)? cosA’, 
with similar formulae for B, hence as before we obtain by sub- 


stituting the values of cos.A’, cos B’, sin A’, sin B’ the formula 
for cos (A + B); 


(3) if m is odd and n is even, 
cos(A+B)=(—1) ? cos(90°+.A’ +B’) 


+n+1 


=(-—1) * sin(4’+B’ 
m+nt+1 
=(-1) ? (sin A’ cos B’ + cos A’ sin B’) 
ass 2 
now cos A =(—1)? sin A’, cosB =(—1)’ cos B’ 


2 


me 
2 


m—-1 
sin A =(—1)? cos A’, sn B=(— 1) 
hence substituting as before, we have the formula for cos(A + B). 
The other formulae may be extended in the same manner. 


sin B’, 


43. The form in which the addition formulae were known in the 
Greek Trigonometry’, is Ptolemy’s theorem given in Euclid, Bk. v1. 
Prop. D; this theorem is, that if ABCD be a quadrilateral in- 
scribed in a circle, AB. CD+AD.BC=AC.BD. Any chord 
AB is the sine of half the angle which AB subtends at the centre 
of the circle, the diameter of the circle being taken as unity, and 


* See the Article “ Ptolemy” in the Encyclopaedia Britannica, ninth Edition. 
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this half angle is the angle subtended by the arc AB at the cir- 
cumference. We shall shew that the formulae for sin (a + 8) and 
cos (4 + 8) are contained in Ptolemy’s theorem. 

(1) Let BD be a diameter of the circle, and ADB=a, 
BDC=8; then ABD=47—-—a4, DBC=47—8, AC=sin (a+ 8), 
AB=sina, CD=cos8, thus the theorem is equivalent to the 


formula 
sin (a+ 8) =sina cos B + cosa sin B. 


(2) Let CD be a diameter of the circle, and BCD =a, ACD = B, 

thus AB = sin (a — 8), and the theorem is equivalent to 
sin (@—8)+sin 8 cosa =cos 8 sin a. 

(3) Let BD be a diameter of the circle, and ADB=a, 
CBD = 8, then ADC =47+a—8, thus AC’ = cos (a—§), and the 
theorem is equivalent to 

cos (4 — 8) = cos acos 8+sin asin Bf. 

(4) Let CD be a diameter of the circle, and BCD=a, 
ADC=8; then BCA =a+ 8-47, AB=—cos(a+), and the 
theorem is equivalent to 

—cos(a+)+ cosacos 8 =sinasin ~. 
ExameLe. Lmploy Ptolemj’s theorem to prove the following theorems: 
sina sin (B—y)+s8in B sin (y—a)+sin y sin (a—B)=0, 
sin (a+B) sin (B+y)=sin asiny+sin B sin (a+ B+y). 


Formulae for the addition or subtraction of two sines or two 
cosines. 
44, We obtain at once from the addition and subtraction 
formulae 
sin(A + B) + sin (A — B) =2sin A cos B, 
sin (A + B)—sin(A — B)=2 cos A sin B, 
cos(A + B) + cos(A — B) =2 cos A cos B, 
cos(A — B)—cos(A + B) =2sin A sin B, 
let d+ B=C, A—B=D, we obtain then, since A=4(C+D), 
B=13(C— D), the formulae 
sin C+sin D=2sin4(C + D)cos$(C— D) ...... (5), 
sin C — sin D=2 cos4(C+D)sn}(C—D)...... (6), 
cos C + cos D= 2 cos4 (C+ D)cos$(C—D) ...... (7), 
cosD—cos C = 2sin4(C+ D) sin} (C—D) ...... (8). 
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These important formulae (5), (6), (7), (8), are the expressions 
for the sum or difference of the sines or of the cosines of two 
angles, as products of two circular functions; they may be ex- 
pressed in words as follows 

The sum of the sines of two angles is equal to twice the product 
of the sine of half the sum, and the cosine of half the difference of 
the angles. 

The difference of the sines of two angles is equal to twice 
the cosine of half the sum, and the sine of half the difference 
of the angles. 

The sum of the cosines of two angles is equal to twice the 
product of the cosine of half the sum, and the cosine of half the 
difference of the angles. 

The difference of the cosines of two angles is equal to twice the 
product of the sine of half the sum, and the sine of half the reversed 
difference of the angles. 


45. These formulae may be proved geometrically by the 
method of projections. 


O A 


Let BOA =C, COA=D, and let OB=O0C; draw ON per- 

pendicular to BC, then NV is the middle point of BC, also 
NOA=43(C+D), NOB = NOC=4(C_—D),. 
The sum of the projections of OB, OC, on OA, is equal to the sum 
of the projections of ON, NB, ON, NC, on OA, and since the 
projections of VB and NC are equal with opposite sign, this is 
equal to twice the projection of ON, therefore 
OB cos C+ OC cos D= 20N cos 4(C' + D), 


and since ON = OB cos} (C—D), 
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we have the formula 
cos (+ cos D = 2 cos$ (C+D) cos$(C—D)......... Gc): 


If instead of projecting on OA we project on a straight line 
perpendicular to O.A, we have 


OBsin C+ OC sin D = 20N sin 4(C + D), 
hence sin C+ sin D=2sin $(C+ D) cos} (C—D)......... (5). 


Also the projection of OC on OA, is equal to the projection of 
OB, together with twice the projection of BN, or 


OC cos D= OB cos C+ 2BN sin} (C+D), 
hence cos D— cos C= 2 sint (C+ D)sin} (C—D)......... (8), 
and if we project on the line perpendicular to OA, we have 

OC sin D= OBsin C—2BN cos $ (C+D) 
or sin (— sin D=2sin$(C— D)cos$ (C+D) ...... (6). 

A curious method of multiplying numbers, by means of tables of sines, 
was in use for about a century before the invention of logarithms. This 
method depended on a use of the formula 
sin A sin B=3 {cos (A — B) — cos (A +-B)} ; 

the angles A and B, whose sines, omitting the decimal point, are equal to the 
numbers to be multiplied, can be found from a table of sines, and then 
cos(4+4), cos(A—£) can be found from the same table ; half the difference 
of these last gives the required product. This method was called mpocdadai- 
peois. An account of this method will be found in a paper by Glaisher, in 
the Philosophical Magazine for 1878, entitled “On Multiplication by a 
Table of single Entry.” 


EXAMPLES. 
(1) Prove the identity 
sin A sin (B—C) sin (B+C — A)+4+ sin B sin (C— A) sin (C+A-—B) 
+sin C sin (A —B) sin (A+B-—C)=2 sin (B—C) sin (C— A) sin (A —B). 
The second and third terms on the left-hand side may be written 
$sin B {cos (B— 2A) - cos (2C'— B)} +3 sin C {cos (O— 2B) — cos (24 — C)}, 
which is equal to 
¢ {sin 2 (B— A)+sin 2A — sin 2C—sin 2(B-C)} 
+} {sin 2 ((— B)+sin 2B —sin 2A —sin 2(C'— A)}, 
or ; (sin 2B—sin 20) —4sin 2(B-—C)+7 {sin 2 (B— A)—sin 2(C— A)}, 
or sin (B-C) {} cos (B+C)-— cos (B- C)+43 cos (B+ C—24)}, 
which is equal to sin (B—() {cos A cos (B+O— A) —cos (B— 0) ; 
adding the term sin A sin (B—C) sin (B+C-— A), 
we have sin (B— C) {cos (B+ C— 24) — cos (B- C)}, 
or 2 sin (B-—C) sin(C— A) sin (A — B). 
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(2) Prove that 
3 cos A sin (B - OC) sin (B+ O—A)=2 sin (B-C) sin (C — A) sin (A—B). 
This may be deduced from Ex. (1), by changing 4, B, C into 90°—4, 
90° — B, 90°— C respectively, or may be proved independently as in Ex. (1). 
Prove the identities 
(3) SsenAsin(B—C)=0, cos A sin(B-—C)=0. 
(4) Ssin(B+C) sin(B—C)=0, Scos(B+C) sin (B-—C)=0. 
(5) 3S sinB sin C sin (B—C)=— sin (B—C) sin (C— A) sin (A—B), 
> cos B cos © cos (B—C)= — sin (B—C) sin (C — A) sin (A—B). 


(6) Prove that uf A+B+4C=n, 
sin? A=sin? B+ sin® C—2 sin B sin C cos A, 
and cos? A=1— cos? B— cos? C — 2 cos A cos B cos C. 


A large number of Trigonometrical identities are analogous to similar 
Algebraical identities! For example, the following algebraical identities 
correspond to examples (1) to (5), 
>a (b—c) (b+c—a)=2 (b—c) (e—a) (a—5), to (1) and (2), 
= a(b—c)=0, to (3), = (b+c¢)(b—c)=0, to (4), 
> be (b—c) = —(b—c) (e—a) (a—b), to (5). 

We shall, in Chap. vit., give the theory of these correspondences. 


Addition and subtraction formulae for the tangent and cotangent. 


46. From the addition and subtraction formulae, we may 
deduce formulae for the tangent or cotangent of the sum or differ- 
ence of two angles, in terms of the tangents or cotangents of those 
angles. Thus , 
sin(4 +B) smAcosB+cosA sin B 
tan (Ae 2) (A enV en com 
hence dividing the numerator and the denominator of the fraction 
by cos A cos B, 


tan (A + B)=—sn a sin B : Sow an) 
cos A cos B 
thus we have the two formulae 
tan A + tan B 
tan (A + B) = 1 = fan Ae sia¥etorelejeisiceletelateteyetaly (9), 
tan A — tan B 
tan (A — B) ri a fam Anais sp eiieie a avin le te lerate (10). 


7 A large number of these correspondences are given by M. Gelin, in Mathesis, 
Vol, 1. 
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In a similar manner we obtain the formulae 


‘ cot A cot B-—1 

cot (A + B)= Bob A coe Bet wees (11), 
_ cot A cot B+ 1 

cot (A — B)= EPL Gra. ee (12). 


The formulae (9), (10), (11), (12), are the addition and sub- 
traction formulae for the tangent and cotangent. 


Various formulae. 


47. The following formulae may be deduced from the for- 
mulae which we have obtained for two angles, and are frequently 
useful in effecting transformations. The student should verify 
each of them 


sin (A + B) sin (A — B) = sin? A — sin? B = cos? B — cos? A...(18) 
cos (A + B) cos (A — B) = cos? A — sin? B = cos? B — sin? A...(14), 


sin (A + B)cos(A — B)=sin A cos A +sin Boos B........... (15), 
cos(A + B) sin (A — B)=sin A cos A — sin BoosB........... (16), 
sn(4+8)_tanA+tanB (17) 

sin(A —B) tan A—tanB ee y 
cos(d +B) _ 1-—tanA tanB (18) 

cos (A = B) oy il ae tan A tan B ree ereene  eeeeeosreoos ? 

Ee _ in (At B) 
tan d + tan B= son A coe Bete (19). 


From the formulae for the addition and subtraction of two 
sines or cosines, we obtain at once 


snA+snB tan}(A+8) 


cam hi Ba see eo 2 Nor ats 20), 
snA—sinB tant(dA — Bb) a» 
sin A + sin B * 

pee ee UES Woke emo Oe Pal). 
cos A + cos B ota Gh 
sin A + sin B be 
eS = B eistelslacbials elaieles trates vas ) 
cos B — cos A big RAE) Co 


cos A 4- cos B 


Seas aa 1 t4(A—B)...(23). 
se Bape A ed A + Byeot st )...(23) 
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EXAMPLES. 
(1) Prove the identity 
1—cos? A — cos? B— cos? C+2 cos A cos Beos C 
=4 sin} (A+B+C) sin} (—A+B+C) sin} (A—B+C) sin (A+B-C). 
The expression on the left-hand side may be written 
— cos? A —cos (B+ C) cos (B— C)+cos A {cos (B+ C)+ cos (B- Oh 
which is equal to {cos A—cos(B+C)} {cos (B— C) — cos 4}, 


then splitting each of these factors into two factors, we obtain the expression 
on the right-hand side. If +A+B+C is a multiple of 27, then 


1—cos®.A — cos? B— cos?C'+ 2 cos A cos B cos 
is zero; this result is sometimes useful. 
(2) Prove that 
1 — cos? A — cos? B—cos* C—2 cos A cos B cos C 
=-—4cos}(A+B+C)cos$(—A+B+C) cos} (A-B+C) cos (A+B-—C). 
This may be deduced from (1), or proved independently. 
(3) Prove that if A+B+C=nz, 
* sin 2A + sin 2B+sin 2C=(—1)"14 sin A sin B sin C. 
We have 
sin 24 +sin28+sin 2C=2 sin A cos A +2 sin (nm — A) cos (B— C) 
=2sin A {(—1)" cos (B+C) —(—1)" cos (B— C)} 
=(-1)"-14sin A sin B sin C. 
(4) Prove that, under the same supposition as in Ex. (3), 
1+cos 2A +cos 2B+cos 20 =(-—1)"4 cos A cos B cos C. 
Prove the identities 
(5) sindA=4 sin A sin (60° + A) sin (60°— A). 
(6) cos3A=4 cos A cos (60° +A) cos (60° — A). 
(7) smA+sin B+sin C—sin (A+B+4+C) 
=4 sin} (B+C) sind (C+A) sind (A+B). 
(8) cos A+cos B+cos C+cos(A+B+C) 
=4 cos} (B+C) cost (C+ A) cos $ (A+B), 
(9) Ssm2A sin? (B+C) —sin 2A sin 2B sin 2C 
=2 sin (B+C) sin (C +A) sien (A+B). 
(10) 3cos2A cos? (B+C) — cos 2A cos 2B cos 20 
=2 cos (B+C) cos (C+ A) cos (A+B). 
(11) Sst? A sin(B+C—A)—2 sin A sin B sin CO 
=sin(B+C— A) sin(C+A—B) sin(A+B-—C). 
(12) 3 cos? A cos(B+C—A)-—2 cos A cos B cos C 
=cos (B+C— A) cos(C+A-B) cos (A+B-—C). 
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(9) and (10) correspond to the algebraical identity 
= 2a (b+c)?—8abe=2 (b+c) (c+a) (a+b) ; 
(11) and (12) to the identity 


2a? (b+e—a) —2abe=(b+e-a) (cta—b) (at+b—-o). 


Addition formulae for three angles. 


48. From the addition formulae (1) and (2), we may deduce 
formulae for the circular functions of the sum of three angles, in 
terms of functions of those angles; we have 


sin(A +B+C) 

= sin(4 + B) cos C+cos (A + B) sin C 

= (sin A cos B+cos A sin B) cos C+(cos A cos B—sin A sin B)sinC, 
and cos(4 +B+C) 

=cos(4 + B) cos C—sin (A + B)sin C 

= (cos A cosB—sin A sin B) cosC—(sin A cosB+cos A sin B) sin C, 
hence we have 
sin (A + B+(C) 

=sin A cos B cos (+ sin B cos (cos A + sin Ccos A cos B 

Sth iBa FINES AS OLR Star g et SARE RAN ORE ARS AraC (24), 

cos (A + B+C) 

=cos A cos B cos /— cos A sin B sin C—cos Bsin C sin A 

ee SIGUA ISIE ae TAeod, fons hua Jv tenes ene (25). 

The formulae (24), (25) may be written in the form 
sin(A + B+C) 

=cos A cos Bcos C(tan A + tan B+ tan C— tan A tan B tan C), 
cos(A+B+C) 

=cos A cos B cos ('(1 — tan B tan C— tan C tan A — tan A tan B); 
hence by division we have the formula 
tan (A + B+C) 

_ tan A + tan B + tan 0 — tan A tan B tan C 


Pepe tan tan O— tan © tan A —tan A tan Bid ae ia (20), 
We might obtain in a similar manner, the formula 
cot (A +B+C) 
cot A cot Boot —cot A—cotB-cotG (27), 


~ cot B cot C + cot C cot A + cot A cot B—1 
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EXAMPLES. 


(1) Prove that tan(45°+A)—tan (45°—A)=2 tan 2A. 
(2) Prove that if A+B+C=nz, 
tan A+tan B+ tan C—tan A tan B tan C=0; 


and if A+B+C=(2m+1)5, 


tan BtanC+tan C tan A+tan A tan B=1; 


and state the corresponding theorems for the cotangents. 


Addition formulae for any number of angles. 


49. It is obvious that we might now obtain formulae for the 
circular functions of the sum of four angles, then of five angles, 
and so on; we shall prove by induction that the formulae for the 
sine and the cosine of n angles A,, A...A, are 

sin (A, + A,+...+ Ay) = 8, — 834+ 8; -......0.. (28), 
cos (A, + A, +...+ An) =S)-S,4+ Sy... (29), 
where S, denotes the sum of the products of the sines of r of the 
angles and the cosines of the remaining n — r angles, the r angles 
being chosen from the » angles in every possible way, thus 
S, = cos A, cos A,...cos A, 
S, =sin A, cos A,...cos A, + cos A, sin A, cos A;...cos A, +... 

The formulae (28), (29), agree with the formulae (1), (2), and 
(24), (25), for the cases n = 2, n=3; assuming the formulae to 
hold for n angles, we shall shew that they hold for n+1 angles; 
we have 
sin (A, + A, t+...+ An + Ans) 

= sin (A, +...+ An) cos Ani, +008 (A, +...+ An) sin Anas 

= 608 Any, (S; —S;+8,...) + sin Any, (Sy — 8. + Sj...), 
now let S,’ denote the sum of the products of the sines of r of the 
angles A,, A,..., An4, and of the cosines of the remaining n+ 1—r 
angles, the r angles being chosen from the n +1 in every possible 
way, then we have 

Sy = 8, cos Ang +S) sin Anu, 

for in S,cos An, there is in each term the sine of one of the 


angles A,, A,...A,, and in each term of S, sin A»,, there is only 
sin A,4. 
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Similarly 
Ss; = 8; cos Api, + S, sin Anos 
Ss = 85006 Ay. +9, 810 Ans 
hence sin (A, +...+ Ani) = Si —S,' + S,'... 


We may similarly shew that 
cos (A, +...+ Ani) = Sy —S, + Sy... 


thus if the formulae (28), (29), hold for n angles, they also hold for 
n+1, and they have been shewn to hold for n =2, 3, hence they 
are true generally. 


These formulae may be written in the form 
sin (A, + A, +...+ An) = cos A, cos A,...cos An (t, —t; + ts...), 
cos (A, + A,+...+ An) = cos A, cos A,...cos A, (1 —&h + t...), 


where ¢, denotes the sum of the products of tan A,, tan A,...tan An, 
taken r together; hence by division we have 


famed ptedy oxen eA§) = ee ieer.= (30), 


which is the formula for the tangent of the sum of n angles, in 
terms of the tangents of those angles. 


The formula (30) may also be proved independently. Assuming it to hold 
for 7 angles, we shall prove that it holds for 7+1,; we have 
tan (A,;+A,+...+An)+tan Any, 
tan (Ap 4,4. PA, tan Ane, 
_(4-tytt,— bee awe 5) 
| 1-)+4,—...)— tan Any (4 —tgtts—) 


tan (4,+454+...+ Ano) = 


Now if ¢,’ denote the sum of the products of the tangents of 7 of the n+1 
angles, we have then 
=t,+tan Ani, 
t= t,+t, tan Ags, 
tz =te+t, tan An.; 


ee oy 


eee eee eee ery 


t,' —t, 4 wa. 
hence tan (4,+4,+.. + Ane) =F 8 ul pea 
yi oe 


since the formula (30) holds for n=2, 3, it therefore holds for n=4, and 
generally. 
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Expression for a product of sines or of cosines, as the swm 
of sines or cosines. 


50. We may obtain formulae which exhibit the product of 
the sines or of the cosines of any number of angles, as the sum of 
sines or cosines of composite angles; we have 

2 sin A, sin A, = cos (A, — A.) — cos (A, + A,). 
2? sin A, sin A, sin A; = 2 sin A, cos(A,—A,) —2 sin A; cos (A,+ As) 
= sin (A,— A, + A;) +sin (— A, + A, + As) 
+sin (A, + A, — A;) —sin(d4,+ A, + Ay) 
=> sin(—A,+ A, + A;) —sin (A, + A, + As). 
23 sin A, sin A, sin.A, sin A, 
= 2sin(A, — A,+ A;)sin A,+...—2sin(A, + A,+A;) sin A, 
= cos (A, — A, + A; — Ay) — cos(A, — A, + A; + Ay) 
+ cos (— A, + A,-+ A; — Ay) —cos(— A, + A,+A;+ Ay) 
+cos( A,+A,—A;—A,)—cos( A,+A,—A;+ A,) 
—cos( A,+ A,+A;,;—A,)+cos( .A,+ A,+A;+ Ay) 
= cos (A, + A,+A;+A,)—% cos(A,+A,+ A; — A,) 
+4 cos(A,+ A,—A;— A,). 
Similarly 
2 cos A, cos A, = cos(A, — A.) + cos (A, + A,). 
2? cos A, cos A, cos A; 
= 2 cos (A, — A,) cos A; + 2 cos (A, + A,) cos A; 
= cos (— A, + A,+ A;) + cos (A, — A, + A,) 
+ cos(A,+A,—A;)+cos(A, + A, + A;) 
= % cos (— A,+ A,+A,;) + cos (A, + A, + A,). 
2° cos A, cos A, cos A; cos A, 
= cos(— A, + A,+ A, + A.) +42 cos(A, + A,—A;,—A,) 
+ cos (A,+ A,+A,+ Ay). 


The general formulae for » angles are the following 
(— 1)? 2” sin A, sin A,...sin Ap 


= Cy, ae Ons, SF CG, & CIS + (- 1) 
when n is even, 


a 
2 


iia ae (31) 
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where C;,_, is the sum of the cosines of the sum of n—,r of the 
angles taken positively and the remaining r taken negatively, the 
negative angles being taken in every combination ; and when n is 


odd 


n=l 
(— 1) * 2°" sin A, sin®A;:..sin A, 
n—1 
=> D. — DS + Digs ~~ eee + (— 1) i Dyan Coe e ee eeeeseces (32), 
where D,_, denotes the sum of the sines of the sum of n—7 of 
the angles taken positively and the remaining 7 taken negatively ; 
2” cos A, cos A,...cos Ay 
wa Ns 2 OFS OA Oe oer oe 0) anne Pre (33) 
when 7 is even, and 
ee cos A, Cos A. .., C0S.A, 
st On - Up abet Cs ta41) puocesalarbie sels (34) 
when n is odd. 
These formulae (31), (82), (33), (84), have been proved above, in 
the cases n=2, 3, 4, and may now be proved generally, by 
induction; assume the formula (31) to hold for n, multiply it by 
2sin A,,,, and replace any term 2C,_,sin A,,, by a sum of sines, 
we then obtain for the product 


(— 1)? 2” sin A, sin A,...sin A, sin Ap, 
the expression 
D agi — Din +... + (1) Dying, 
where D’, denotes the sum of the sines of the sum of r of the n+ 1 
angles taken positively and the remainder taken negatively ; this is 


what (32) becomes when n is changed inton+1; proceed again in 


a similar manner with this result, we then shew that the product 
n+2 
(- 1? oer sm A,..,sin Anes 

is equal to 
Ont =< ras “Tiers + oe (— 1) $C" yn4y 

where C”,. refers to n +2 angles; thus the formula (31) is proved 
for the value n+ 2, if we assume (31) and (32), for the value 7; 
similarly we may shew that (32) holds for n+ 2, therefore as these 
formulae have been proved for n = 3, 4, they hold generally. The 
formulae (33), (34), for the products of a number of cosines may 
be proved in a similar manner. 


H. T. 4 
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ExaMpLe. Prove that for n angles a, 8, y, 6... 
Ssin(atBtytSt...)=2"—! sina cos B cos y cos 6... 
Scos(akBtyt+SH...)=2"—1 cos a cos B cos y cos 6... 


where & implies summation extending to all possible arrangements of the signs 
indicated in the n—1 ambiguities. 


Formulae for the circular functions of multiple angles. 


51. If in the addition formulae which we have obtained for 
two and more angles, we suppose each angle equal to A, we obtain 
the formulae 


sin 2.A = 2sincAl cos At .ce.cs.sg..sees sean acta eee (35), 
cos 2A = cos? A — sin? A = 1 — 2sin?A = 2 cos? A — 1...(36) 
sin 3A = 3 sin A cos? A — sin? A, 


> 


or . sin 3A)=.3 sin. A 4 sine ©. ens. coat ees eda (37), 
cos 3A = cos? A — 3 cos A sin? A, 
or ! weiss 4 cos A Scop Ae, 2 ee ee (38), 
sinndA =nsinA cos” A — oes: oe sae) sin*A cos’-* A +...(39), 
cos nA = cos” A a sin? .A cos”? A 
(m—1)(n—2)(n—8) . 
+ woe”) me ues) sin‘tA cos”4A —...(40). 


These last formulae (39), (40), follow from (28), (29), since S,. 
in Art. 49, contains as many terms as there are combinations of 
n things taken 7 together, and becomes equal to 

n(n—1)...(n—17 +1) 
r} 


sin” A cos®-" A, 


The formulae (39), (40), may also be written 


sinnd = cos" A intand "C—O Deana +... 
cos nA = cos” A 1-8 tant A 
ata -2 = 
a ibe ae Joe oe ah 
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We find also from (9), (26), and (30), 


2 tan A 
tan QA = Teta A BORGO OVCOUIG COM CIID L SCID OLEOCL OIC IDO TOT atc (41), 
3 tan A — tan? A 
tan 3A = OTP ota A Bia ie leicione WoTirisia dls Seles ie wie so:s us eleie el sieaiete (42), 
a a5i0) 
net pa awe EO on + 
tan nA = $<, (43) 
meee ea 


We have thus obtained formulae for the circular functions of 
the multiples of an angle, in terms of those of the angle itself. 


It should be noticed that each of the series of quantities 
simedae sin. 2/A, SiN SAaee. ser 
cos A, cos 2A, cos 3A......... 
is a recurring one ; for we have 
sin (n+1) A=2 cos A.sinnd —sin (n—1) A, 
cos (n+1) A=2 cos A. cosndA —cos(n—1) A; 
thus each term of either series is obtained by multiplying the preceding one 
by 2cos A, and then subtracting the term next but one preceding. By this 


means the terms of the series may be successively calculated, if we assume 
the formulae (35) and (36). 


The scale of relation of either of the series 
l+esin 4+? sin 24 +...... 5 1+ cos A +z? cos 2A+...... 
is consequently 1-2” cos A +22. 


’ 


Expressions for the powers of a sine or cosine, as sines or 
cosines of multiple angles. 


52. In order to obtain expressions for a power of the cosine 
or sine of an angle, in terms of cosines or sines of multiples of that 
angle, we must make all the angles equal to one another, in the 
formulae of Art. 50; we thus obtain the formulae 


2 sin? A =1—cos2A4, 

4 sin? A =3 sin A — sin 34, 

8 sint A = cos 4A — 4cos2A +3, 
2 cos? A = 1+ cos 24, 

4 cos? A = 3 cos A + cos 34, 

8 cost A = cos 4A + 4 cos 2A 4+ 38, 
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: —l 
(— 1)’ 2”"'sin” A =cos nA —ncos(n—2)A+ ie, ) cos(n—4)A—... 


2! 
3 n! 
+(- LS wae kn! Sees eye ©) 
(n even), 
n—1 1 
(—1)* 2"1sin" A =sinnd —nsin(n—2)4 +o van (n—4)A-... 
a n! 
oie Caen iy ean TWN ate be (45) 
(n odd), 
1) 
2" cos” A = cos nA +n cos (n — 2) A + ee (n-—4)A+.. 
n! 
+4 Die ae (46) 
(n even), 


2"-1 cos” A =cosnA +n cos (n— 2) A eee!) cos (n —4) A +.. 


! 
+ a= Did@e DI owen (47) 
(n odd). 


The formulae (44), (45), may be deduced from (46), (47), by writing 
90° — A for A, or conversely. 


Relations between inverse functions. 


53. Corresponding to the addition formulae of this Chapter, 
formulae involving the inverse circular functions may} be found. 
Thus in formulae (1) and (3), put cos A =a, cos B=b, then we 
have 


cos a + cosb = cos {ab = V1—@ V1 —B}; 
similarly from (2) and (4), we have 
sin a + sin 6 =sin™ {a V1—B+bV 1—a. 
From (9), (10), (11), and (12), we obtain 


tana + tan2b = tan Sa Rs b 
Le ab.” 

cot a + cot+b=cot ab + 1 
bta 


Again from (26) and (30), we have 


tan @ + tan b + tan—¢ = tan— ( a+b+c—abe ) 


1 —be —ca—ab/’ 
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Sy =a ee) 
tran ? 


tan~* a, + tana, +... + tan™ a, = tan™ (; — 827 See 


where sg, is the sum of the products of a, d,...d@, taken r together. 


It should be observed that in these formulae, the particular 
values to be assigned to all except one of the inverse functions, are 
arbitrary, but the particular value of that one is determined when 
the values of the others have been assigned. Moreover if in a 
formula involving, for instance, three inverse functions, two of them 
have their principal values, it is not necessarily the case that the 
third has its principal value. For example, in the formula 


tan“ a + tan b = tan (a + b) / (1 — ab) 
if tan a, tan b, are both positive and have their principal values, 


that is, values between 0 and 47, and if their sum is greater than 
$7, this sum is not the principal value of 


tan (a + b)/(1 — ab); 


this principal value is an angle between 0 and — 37, which has the 
same tangent as the sum of tan—a and tan b. 


Geometrical proofs of formulae. 


54, Direct Geometrical proofs may be given of many of the formulae of this 
chapter, we shall give three examples of such proofs. It should be remembered 
that such proofs often hold only for a limited range of the angles. 


tan A + tan B 
fa £B)=7 ¥ tan A tan B’ 


(1) To prove the formulae tan ( 


54 THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES. 


Let AB, CD, be two chords of a circle at right angles, and let the angles 
ADE, BDE be denoted by A and B; since AL. HB=CL. ED, we have 


~ ED _AE+EB_ AB 
|_ 42 EB AE EB EDFEC BF 
- ED* ED 


tan d +tan Bo =tan(A + B). 


whence 1 # tan A tan B 


(2) To prove the formulae 


sin24=2sin d cos A, cos 2d =cos? A —sin? A. 


P 


Let AOA’ be the diameter of a circle, and let PAA’= A, then POA’=24; 
draw PWN perpendicular to AA’. 


Then sin 2d=7 4, mow JV < Ald == 2A PA ALP PAG 
: AP.A'P AA"™sin A cos A F 
therefore sin 2A= OP aA Time wee =2sin A cos A, 
aoe co 94 —ON AN?—A'’N2 AP?—A'P? 


OP ~3-Aw OP Aare 
(3) To prove the formulae 
sin 3A=3 sin A—4sin? A, cos34d =4cos* A —3 cos A. 


Let CAB=ACL=A;; let AB meet the tangent at ( to the circle round the 
triangle ABC, in £, draw BD perpendicular to CE. 
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The angle BED is 34, or 180°—34A. Now 


AE AACE AC? 
BE ABCE~ BC 


=4 cos? A; 


D 
_v 


AB 


therefore BET! cos? A—1=3~-4 sin? A; 
ed NEB” SBD DB: Se ome 
hence sin 34 =p R= FR pAte sin A —4 sin Ate 
and Conds pe A EG EC BG ral 
ORE BE OBE BOA BE AB 


=cos A (4 cos? A —1)—2 cos A=4 cos? A —3cos A. 


The proofs in (1) and (3), were given by Mr Hart in the Messenger of 
Mathematics, Vol. tv. 


EXAMPLES. 
Prove geometrically the formulae 


1—cos2A 
Ca ae edeees 
ee & 1+cos 2A 


(2) tan (45°+A)—tan (45° — A)=2 tan QA. 

(3) sin A sin B=sin® 3(A +B) — sin? $(A —B). 

(4) sin? a+sin? B=sin? (a+ f) —2 sin asim B cos (a+). 

mn _ 7 

m+n 4° 

(6) cos? A +cos? B+ cos? C+2 cos A cos B cos C=1, where A+ B+C=180". 
(7) sinA+sin B—sin C=4 sin} A sin $B cos $C, where A+ B+C=180". 
(8) cot @=cosec 26+ cot 26. 

(9) cos 36° — sin 18° =4. 


m 
(5) tan~ 1 —tan-1 
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EXAMPLES ON CHAPTER IV. 


Prove the identities in Examples 1—15 : 


it: 
2. 
3. 
4 
5 


6. 


15. 


+ 


cos? A +cos? (120° + A) + cos? (120° — 4) =3. 

(cos A +sin A)*+(cos A —sin A)!=3—cos 4A. 

sin 34 sin? A+cos 34 cos’ A = cos? 24, 

4 cos? A sin3A+4sin? A cos 34 =3 sin 44. 

sin? A +sin? (120° + A) — sin? (120° — 4) = —? sin 34. 


sin 4 +sin 34 +sin 54 +sin 7A 
cos A +cos 34d +cos5A+cos 7A 


16 cos’ A —cos 54 =5 cos A (142 cos 24). 


=tan 4A. 


cosec (m+) x cosec mx cosec nx — cot (m+N) x Cot Mx Cot Nx 
=cot mx +cot nx —cot (m+n) x. 
= cos A (cos 3B —cos 30) 
=4(cos B—cos C) (cos C—cos A) (cos A — cos B) (cos A+cos B+ cos C). 
> sin A (sin? B+ sin? C) sin (B-C) 
=sin (B— C) sin (C— A) sin (A — B) sin (4+B+C). 
tan(A + 60°)tan(4 — 60°) +tan A tan(A + 60°)+tan(d — 60°)tan A = — 3. 
cot (A +60°) cot (A — 60°) + cot A cot (A +60°)+cot(A — 60°) cot. A = — 3. 
cos3A _ cos 6A ee: 94 cos18d 
cosA cos24° cos3A  cos6A 
=2 {cos 2A — cos 44 + cos 64 — cos 124}. 


sin (B+ 0+ D—A) 


2 sin (A— B)sin(A—O)sin (AD) 
cos 4A ei cos 4B 
sin A sin(A—S)sin(A-O) sin sin (B—- C)sin (B— A) 


; cos 4C cae) 
sin C' sin (C'— A) sin (C— B) 


=8sin (4+ B+4+C)+cosec A cosec B cosec C. 


If A+ B+C=rn, prove the relations in Examples 16—27: 


16. 


ieee 


18. 


19, 


20. 


21. 


> tan A cot B cot C== tan A — 23 cot A. 
= cot A=cot A cot B cot C+cosec A cosec B cosec C. 
= sin (B— C) cos? A= — sin (B— C) sin (C— A) sin (A — B). 
= (sin B+sin C) (cos O+cos A) (cos A +cos B) 

=(sin B+sin C) (sin C+sin A) (sin A +sin B). 
= sin A cos(A — B)cos(A — C)=8sin Asin Bsin C+sin 24 sin 2Bsin 2C, 
sin 2B sin 20=4 {sin? A sin? B sin? 0+ cos? A cos? B cos? C 

+cos A cos B cos Ct. 


26. 


27, 


28. 


29. 


30. 


THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES. 57 


= cos 2.4 (tan B— tan C) 
= —2sin (B-—(C) sin (O— A) sin (A — B) sec A sec Bsec C. 
= cos? A (sin 2B+sin 20)=2 sin A sin B sin C. 
2 cos A sin 3A ={3 sin 24} {8+3 cos 24}. 
(sin 4 +sin B+sin OC) (--sin 4+sin B+sin C) (sin A—sin B+sin C) 
(sin 4+sin B-sin C)=4 sin? d sin? B sin? C. 
Sinz 7deeecobrAs l=; 
sm’?B cot B 1 
sin cob mall 
= cosec B cosec C'sec (B—C) 
=sec (B—() sec (C'— A) sec (A — B) (3+8 cos A cos B cos C). 
Prove that if a+B+y=$r, | 
sin? a+sin?8+sin? y+2 sina sin B siny=1. 
Prove that 
Hn Cee a JU Nag 
1+2 cos (47+ 6) a 1+2cos(kr—6) 2cosd—1° 
Prove that 
sin? (6+a)+sin? (6+ 8) —2 cos (a—8) sin (@+a) sin (6+) 


1s Independent of 6. 


n Sin a cosa 


31. Iftan B= aT Ore shew that tan (a—8)=(1—~%) tana. 
i ee ee rc ti terte ee, 
: re asa es ~ cos d + cos a’ 
33. If /2cos A=cos B+cos? B, /2sin A=sin B—sin? B, 
prove that +sin(A—-— B)=cos2B=}, 
34, Prove that 
cos 36+ cos 3p é ; 3 
aH Z(¢ 408 —(s 8 sin (6 ; 
Tea Od) —1 (cos 6+ cos $) cos (6+ ) — (sin 6+sin ¢) sin (6+¢) 
35. If 6 and ¢ satisfy the equation 
sin 6+sin 6=*/3 (cos  — cos 6), 
then will sin 36+sin 3¢=0. 
36. Prove that tan 70°=tan 20°+2 tan 40°+4 tan 10°. 
costa  sinta cost8 | sint B_ 
87. Tf costa sin?g "costa t sinka 
38. If cos (A+B) sin (C+ D)=cos (A — B) sin (C— D), 
then cot A cot B cot C=cot D. 
3x3) be a+B+y=t7, then 


‘cos a+sin a) (cos B+sin 8) (cos y+sin y) =2 (cos a cos 8 cos y + sin asin Bsiny). 
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40. If A+B+C==mr and cos d=cos B cos C, 
then will ; cot B cot C=3. 


41, If 4sin?asin?@ sin? y+sin‘a+sin! @+sin‘ y—2 sin? @ sin? y 
—2 sin y sin? a —2 sin? a sin? B=0, 
shew that a+8+y is a multiple of z. 


tan(a+B—y)_ tany 


a tan(a—B+y) tan B’ 
prove that sin 2Za+sin 28+sin 2y=0. 
43, Tf sec a=sec B sec y+ tan B tan y, 


prove that 


sec B=sec y seca+tan y tana and sec y=sec a sec 8+ tan a tan B. 


sin? 8 cos @ — cos’ 8 sin p _ sin’ } cos 6 —cos* ¢ sin 6 
cos 6 tana cos p tan B 


aNal, VU =cos(6+¢), 


sin? @ cos 8 — cos? a sin B_ sin? B cos a — cos? 8 sin a 


wee cos a tan 6 cos 8 tan 


=cos (a+). 


45. If A, B, C be positive angles such that d+ 8+ O0=60°, prove that 
sec A sec B sec (+23 tan B tan C=2. 


46. If 
cos (8+8) cos(9+y) +1 _ cos(@+y) cos(A+a)+1 _ cos(d+a) cos (6+8)+1 
cos (B+y) cos (y +a) cos (a+) 2 


prove that cosec (8 — a) cosec (y— a) + cosec (y — B) cosec (a — 8) 
+ cosec (a — y) cosec (8 —y)=1. 
47. Having given 
sint 6+sint 6=14 sin? 6 sin? and sin 6 ne p=sin fr, 
prove that 2sin 6=sin(}a + 4m)/sin}m or cos (4m +42)/cos tr 
48. If cos (4 +6+C)=cos A cos B cos C, 
then 8 sin (B+ C) sin (C+ A) sin (4+B6)+sin 24 sin 2B sin 20=0. 


49. Iftan é+tan @+tan p= —tan 6 tan ¢ tan p=tan (6+ 4+), 
then either two of the angles 6, d, ~ must be equal to mm +n, nx —}n, 
or else one of them and also the sum of the other two must be multiples 
of mr. 


60. Tf a Dano ace cos (@— 28) 


sin (a— : 5; : 
+ a ae cos (@— 2y)=sin (8 — y) sin (y—a) sin (a—8), 
prove that COS 8=COS a COS B COS y. 


51. Ifa, B, y, & be any four angles and 20=a+8+y+0, then 
cos a cos B cos y cos 6+sin asin 8 sin y sin 6 
= COs (7 — a) CoS (@ — 8) cos (ao — y) cos (a — 8) 
+sin (o —a) sin (# — 8) sin (o — y) sin (o — 8). 
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52. Prove that 
tan~!%=2 tan! (cosec tan—! wv — tan cot7! a}. 


53. Prove that 


vy) 
2 


2tan-te+2tan~!yasin~ EEA yf 


l=x, 
(L+2%) (l+y 
54. Prove that 
tan! {3 (cos 2a sec 28 + cos 28 sec 2a)} =tan~! {tan? (a+) tan? (a—8)}+tan! 1. 
55. Prove that 
tan~11+tan~!2+tan-!3=2=2(tan-11+tan-!$+tan~!4). 
56. If cos~t#+cos~ty+cos-!z=n, 
then BP+ypP+e+Qyz=1., 
57. If tan~!y=5tan~!¥z, find y as an algebraical function of w; hence 
shew that tan 18° is a root of the equation 5z4—1022+1=0. 
58. If2c=a+8+y, shew that 


Rea) 2 cos a cos B Cos y 
cos” a+ cos? B+ cos? y — 1 


—tan~![tan ¢ tan (o —a) tan (o — 8) tan (o—y)]=tan-!1. 


59. Prove that 


ree) TED Fe, copy oes +tan-1, /2atbre) _ 
be ab 


60. Prove that the algebraical equivalent of the equation 
sin! ¢+sin—-1y+sin>-1z2+sin7!u=nr, 
where 7 is an integer, is 
{4 (s—2)(8—)(s—2) (8 —u) —(axy +20) (we + yu) (om-+y2)} 
. {48 (3-2 —y) (s—a—2) (s—v—U) —(zu— vy) (yu — 42) (yz— 2U)} = 

where Wwautyte+u. 

Solve the equations in Examples 61—75 

61. sin6+2cosé=1. 

62. sin5é=16sin* 6. 

63. sin 76—sin 6=sin 36. 

64. tan 26=8 cos? 6 —cot 6. 

65. tan (45°+4)=3 tan (45° — A) 

66. 2sin(6—)=sin(6+¢)=1. 

67. sec 46—sec 26=2, 


68. sinmé+sin76+sin (m+n) 6=0. 
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abe 6+sin Lies 6=cos 6. 


69. sin 5) 7) 


70. tané+sec26=1. 
71. 2(sint@+cos! 6)=1. 
72. tan6é+tan 36 +tan 56=0. 
73. cot-1v—cot-1(#+2)=15°. 
74, oi eee 
acos!w—bsin7 y=} ° 
75. cosec 4a— cosec 46=cot 4a — cot 46. ° 
76. Draw graphs of the functions (a) sin 2+sin 2x, (b) cos 2x/cos x. 
77. Find all the solutions of the equation 
a (sin 6—cos a)=6 (sin a— os 6). 
78. If m be any integer, and A+B+C=n, shew that 
sin 2m +sin 2mB+sin 2a0=(—1)™+14 sin mA sin mB sin mC, 
cos 2mA + cos 2mB + cos 2%mC=(—1)"4 cos mA cos mB cos mC — 1, 


79. Prove that w+ 8a2+42=4ay, 
where 
z=sin A+sin B+sin C, y=sin Bsin C+sin Csin A +sin A sin B, 
z=sin Asin Bsin C. 
80. Prove that if 
1—tanBtanC  1-tanCtandA_,1—tandAtanB 


cos? A cos? B cos? 0 2 


either tan A, tan 0, tan B are in arithmetic progression, or 4+B+C is an 
integral multiple of rr. 


81. If cos A=cos@sing, cos B=cos¢siny, cos C=cosysin 6, and 
A+B+C=n, prove that tan 6 tan ¢ tany=1. 
82. Solve the equations 
4 (cos 36+ cos 46) (cos 36+ cos 6)=1, 
4 (cos 36 + cos 56) (cos 66+ cos 76) = —1. 


CHAPTER V. 


THE CIRCULAR FUNCTIONS OF SUBMULTIPLE ANGLES. 


Dimidiary Formulae. 


55. IF in the formula (36), of the last Chapter, we write da 
for A, we have 
cos a= cos’$a—sin?4a = 2 cos? 4a—1 =1—- 2sin’ ga, 
whence we have 
1—cosa=2sin?4a, 1+cosa=2cos*$a; 
taking the square roots, we obtain the following formulae for cos $x 
and sin $4, in terms of cosa, 


sinda=+V4(1—cosa), costa=+V4 (1+ cosa); 
dividing one of these expressions by the other, we have also 
tani ta= 4, [Lao 
1+cosa 
These three formulae contain an ambiguity of sigu; now if a is 
given, the three functions sin $4, cos $a, tan $a, have each a unique 
value, and the true expressions for them can therefore contain no 
ambiguity. The reason of the ambiguity im the three expressions 
obtained above, is that they give the values of sin $4, cos $a, tan $a, 
not when a@ is given, but when cosa is given; now as we have 
proved in Art. 33, all the angles 2n7 + a, where n is an integer, 
have the same cosine as «, hence formulae which give sin $a, cos $a, 
tan $a, in terms of cos , will give these functions for all the angles 
included in the formula $(2n7 +a), and not merely the values of 
sin $a, cos $a, tan $a, themselves. 
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To find the values which sin $(2n7 + «) may have, we must 
consider the two cases of an even and of an odd value of n; if n=2m 


sin} (4mm + a) =sin(+4a)=+ sin $a, 
if n=2m+1 
sin 4 (4mm +27 + a) =sin(7 + 4) = F sin 4a; 

hence the values of sin}aand —sin $a are given by the formula 
which expresses sin }a in terms of cosa. Similarly cos $ (2n7 + @) 
and tan 4(2n7 +a) can be shewn to have the values + cos $a, 
+tan4a, and thus the formulae which express cos $a, tan }@, in 
terms of cos a, will give the values of cosda and — cos $4, and of 
tan 4a and — tan $4, respectively. Thus the ambiguity of sign in 
the three formulae is accounted for. 


56. The ambiguity of sign in the three formulae we have 
obtained, may be illustrated geometrically. 


If AOP =a, and AOP, =—a, the two sets of coterminal angles 
(OA, OP), (OA, OP,), are the only ones which have the same 
cosine as a; if QOq, Q'0q’ be the bisectors of the angles AOP, AOP,, 
respectively, the bisector of any of the angles (0A, OP) is OQ or Og, 
and of the angles (OA, OP,) is OQ’ or Oq’; hence the formulae for 
sin $a, cos 74, tan $a, when cos @ is given, will give the sine, cosine, 
and tangent of all the four sets of coterminal angles (0A, 0Q), 
(OA, Og), (OA, 0Q'), (OA, Oq’). The sines of the angles in the 
first and fourth sets are equal to sin 4a, and in the second and third, 
to —sin $a; the cosines of the angles in the first and third sets, are 
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equal to cos4a, and in the second and fourth, to —cos4a; the 
tangents of the angles in the first and second sets, are equal to 
tan 4a, and in the third and fourth, to — tan $2. 


57. We shall now remove the ambiguities in the three 
formulae of Art. 55. The function sin $a is positive or negative, 
according as 4a lies between 2nm and (2n+1)7, or between 
(2n+1)7 and (2n+2) 7, that is according as @/27 lies between 
2n and 2n+ 1, or between 2n+1 and 2n+ 2; hence we have the 
formula 

sin da =(—1)? V4 (1 —cosa)....eeeceeceeees (1), 


where p is the positive or negative integer algebraically next less 
than a/2zr. 


The function cos $a is positive or negative, according as 4a lies 
between 2n7—427 and 2n7+47, or between 2n7 +47 and 2n7+87, 
that is according as 4(a+7r)/a lies between 2n and 2n +1, or 
between 2n +1 and 2n +2; hence 


cos Fa =(— 1)? VE (146084) ec eeceeeeceeee (2), 
where gq is the integer algebraically next less than $ (a+ 7)/7. 
We have also 
l—cosa 
da=(—1)P-4 eas Hela sisinsersiaieioie ols 3)5 
tan dam (—1yp-t,/4 2084 (3): 


the quantity p — q is always either zero or + 1. 


58. If we write 4a for A in the formula (35) of the last 
Chapter, we have 
sin a= 2 sin da cos $a, 
hence 
smga sina _ 2sin’sa 
costa 2cos*ta sina ° 


tanda= 


Thus we have the two formulae 
sin @ 1—cosa 
l+cosa sina 


tan 4a= 


which give tan 4a without ambiguity. These formulae give tan $a 
when both sina and cosa are given; now the formula 2n7+a 
contains all the angles of which both the sine and cosine are the 
same as the sine and cosine of a, hence formulae for tan $a in terms 
of sin a and cosa, give the tangents of all the angles na + $a, and 
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all these angles have the same tangent tan}a; this accounts for 
the absence of ambiguity in the formulae (4). 


59. We shall now obtain formulae for sin}a, cos $a, and 
tan da, in terms of sin a; we have 
1+sina=1+2sin$acos$a=(sin $a + cos $2), 
also 1—sina=1 -—2sin4acosta=(sin $a — cos $a), 
hence sin$a+cossa= +V1 + sin @, 
sin 4a—cos4a=+¥V1—sing; 
therefore sinda=4{+V1+sina+¥V1—sinal, 
cos 4a=4{+V1+sina Ft V1 —sin a}. 
In each of the ambiguities, either sign may be taken; we have, 
therefore, four values of sin $a, and four values of cos $a, in terms of 
sina. Formulae which express sin $a and cos $a in terms of sin a, 
will give the sine and cosine respectively of all the angles included 
in the formula $ (nz +(—1)"a), for as we have shewn in Art. 33, 
the sines of all the angles na +(—1)"a, have the value sina. To 


find the sine and cosine of the angles $(na+(— 1)"2) we must 
consider four cases. 


(1) If n= 4m, 
4 (nm + (—1)a) = 2mr + $a; 


the sine and cosine of these angles are sin 4a and cosa respec- 
tively. 


(2) If n=4m +1, 
g (nm +(—1)"a) = 2ma +4 —ha; 
the sine and cosine of these angles are cos 4a and sin $a respec- 
tively. 
(3) If n= 4m +2, 
§ (nw +(—1)"a) = 2m7r + 7 +4ha; 


(4) If n=4m+3, 
y(n + (—1)"a) =(2m +1) 7+40—4fa; 
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Thus we obtain four values sin $a, cos 4a, —sin $a, —cos $a, by 
the formula which gives sinda, and four values cos $a, sin da, 
—cos$a, —singa, by the formula which gives cos da. 

The four sets of values of x and y which satisfy the equations 

(7+ yyP=1+sin a) 
(a — y?? =1-—sinaS 
are «=sinda x= costa x=—sinda x=—costa 
at : aia ; eee, YY age 

60. As in the preceding case, the ambiguities in the formulae 
of the last Article, may be illustrated geometrically. Let 
POA =a, P,OA=7—a, then the angles which have the same 


B Q’ 


P, 


am) 


q’ iu 

sine as a, are the two sets of coterminal angles (OA, OP), 
(OA, OP,); hence if QOq, Q’0q’ be the bisectors of the angles AOP, 
AOP,, the four sets of coterminal angles (OA, OQ), (OA, Og), 
(OA, 0Q’), (OA, Og’), will be the angles whose sine and cosine will 
be given by the formulae which ae sin $a, cosda, when sin a 
is given. We see that Q’OB=4a, and Q’OA on hence 
the sines of these four sets of cereal angles are sin 4a, —sin $a, 
cos4a, —cos4a, and their cosines are cos$a, —cos$a, sin da, 
—sin}a; these are the four values of sin}a, cosda respectively, 
which are given by the two formulae. 


61. We have 
ini De res 
sinda+costa 2 (asin a+ 7 00s $a) 
= /2sin(4a+47r), 
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and similarly 
sin 3a—costa=/2sin (4a—47); 


: : Gi : . a 
hence sin 4a+ cos $a is positive or negative, according as aq t + 


lies between 2n and 2n+1, or between 2n+1 and 2n+4+2, and 


: , re : a 2 
sin 4a —cos $a is positive or negative, according as Ora } lies be- 
tween 2n and 2n+ 1, or between 2n+ 1 and 2n+2; therefore 

sin 4a +cos4a=(—1)?V1+sina, 

sin 4a — costa =(—1)?V1 — sina, 
where p is the positive or negative integer algebraically next less 


than sth and g is the integer algebraically next less than 


= — 1; we have then the three formulae 
T 
sinda =4 ((—L?V1 +sina+(—1)?V1 —sing}......(5), 
cos $a =4 {((— 1)? V1 + sina —(—1)2V1 —sing}...... (6), 
p av] — 
ehines = 1) Vi +sina+(— 1)¢V1—sina 


(— 1)? V1 +4 sin a—(- Wij 


62. To express sin $a, cos $a, tan4a in terms of tan a, we have 


sin? 4a=4(1 —cosa) 


=4(1 —— le 
+V14+ tan? @/’ 


1 
cos baa 3 (1+ — oe 
RIT +14 tan? 
hence sin 4a= ve (1 _— os) 5 
+V1+ tan? a 
i 
cos 4a=+ 
, 4/4 (kha ‘)) 


+V1+ tan?a—1_ 
tan a 


and consequently tan 4a= : 
each of these formulae contains ambiguities. We leave to the 


student the discussion of these ambiguities, which should be made 
as in the previous cases, 
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It should be noticed that the values of tan $a are the roots of 
the quadratic equation in tan da, 


t _ 2tan $a 

S tera da tata. 
obtaimed by replacing A by $a, in the formula (41), of the last 
Chapter. 


63. The functions sina, cos a, tana, can be expressed without 
ambiguity in terms of tan $a; for all the angles which have the 
same tangent as $a, are included in the formula n7r+4a, and 
2(nr+4a) or 2nm7+a are angles which have all their circular 
functions the same as those of a To find the expressions, we 
have 


: 2sindacosta 2 tan $a 
sin @ = ———=—__=— = 
cos*da+sin?da 14 tan?da’ 
cos*4a—sin? ta 1—tan?da 
i clas Sek aoe ee, 
cos’ Za+sin? Za 1+ tan?da 
2 tan da 
hence also = tan a = —___+_., 
1—tan?$a 
EXAMPLES. 


(1) If2cos 6=1—sin 26—v/1+sin 26, shew that 6 must lie between 
(8n +5) and (8n+7) a 
where n is an integer. 
cos $A sint A 
Wits Daa o 
the radicals denoting positive quantities, provided A lies between 
(4n—3) ma and (4n+4) 7, 


where nis an integer. What are the signs in other cases? 


(2) Prove that =sec A, 


V1—sinx+1 zs 
V1+sinx—1 


cot x, tan}(a+x), —tan4}x, —cott(m+x). 


(3) Prove that the four values of re 


(4) Lf sin4A=a, shew that the four values of tan A are given by 
1 
2 (A +a)}—1} {1+(.-a)}. 
+/1+tan?A-1 
tan A ‘ 
sign may be replaced by (—1)™, where m is the greatest integer in (A +90°)/180°, 
| 5—2 


(5) In the formula tant A= , prove that the ambiguity of 
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The circular functions of one-third of a given angle. 


64. If we replace A, in the formulae (37), (88), (42), of the 
last Chapter, by 4a, we obtain the three equations 


oe ee ane 

sina =3sin fa — 4sin? $q..........0.00008 (8), 

COS & = 4 Cos? 4a — B COS FA.......esereeeaens (9), 
3 tanta — tanta 

tana = 3 I pth A a (10); 


1 —3 tan’ 4a 
we have thus, in each case, a cubic equation for determining a 
circular function of 4a, in terms of one of a Hence if sina be 
given, we obtain three distinct values of sinfa; if cosa be 
given, we obtain three distinct values of costa, and if tana be 
given, we obtain three distinct values of tan $a. 


(1) In the case of the formula (8), we have sina given, and 
thus we shall obtain for sin 3a, the values of the sines of one-third 


of all the angles (OA, OP), (OA, OP), which have the same sine 
as a. Let the trisectors of the angles (OA, OP) be OQ,, OQ,, 
OQ;, so that Q,0A =a, and Q,@.Q, is an equilateral triangle, and 
Q.0A =2r+4a, Q0A =4r+1a0; 
the trisectors of the angles (OA, OP,) are 0q, Oq2, Ogs, where qaquqs 
is an equilateral triangle, and q,0.4 =1(m—a), so that 
gOA=r—ha, g,0A =$r—-1a. 

We see at once that Q.m%, Qiq2, Qsgs are parallel to OA; the 

sines of the two sets of coterminal angles (0.4, 0Q,), (OA, Oq,), 
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are sin 4a, those of the sets (OA, OQ,), (OA, Oq,), are sin (27 + 12), 
and those of (0A, OQ;), (OA, Oqs), are sin (477 + 4a); therefore the 
three roots of the cubic (8), in sin 44, will be sin 4a, sin (4m — 4a), 
and — sin (47 + 4a). 

(2) In the case of the formula (9), the angles which have the 
same cosine as a, are (OA, OP) and (OA, OP,); let the trisectors 
of the first set of angles be the three lines 0Q,, OQ., OQ;, where 
Q,0A =ta, and Q,Q.Q; is an equilateral triangle; the trisectors 
of the second set of angles are Oq,, Og, Og;, where (OA =— 4a, and 
HAs 1S an equilateral triangle; we see at once that Qin, Q.q2, and 


Q:qs, are perpendicular to OA. The cosines of the two sets of 
angles (OA, OQ,), (OA, Oq), are costa, those of the two sets 
(OA, OQ,), (OA, Oq.), are cos (27+ 4a), and those of the two sets 
(OA, 0Q;), (OA, Og;), are cos (4% +4a); therefore the three roots of 
the cubic (9), in cos 4a, are cos 4a, —cos (4ar—4a) and —cos (4m + 4a). 

(3) In the case of the formula (10), the angles which have the 
same tangent as a, are (OA, OP) and (OA, OP,). As before 0Q,, 
OQ., OQ;, in the figure on page 70, are the trisectors of the first 
set of angles; the trisectors of the second set are Oj, Og, Ogs, 
where 49:93 is an equilateral triangle, and qOA =4(7+a); we 
see that Q,0q, Q.0q;, Q;0qm are diameters of the circle. The 
tangents of the sets (OA, OQ,), (OA, Og), are tanta, of (OA, 
OQ.), (OA, Og;) are tan (37 +44), and of (OA, OQ;), (OA, Om), 
are tan (47 +44), hence tan 1a, — tan (+7 —4a), tan ($7 +44), are 
the roots of the cubic (10), in tan 4a. 
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We may express the results of this article thus, the roots of the 
cubic in 2, 
3u —40°=sina, are sinta, sint(m—a), —sin} (7+), 


those of the cubic 

42? — 32 =cosa, are costa, —cosi(m—a), —cos$(7 +a), 
and those of the cubic 
tan a (1 — 3a?) =3e—.#*, are tania, —tani(m—a), tand(7+a). 


Determination of the Circular Functions of certain angles. 


65. The formulae of this Chapter may be applied to the 
determination of the circular functions of angles which are 
submultiples of angles whose circular functions are known. 


(1) Wehave sin¢r=costr=1//2; 
hence from the formulae (1) and (2), of Art. 57, 
sin dor=4/2—V/2, costr=}h/24+¥2, 
sin fpr =4V2—V24 2, cospr=4tN24V24 V2, 


and proceeding in this way, we can calculate sin 2 m@ and cos se i, 


(2) Wehave sindar=1/2, cosAr=1/3/2; 
hence from formulae (5) and (6), we have 
sin zy =$(/6—2), cos ppm =1(/6 +/2), 
the values obtained for sin 15°, cos 15°, in Art. 34; 
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proceeding in this way we calculate the sines and cosines of all the 


angles — 
OTE Yee 


(3) Wehave sintr=2sin,57cos 47 
and sin 27 = 2 sini cos tr, 


therefore sin 17 sin roe 4 sin La cos 47 sin {57 cos 47 ; 


hence since sin 2a =cos zh7, 
we have 4 cos 47 sin ;47 =1, 

. ox ee op 
or sin #7 — sin to" =, 
that is cos ta —sin,47 = 4, 
also (cos 47 + sin,7 Deeg | 
therefore costa +sin 57 =$¥5, 

1 ee 

or ner = ed costa =4(V5 +1), 


and hence cos7;7=1V10+25, sinta=1V10—2,/5; 
these values agree with those given in Art. 34. 

It should be noticed that if a is any angle of which the sine 
and cosine are known, then the sines and cosines of all angles of 
the form ma/2”, where m and n are positive integers, can be found 
in a form which involves only the extraction of radicals, for we have 
shewn how to find the functions of all angles of the form a/2”, and 
when these are known, the formulae of the last Chapter enable us 


. ma ma 
to find sin — Qn and cos Qn° 


66. We are now in a position to calculate the circular 
functions of all angles differmg by 38° or 7/60, commencing at 
3°, and going up to 90°. 

We have sin 3° = sin (18° — 15°) 

= sin 18° cos 15° — cos 18° sin 15° 
= ds (V6 + V2) (V5 —1)—4 (V3 -1) V5 + V5 
similarly cos 3°=4(V3 +1) V5 +5 + (V6 — v2) (V5 - 1). 
We have also . 
6° = 36°— 30°, 9°=45°—36°, 12° =30°-18°, 
91°=36°—15°, 24° =45°—21°, 27° =30°—3', 
33° =45°—12°, 39°=45°-6°, 42° =45°-3°, 
hence we can calculate the sines and cosines of all the angles 
Spa aoases up to 45°; it is then unnecessary to proceed farther, since 
the sine or cosine of an angle greater than 45°, is the cosine or sine 
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of its complement, which is less than 45°. 
calculation are given in the following table: 


The results of the 


sine 
Saar | al(ve+V2) (V5-1)—-2(V3—1) V5 +N} 
@=dye | B(V30—6J5 -V5-1) 
Payor | 2(V10+V2-2/5—N5) 
1 =pem | 4 (/10+2/5-V 15 +3) 
1°=ae | 26-12) 
18 =for | 3(Vv5—1) 
Q1°= som | ay f2(V3 +1) V5—J5—(W6-V/2) W541} 
24°= Per | 2 (x/15+73-10—2,/5) 
ar =son | 4 (2v/5+J5—- 10442) 
30°= tn | 4 
33° —=Abe | ay (W642) (V5—1) +2 (WB—1) VE+NB} 
36°= tm | $a/10—2,/5 
30° =the | ay (V6+V2) (VB-+1)-2(v3 - 1) V5— V9} 
42° = zig 4 (30+ 6/5 - V5 +1) 
45°= to $2 
48°=psr | 2 (/104+2/5+V15—V3) 
Bahr | a. 12(V8+1)V5—J5+(V 6 — V2) (V5 +1)} 
Bayon | £(V54+1) 
BT =BBw | 3. {2 (W341) /5-+A0—-(WO—V2) (V5 —1)} 
60°= 47 | $8 
63° =s5r | 2 (2/54/34 10-72) 
66°=3ke | 2 (30-65 4+V541) 
62 = Fr | ae (VE+V9) (W541) +2 (VB—1) V5— V5} 
72° = 3m | 34/1042) 
T=" | £(V6+V2) 
78°=her | 4(V3046/5+V5-1) 
BI =12e | 2 (/10+V 2425-5) 
84°=aiem | 2 (154734 10—2,/5) 
87 =88e | Be{2(W3+1) V5+A5 + (VO—V2) (V5 —1)} 
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In this table, the sines of the angles 3°, 6°,...up to 87°, are given; the 
cosines will be found by taking the sines of the complementary angles. The 
values of the surds in the above expressions, are given to 24 decimal places in 
the Messenger of Math. Vol. v1.. by Mr P. Gray. In Hutton’s tables the 
values of these surds are given to 10 places of decimals. A complete table 
giving the tangents, secants, and cosecants of these angles, with the denomi- 
nators in a rationalized form, will be found in Gelin’s 7rigonometry. 


EXAMPLES ON CHAPTER V. 


Prove the relations in Examples 1—8, where 4+ B+C=180°: 


tangA 1—cosA+cosB+cos C 


a tan$C 1—cosU+cos A+cos B’ 


2. sin (A -B)sin (A —C)+sin (B— C) sin (B— A)+sin (C— A) sin (C— B) 
=2 cos $(B— C) cos $(C— A) cos (A — B)— 2sin 34 sin $B sin BC. 


3. cost} 4 +cos?4B+cost}C+2 cos A cos? $B cos? $0 
+2 cos B cos? $C’ cos? 4 A +2 cos C' cos? $A cos? $B=8 cos? $A cos?$ B cos? $C. 


4. sin? A=3 cos $4 cos} Boos $C+cos $A cos $B cos3C. 
5. Scosec A (1+cot B cot C) 
=cosec A cosec B cosec C {4 cos $(B- C) cos $(C— A) cos $(A —-B)-1}. 
6. Zcosec A (1—cot Bcot C) 
=4sec $A sec} Bsec $C+cosec A cosec B cosec 0. 
7.  Ssin2Asin (B-C) 
=16 cos $A cos$Bcos$Csin $(B-—C) sin $(C— A)sin}(A—- 3B). 


cos$A—sin}B+sin$C_1+tan}zA 
cos$¢B+sin$C-sin}A 1+tan}B° 


9. Prove the identity 
sin3(B-C) , sin$(C—A) , sin}(A—B) 
sin 3(B+0)  sin}(C+4) * sin}(A+B) 
sin $(B—C) sin $(C— A) sin}(A-B) _ 
sin3(B+C)sin}(C+A) sing(A4+B) ~ 


10. If 4+B+C=360°, and if 


_(d-a)(b-c) | »_ (d—5) (c—a) _(d—c) (a—6) 
Coed = Tg) (Dey Se (D+) (ora) 088” Fe) (at) 
then tangA+tan}B+tan}C=+1. 


11. Prove that 
cosec 2% cosec vy — cosec 27 cosec # 
~ cosec 2x cosec ¥ +cosec 2y cose x * 


tan $(#@+y) tan $(#7-y) 
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12. Shew that if cot}a+cot $8=2 cot 6, then 
{1 —2sec 6 cos (a— 8) + sec? 6} {1 —2 sec 8 cos (8 — 0) +sec? 6} = tan? 8. 
13. If 4+B+C+D=360", prove that 
cos$A cos$Dsin}Bsin}C—cos$B cos $C sin $A sin 3D 
=sin}(4 +B) sin} (4d +0) cos $(A+D). 
14, Prove that 


sin? $(B—C)+sin? $(C- A)+sin? $(4 — B) 
+2 cos 4(B-—(C) cos$(C— A) cos $(A — B)=2. 


15. Prove that 


sin (y — 2) +sin (¢—”) +sin (v—y) 
1+cos (y—2)+c0s (¢—#) +cos (a4 —y) 


= —tan3(y—z) tan $(z—«) tan} (v—-y). 


16. Investigate what relation must hold between a, 8, y, in order that 
cosa+cos 8+cosy=1+4sindasin $6 sinty. 
17. If d4+B6+C+D=360", prove that 
cos (B+ C0+D)+cos (C+ D+A)+cos(D+4+B)+cos (A+B+C) 
= —4cos$(4+B) cos $(A+C) cos$(4+D). 
ifs Ge tan$é=tan?}¢, and tan d=2 tan a, 
shew that 6+h=2a. 
_sin 8 sin (s — 6) sin (s— dp) sin (s— p) 
4 cos? $0 cos? $ cos? hyp 
tan? $=tan $s tan $(s— 0) tan }(s—¢@) tan $(s— ), 
where 28s=6++ Ww. 
20. If A+B+C0+ D=180°, shew that 
sin A +sin B+sin C—sin D=4 cos $(4+D) cos $(B+D) cos $(C+ D). 


19. If sin? 


» prove that 


21. Ifa+B8+-y=2n, prove that 
sin B(1+2 cosy)+sin y (1+2 cos a)+sin a(1+2 cos B) 
=4sin $(y—8) sin $(a—y) sin $(8—a). 
22. If 2s=a+b+e, prove that 
cos $8 cos $(s — a) cos (s— b) cos $(s—c) 
+sin $s sin $(s— a) sin $(s — 6) sin $(s—c)=cos $a cos $b cos $e 
23. If a+@6+y=$n, then 
(1—tan $a) (1—tan $8) (1—tan$y)_ sina+sin8+sin y—1 
(1+tan $a) (1+ tan $8) (1+tan ty) cosa+cos 8 +cos y 
24. Prove that if a+8+y=n, 
cos ($8 +-y—2a)+cos (By+a—28)+cos (a+ 8 —2y) 
= 4 cos 4 (5a — 28 — y) cos 3(58—2y—a) cos} (5y—2a—). 
25 Tf cos? @=cos a/cos B, cos? 6’=cos a’/cos B, 
and tan 6/tan 6’=tan a/tand’, 
shew that tan $a tan $a’ = +tan $8. 
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26. If cosa=cos Bcos f=cos Pf’ cos f’, and sina=2sin}$¢ sin}¢q’; 
shew that +tan $a=tan $6 tan $f’. 
27, If A+B+C=180°, and tan 34 tan }B=tan 3C; shew that 
tan ?A4+tan 3B+tan }C=cot }4+cot }B+cot $C. 
28. If tan$(y+2)+tan $(z+2)+tan 3 (7+y) =0, 
prove that sin+siny+sinz+3 sin (v¢+y+2) = 
29. Prove that 
cos a sin $(6+a) sin (8 —y)+cos Bsin}(8+8) sin $(y—-a) 
+cos y sin $(4+y) sin $(a—8) 
=2 sin $(8 —y) sin }(y—a) sin $(a—8) sin} (a+8+y+4). 
30. Solve the equations 
tan $a+tan}$B=4 t 


tana+tan B= 
31. p Sin (p at (¢- a) sin (fh eek (p—8) Binnie a) 
sin ie +28) sin CF 9 - 26) 
shew that cos? $a+cos? $8 — cos? d=. 


32. If tan ({7+46)=tan’ (t7+4®), prove that 


(1+a? sin? d) (1+? sin? ¢) 
1+a~?sin? fp) (1+87*%sin? ) ’ 


sin 6=5 sing ( 
and find a, f. 
33. If a+8+y=7, shew that 
tan~1 (tan $8 tan $y)+tan~! (tan $y tan $a)+tan~! (tan $ ba tan $3) 


=tan~! 14 88ing 2a sin 28 sin yy 
sin? a+sin? B+sin?y 


34. Prove that the sum of the three quantities 
cos? $y— cos? $B cos” $a — cos” Sy 
cos? $8 cos?4-y+sin? 18 sin? $y’ cos?dacos*dy+sin2 $a sin? $y’ 
cos? $B — cos? 4 Phe 
cos? $8 cos*4a+sin* $8 sin? $a 


is equal to their continued product. 
35. Prove that 
cos$(B+y) , cos$(yta) , cosz(at+B) 300s }(B+y) cos ay +a) cos $(a+8) 
cos $(B—y) Cos$(y—a) cos t(a—B) cos $(8—y) cos $(y—a) cos $(a—8) 
COS a Cos B Cos y— Cos (a+B+y) 


~ cos $(B— y) cos $(y—a)cos}(a— p)* 


36. Having given that 
cosa+cosB+cosy sina+sinB+siny . 


cos (a+B+y) esta (a+B+y) 
prove that each fraction is equal to 
cos (8+y)+cos (y+a)+cos (a+), 


and also to {tan a—tan 4(6+y)}/{tan a+tan $(8+y)}. 
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CHAPTER VI. 


VARIOUS THEOREMS. 


67. In this Chapter, we give various examples of transformations 
of expressions containing circular functions. Some of the theorems 
given are of intrinsic interest, others are given on account of the 
methods employed in proving them. Facility in the manipulation 
of expressions involving circular functions, can only be obtaimed by 
much practice, but a careful study of the processes we employ in 
various cases, will very materially assist the student in acquiring 
the power of dealing with this kind of symbols. 


Identities and Transformations. 


68. EXAMPLES. 
(1) Prove that 
sin 2a sin (B— y) + sin 28 sin (y —a)+sin Qy sin (a—B) 
= {sin (8 +y) + sin (y-+a)+8in (a+8)} {sin (y— 8) -+8in (a—y) +sin (B—a)}. 
The factors on the right-hand side of the equation, are the sum and the 
difference respectively, of the two quantities sin y cos 8B+sin a cos y+sin 8 cos a 
and cos ysin8+cosasiny+cosB sina; hence the product of these factors is 
equal to 
(sin y cos 8+sin a cos y-+sin 8 cos a)*— (cos y sin B+cos asin y+cos B sin a)”. 
Now sin? y cos? 8 — cos? y sin? 8B=sin? y—sin?8, hence the algebraical sum of 
the square terms is zero; the product terms are equal to 
2 sin a cos a (sin 8 cos y— cos 8 sin y)+2 sin B cos B (sin y cos a— cos y sin a) 
+2sin y cos y (sin a cos B — cosa sin B), 
and this is equal to 
sin 2a sin (8 — y)+sin 28 sin (y—a)+sin 2y sin (a—8) ; 
thus the identity 


> sin 2a sin (8 — y)=3 sin (8+) 3 sin (y—8) 
is proved, 
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(2) In the last example, put jr +a, {ia+8, tr+y, for a, B, y, respectively ; 
we then obtain the identity 
3 cos 2a sin (B—y)=3 cos (8+y). sin (y— 8). 
(3) Prove that 
3 sin' a sin (B—y) = — sin (a +B +y)fsin (B—y) sin (y—a) sin (a— 8). 
In this case, as in many others, we replace the quantities sin®a, sin’,, 


sin’ y, on the left-hand side of the equation, by the equivalent expressions in 
sines of multiple angles; the expression on the right-hand side then becomes 


#3 sinasin (@—y)—Z5 sin 38asin (8B —y) 
or —f3 sin 3asin (8 —y) in virtue of Ex. (3), Art. 45. 
We now replace the products of sines- by the difference of cosines, the 
expression then becomes 
2 {cos (3a +8 —y) —cos (3a +-y—B) +c0s (38 + y—a) — cos (3B —y+a) 
+ cos (By +a—) —cos (By—a+B)}, 
and the algebraic sum of the first and last terms in the bracket is 
2 sin 2(y—a)sin(a+B+y); 
taking the second and third terms, and the fourth and fifth together, in the 
same way, the expression becomes 


—7sin (a+6+y) 5 sin 2 (y—a) 
or —sin (a+8+y) sin (8 —y) sin (y—a) sin (a—8) 
in virtue of Ex. (3), Art. 47. 
(4) Prove that 
= cos’ a sin (8B — y) =cos (a+B+y) sin (B—-y) sin (y — a) sin (a—B). 
(5) Prove that 
3 sin’ asin’ (B—y)=3 sina sin B sin y sin (B —y) sin (y—a) sin (a—B); 
this follows from the fact that v+y+z is a factor of 2 +73+2—3ayz2; 
put «=sin asin (8—y), y=sin Bsin (y—a), z=sin y sin (a—8), then x+y+z=0. 
(6) Prove that 
sin (a+8) sin (a—B) sin (y+6)sin(y—8)+sin(B+y) sin(B— y) sin (a+) sin(a—8) 
+ sin (y +a) sin (y—a) sin (B +8) sin (8B—8)=0. 
The expression 
(a2 —y) (2—w*) + (y2—2) (a2 — w?) + (22 — 0) (y®— w?) 
vanishes identically ; put =siN a, ¥=sin B, z=sin y, w=sin 6, 
then remembering that 
sin? a—- sin? 8 =sin (a+) sin (a—8) 
the theorem follows. 
(7) Prove that 
2 (cos B cos y — Cos a) (cos y cos a — C08 8) (cos acos B— cos y) +sin* a sin? B sin? y 
— sin? a (cos B cos y— cos a)? — sin? B (cos y cos a—cos 3)? — sin? y (cos a cos B —cos y)? 
= (1 — cos? a — cos” B — cos? y +2 cos a cos B cos y)?. 
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This follows from the known theorem that the square of the determinant 
a hg} isequalto | be—f? fg—ch fh—bg 
Rib. fii fg-ch ca—g? gh-af |; 
a ame fh—bg gh-af ab—h? 
put a=b=c=1, f=cosa g=cosf, h=cosy, then be—f?=sin?a,..., 


expanding the determinant, the theorem follows. 


(8) Prove that 
cos 2a cot § (y — a) cot} (a— 8) + cos 28 cot $ (a— 8) cot 3 (B—y) 
+cos 2y cot 4 (B—y) cot $ (y—a) 
= cos 2a+cos 2B + cos 2y +2 cos (B+y)+2 cos (y +a) +2 cos (a+f). 
Replace each cotangent on the left-hand side, by means of the formula 


On Wee +008 6 


sin 6 
sin (8 — y)sin (y—a)sin(a—); the numerator becomes 
> cos 2a sin (8 — y) {1+ os (y—a)} {1 +cos (a—B)}, 
or > cos 2a sin (8 —y)+35 cos 2a sin (8 — y) cos (y — a) cos (a— 8) 
+3 cos 2a sin (8— y) {cos (y— a) + cos (a—B)}, 
or {1+ 3 cos (8 —y)} 5 cos 2a sin (8 — y)—4 3 cos 2a sin 2 (B—y) 
+3 cos 2a sin (8B — y) cos (y — a) cos (a— 8). 


, then reduce the whole expression to the common denominator 


Now 1+3 cos (8 — y)=4 cos $ (8 —y) cos 3 (y—a) cos} (a—8) 
from Ex. 4, Art. 47, | 
and 3 cos 2a sin (8—y)=3 cos (8+y) = sin (y— 8) 
=4sin } (8—y) sin $ (y—a) sin} (a—8) 3 cos (8+ y). 
Also = cos 2a sin 2 (8 —y)=0, 
and = cos 2a sin (8 — y) cos (y— a) cos (a— 8B) =F 5 cos 2a {sin 2 (B—y) 
—sin 2 (y—a)—sin 2(a—£)} 
=}$2 cos 2asin 2 (8—y)—F 2 cos 2a S sin 2 (B—y), 
which equals sin (8 —y) sin (y—a) sin (a— 8) 5 cos 2a, 
hence the numerator of the whole expression is equal to 
sin (8 — y) sin (y—a) sin (a— 8) {2 5 cos (8+ y) +2 cos 2a} ; 
therefore the expression is equal to 22 cos (8+) +3 cos 2a, 
(9) 
at+B+y=m, and tan} (8+y-a) tang (yt+a—B) tan} (a+B—y)=1, 
prove that 1+ cos a+ cos B+ cos y=0. 
Squaring the given equation, we have 
sin® (Jw —}a) sin? (Jn —}8) sin? (Ja — }y) 
= cos? (fa — da) 
or (1—sin a) (1—sin 8) (1—sin y)=(1+sin a) ( 


cos? (Jn — $8) cos? (Lm — 3y), 
1+sin 8) (1+sin y); 
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hence sina+sin8+siny+sin asin Bsin y=0, 

or 4 cos $a cos $8 cos $y +sin asin Bsin y=0; 
hence 1+2sin $asin $8 sin $y=0, 

also cos a+cos B+cos y—1=4 sin Jasin $8 sin dy; 
therefore cos a+cos B+cosy+1=0. 


(10) Prove that if 
tan 3 (B+y—a) tan} (y+a—8B) tan} (at+p~y)=1, 
then sin 2a+ sin 2B + sin 2y=4 cos a cos B cos y. 
We have 
sin 3 (8+y—a)sin } (y+a—) sin} (at+B—y) 
=cos }(B+y— a) cos $ (y+a— 8) cos} (a+B8— y), 
or {cos (8—a)—cos y}sin} (a+ — y)={cos (8 —a)+cos y} cos} (a+B—y), 
which may be written 
cos (8 —a) cos $ (a+B—y+4m)+cos ysin} (a+B—y+4$m)=0. 
Now sin 2a+sin 28 +sin 2y—4 cos a cos 8 cos y is equal to 
2 sin (a+) cos (8 — a) — 2 cos y {cos (8 —a) +c0s (a+) —sin y}, 
or 2cos(8—a) {sin (a+) —sin ($m —y)} —2 cos y {cos (8 +a) — cos ($a —y)}, 
which is equal to 
2sin}(a+B+y~4n){cos(8—a) cos} (a+B—y+}n)-+cosysin } (a+B—y+4n)}, 
and this is equal to zero. 
(11) Having given that 
4 cos (y — 2) cos (4—x) cos(x—y)=1, 
prove that 


1+12 cos 2 (y —z) cos 2 (z—x) cos 2(x—y) 
=4 cos 3 (y —%) cos 3 (Z— xX) cos 3(x—y). 


Let a=y-%, B=2-42, y=x-y, then a+B+y=0, 
hence 1—cos? a— cos? B— cos? y+2 cos a cos B cos y=0, 
therefore cos? a + cos? B+ cos? y= 3. 


Now cos 3a cos 3B cos 3y= cos a COS B cos y (4 cos? a — 3) (4 cos” B— 3) (4 cos? y— 3) 
=} (4-27 — 483 cos? B cos* y + 365 cos? a) 
=} (31 — 483 cos? B cos? y) 
and cos 2a cos 28 cos 2y = (2 cos? a — 1) (2 cos? B — 1) (2 cos? y— 1) 
=(4-— 143-43 cos? B cos? y) 
=3— 43 cos’ B cos? y, 
hence 
4 cos 3a cos 38 cos 38y — 12 cos 2a cos 28 cos 2y=1. 


(12) Having given 


y+2—2yzcosa _2*+x?—QexcosB_ x®+y?— 2xy cosy 
sin? a a sin® B ry sin®y 


p) 
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prove that one of the following sets of equations holds', 28 denoting atB+y; 


x 


AY; es Z 
cos(s—a) cos(s—B) cos(s—y)’ 


x y Z 
Coss cos(8—y) cos (S—)’ 
x 4 Mr ey Z 
cos(s—y) Coss cos (S—a)’ 
x y Z 


cos(s—B) cos(S—a) Coss” 

Let each of the equal fractions be denoted by &, and put «=k cos 6, 

y=k coos p, z=k cos, we have then 
cos? @ +cos? y— 2 cos cos cos a= 1 —cos? a, 

or (cos a— cos @ cos y)?=sin? ¢ sin? y, 
whence cosa=cos(¢+W); similarly we can shew that cos 8=cos (w+), 
cos y=cos (6+), whence without loss of generality we can put ua=p+y, 
B=~+0, y=O+. In order that these equations may be consistent, we 
must take all the ambiguous signs to be positive, or else two of them 
negative and one positive. In the former case we find 6=s—a, p=s—f, 
=s—y; in the other cases we find the three sets of values 


d=s Gees) | 
p=s—y ’ pss ki gp=a-s ’ 
y=8-s y=s-B| cea) 


thus one of the four given relations is always satisfied. 


The solution of equations, 


69. EXAMPLES. 
(1) Sotwe the equation 

sin 20 sec 46 +-cos 26 =cos 68. 
This equation may be written 


sin 26 sec 46 +cos 26— cos 66=0, 


or sin 26 sec 40+ 2 sin 46 sin 26=0; 
hence sin 26=0, or sec 40+2 sin 46=0, 
that is sin 86= —1. 


Hence the solutions are 
6=}mr, O=} {rm —(-1)" 5| ‘ 
(2) Solve the equation! 


cos? a secx+sin? acosecx=1, for x. 
We may write the equation 


cos? a sin 7+ sin’ a cos 7=sin & COS 2, 


1 This example is taken from Wolstenholme’s problems. 
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or sin? a COS “— COS a Sin? a Sin 4=Ssin w (Cos 7 — Cos a), 
hence sin? a sin (a—#)=sin # (cos v— Cos a), 


both sides are divisible by sin }(a—~), rejecting this factor, we have 


2 sin? a cos $(a—#)=2 sin # sin $(a+2)=cos $(#—a) —cos } (3a +a), 


therefore cos $(3xz +a) =cos $(# — a) cos 2a, 
or 2 cos $(34”+a)=cos $(#+3a)+ cos $(x—5a), 


which may be written 


cos $(34 +a) — cos $(4#+3a)=cos $(v—5a)—cos $(3x+<), 


therefore sin $(#—a) sin (@+a)= — sin (#—a) sin $(v7+3a); 
again rejecting the factor sin $(#—a), we have 

sin («@+a)= —2 cos $(w—a) sin $(%+3a)= — {sin (v7+a)+sin 2a}, 
whence sin (#+-a)=—sin a cos a. 


The solutions are therefore 
L=2n7+a, and c=nw—a+(—1)"~1sin~! (sin a cos a). 
(3) Solve the equations 
asin (x+y)—b sim (x—y)=2m cos x 
a sin(x+y)+b sin (x—y)=2n cosy J - 
We have 
1 2 : ; 3 
- {a sin (7+y)+6 sin (7 —-y)}? - = {a sin (w+y)—6 sin (#@—y)}? 


=4 (cos? y — cos? z) =4 sin (#@+y) sin (w—7). 


sin(w@+y) _ eee , ; 
t mae Cates then ¢ is given by the quadratic equation 


1 1 1 1 if il 
ose, ee ee ens eee VP pees SS aN 
ge Ge =A) os {ap & a) 2} y a aa) 2 


sin(w+y) _tana+tan x 
sin(v—y) tanxv—tany’ 


Using ¢ for either root of this equation, we have t= 


whence eee also dividing one of the given equations by the other, 
tany t-1 


Meee ae and thence eliminating y by means of these two 
noosy at+b 


equations and the relation sec? y— tan? y=1, we have 


n? (at—b\? #12 

AEF eee weap ae ee 

ie Gas sec? x (aa tan? v=1, 
from which we find 


tan7— +41 n at—b 2)3 (n2 /at—b\? t—1 ic 
an G= F m* \at+b m= \at-+b rae ; 


which gives four values of tan x, two corresponding to each root of the 
quadratic which determines ¢. Thus « is found, and then y is given by 


we have 


tan I= tan 7. 
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Eliminations. 
70. EXAMPLES. 
wae : cos? 6 seo 
(1) Eliminate 6 from the equations BiGLse aes a 
h __ Sin 6 cos? 6+ cos 8 sin’ @ sin @cos 6 

We pave Lee RETEST sin (a— 26)’ 
whence = =sin a cot 26—cos a. 

Al a cos! 6 — sin*t 6 j Cos 26 

a = cos 6 cos (a— 36) — sin 6 sin (a—36) cos (a— 26) 
~ 1 
~ cos a+sin a tan 26’ 
1 ¢ 

hence (a +cos a) G — COs a) =sin? a, 
or In? —1=m cos a, 


the result of the elimination. 


(2) Shew that the result of eliminating 6 from the equations 
cos3(O—a) _cos3(6+a—y) _ cos3a 
cos(@—B)  cos(@+B-y)  cosB 


zs independent of B. 
6, y— 4, and zero, are independent values of x which satisfy the equation 


cos 3(”%—a) cos 3a 
cos(«-B) cosB° 


We have 
cos 3x Cos 8a+sin 37 sin 8a=4 (cos w cos B+sin & sin B), 
where £=cos 3a/cos 8; substituting for cos 3%, sin 3z their values in terms of 
cos #, Sin # respectively, then dividing throughout by cos? x, we have the 
following cubic in tan a, (=4), 


cos 3a {(4—3(1+¢)} +sin 3a {(3¢ (1 +27) — 40} =k (cos B+¢ sin B) (1+72) 
or #@(ksin B+sin 3a)+2 (k cos 8+3 cos 3a)+¢(k sin B—3 sin 3a) 
+k cos B—cos 8a=0, 
hence tan 6, and tan (y— 6), are the roots of the quadratic 
#(& sin B+sin 3a)+¢(k cos 8+3 cos 3a)+é sin B—3 sin 3a=0 ; 
_ kos B+3 cos 3a 


therefore tan 6+ tan (y - 6)= aD 
k sin B—3 sin 3a 
and tan 6 tan (y—6)= net ansee 
hence tan y=— (cogs cog ee eoraa 
4 sin 3a 


or y—3a=(2r+1)éar 
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where 7 is any integer, thus the result of the elimination is independent 
of B. 

(3) Eliminate 6 from the equations 


7 : +2 — ae x sin O—y cos 0=(a? sin? 0+ b? cos? 6)?. 


Square each of the equations, and put tan 0=¢, the equations become 


o(1_¥% zY oN 

# (1%) - 20% + (1-2) =0, 

0 (a? — x) 4+ Qtvy + (b?— y?) =0, 
respectively, and we have to eliminate ¢ from them. 


Solving for ¢? and ¢, we have 


2 t 1 
ney (i$ a ) es ia ean eae 
Hence 
Boy ata? (B—y? a@—a)2_ Aty ee 
{ ae ae { ede Oe } ahs (b(at— 28) + 0. (B— 9?) 
2 7/2) 2 Dp) pap hD — feOhyo 
ce gp et Gia 4. Ay a 
Gh lb b a ab 
oP nto 
hence Bo dec hy 
és ob 


is the result of the elimination. 


(4) Lliminate 6 from the equations 
x sin 0+ cos 0=2a sin 20, x cos O—y sin O=a cos 26. 
Solving for w and y, we find 
“=a cos 6 (2—cos 26), y=a sin 6 (2+cos 26) 


or “=a COs 6 (cos? +3 sin? 6), y=a sin 6 (3 cos? 6+sin? 6), 
therefore a+y=a (cos 6+sin 6)*, —y=a (cos 6—sin 6)°, 
hence @ +) =a) (1+sin 26), (# -y)i =ai (1 —sin 26) 


and the result is 
2 2 Z 
(vty) +(a-y)> =2a5. 


Relations between roots of equations. 


Tile EXAMPLES. 


(1) Consider the equation 
a cos 0+b sin O=c, 
Let a, B, be distinct values of 6 which satisfy it, then 
acosa+b sin a=¢, 
acosB+bsin B=c; 
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theref oa. 
ere sinB—sina cosa—cosB sin(8—a)’ 
hence tan $(8+a)=b/a, 
1 
and also cos 4(B— a)=5 sin $ (8+a)=— 7, 008 3 3 (B+a). 


These relations may also be found as follows: put tan $0=¢, then the 
given equation may be written 


a(1—#)+2b¢=c(1+2) 
or #2 (e+a)—2bt+e-—a=0. 
The roots of this quadratic are tan $a, tan $8, 


=e 


hence tan $a tan B= a 
: a, OS c 
whence we obtain the relation — : at iat = - a 
A rl 2b 
Also tan 5a+ tan  becooneg 


from which the other relation may be obtained. 


(2) Consider the equation 
acos 26+b sin 20+¢ cos 6+d sin 06+ e=0. 
Let ¢=tan $0, then the equation may be written as a biquadratic in ¢, 
tt (a—e+e)+8 (—4b4 2d) +2? (—6a+2e) +7 (4b+2d)+(a+ce+e)=0; 
if tan $6,, tan $6,, tan$6,, tan }$6,, 
be the roots of this biquadratic, we have 


4b—2d —6 
> tan $4, a2 = tan $6, tan 40,=2° ee 


—c+e’ —c+e’ 
46+2d 
> tan $6, tan $4, tan}$6,= qapg? tM 4G, tan 26, tam $6, tan hao er" 


and from these relations, symmetrical functions of the four tangents may be 
calculated. 
If 2s=6,+6,+6;+6, we have 
> tan 36, —3 tan $4, tan $6, tan 36, 
tan s= 35 ES 
1-3 tan $9, tan $6,4+ tan $6, tan $6, tan 46, tan $6, 
epee?) ee 
a—cte—(2e—6a)+a+e+e a’ 
We leave it as an exercise for the student to prove the relations 
Tae = -—d e 
coss sins 2cos(s—6,) Zsin(s—6,) cos} (6,+0,—6,—6,)° 
(3) Uf 
sin a cos (a+) tan 2a=sin B cos (B46) tan 28=sin y cos (y+6) tan 2y 
=sin 8 cos (8+6) tan 28 
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and no two of the angles a, B, y, 8 differ by a multiple of m, shew that 
a+B+y+8+6 ws a multiple of x. 
Write each of the equal quantities equal to 4, then a, B, y, 6 are roots of 
the equation sin & cos (@+ 6) tan 2v=h 
which may be written 
2 tan? x (cos 6—sin 6 tan 7) =k (1—tan! x), 


2 si 2¢ 
hence Stana= a , Stanatan B= oe , >tanatan B tan y=0, 


and tana tan 8B tan y tan d= —1; 
2sin 6 
th Zi ee 
erefore tan (a+B+y+6) [aT ay 


hence a+8+y+6+4 is a multiple of 7. 


(4) Tf a, B, y be unequal angles each less than 2n, prove that the equations 
cos (a+ 6) sec 2a=cos (8+ 8) sec 28=cos (8+y) sec 2y 
cannot coexist unless 
cos (8 +-y)+c08 (y +a) +¢08 (a+8)=0. 
Writing & for each of the equal quantities we have 
COS a cos 8—sin a sin 6—£k cos 2a=0, 
cos 8 cos 6—sin 8 sin é—& cos 28=0, 
cos y cos —sin y sin 6—k cos 2y=0, 
hence eliminating cos 6, sin 6, we have 


= cos 2a sin (B—y)=0 


or >cos(B+y)=Zsin(y-—B)=0, by Example (2) Art. 68, 
hence = cos(8+y)=0 unless = sin (y—8)=0, 
that is unless sin $(8—y) sin $ (y—a) sin$(a—f) =0. 


This example may also be solved in a similar manner to example (3). 


Maxima and Minima. Inequalities. 


72. EXAMPLES. 
(1) The greatest value of 
a cos 6+b sin 6 is a2 + b2, 

Put b/a=tana, then b=1/a?+0? sin a, a="/a? +0? cos a, 
thus acos 6+ sin 6=/a? +b? cos (6—a), 
now cos(@—a) always lies between +1, hence acosé+b)sin@ lies between 
+/a?+b% 

(2) If w= a? cos? 0+ b? sin? 6+ n/a? sin? 0+)? cos? 6, then u lies between 

atb and 2 (a?+b?). 
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Let v= cos? 6+b? sin? d=} (a? +6) +4 (a? — b*) cos 26, 
then Uu=JN24+VE+P—a2, 


w= 0+ P+ 2N TOF PP (ALB) — a, 
hence w is greatest when v= (a? +0), or the greatest value of w is /2(a2 +b?) ; 
also wu is least when 4 (a?+0b2) — w is greatest, that is when ~ is least, which will 
be when cos 26= —1, in which case v=0?, and then w=a+0; this therefore is 
the least value of w. 


(3) Shew that f 6 lies between 0 and m, cot O—cot O>2. 


We have 
sing@ _3-4sin?Z@_ 1+2cos$6 
snjésin6 sind — sind 


cot 76 — cot d= ) 


hence cot ¢ 6 — cot 6=cosec 6+ cosec $6 ; 


now cosec 8, cosec $6 are each never less than unity, if @ lies between 0 and zr, 
hence cot 6 —cot 6>2. 


(4) Jf the sum of n angles, each positive and less than 4a, is given, shew 
that the sum or the product of the sines of the angles is greatest when the angles 
are all equal. 


A similar theorem holds for the cosines. 


Let a,, ay...a, be the angles and s be their sum. Then we have 
sin a,+sin a,=2 sin 4 (a,+a,) CoS $ (ay — ag), 
now cos 4 (a,—a,) is less than unity unless a,=a,, hence 
sin a,+sin a,< 2 sin $ (a,+as) 
unless a,=a;. If any two of the angles a,, aj...a; are unequal, we can 
therefore increase = sina by replacing each of those two angles by their 


arithmetical mean, hence = sina is greatest when all the angles are equal ; 
we have therefore =sina}7” sin s/n, 


Again sin a, Sin a,=4 {COs (a,— as) — COS (a,+a,)}, 
and this is less than ${1—cos(a,+a,)} or sin? $(a,+a,) 
unless a,=ag. Hence as before, if any two angles in the product sin a. 
Sin ay...Sin a, are unequal, we can make the product greater by replacing each 
of those two angles by the arithmetic mean of the two; it follows that 


SiN a,, SiN ay...Sina, is greatest when a,=a,=...=ay, or the greatest value of 
the product is (sin s/n)". 


(5) Under the same condition as in the last example, shew that the sum of 
the cosecants of the angles is least when the angles are all equal. 
We have 
COS€C a, + COSEC ag 
: 1 1 
=sin $(a,+a { 
2( :) COS $(a,— as) — cos $(a,+a,) + cos $(a,— as) +008 $(a,+a,)} ” 


hence for a given value of a,+a,, cosec a,+cosec a, has its least value when 
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cos $(a,—as)=1, or when a,=a,. The reasoning is now similar to that in the 
last example. 


(6) Under the same conditions as in the last two examples, shew that the 
sum of the tangents or of the cotangents of the angles is least when the angles 
are all equal. 


(7) Shew that if a+B+y=mn, cosacosB cosy + 1/8. 


Porismatic systems of equations. 


73. A system of equations is said to be porismatic!, when the 
equations are inconsistent unless the coefficients satisfy a certain 
relation; when this relation is satisfied the equations have an 
infinite Ranier of solutions. 


The system 
acosBcosy+bsinBsiny+c+a’(sin8+sin y)+0b'(cos B+cos y) +e’ sin(8 + y)=0, 
acosy cosa+ bsinysina+c+a’(sin y+sin a) +0’ (cos y+cos a)+c' sin(y+a)=0, 
acosacos8 + bsinasinB +¢+a’'(sina+sin B)+0’' (cos a+cos 8) +c sin(a+8)=0, 
is a system of three porismatic equations. 


Consider the equation 
acosacos 6+bsinasin 6+c+a'(sin@+sina) +6'(cos6+cosa) +c’ sin(6+a)=0, 
this is satisfied by 6=8, and by 6=y. Write this as an equation in 
tan $6=+, thus: 
2(—acosatc+a sina+0’ cosa—b’—c' sina)+2¢(bsina+a’+¢' cosa) 
+(acosa+c+da sina+b'+0' cosa+c'sina)=0. 
From this equation we find 
tan$B+tan$y, and tan $6 tan $y, 
2 (bsina+a'+¢' cos a) 
2 (acosa+b’+c' sina)” 


hence tan $(B+y)= 


We should find similarly 
bsinB+a'+c' cos B 
acosB+06'+c' sin B’ 
we can now deduce the value of tan 4(a—) ; we find for the numerator, the 
value 
(bsin B+a’ +c’ cos B) (a cosa+b'+e' sin a) —(bsina+a/+c' cos a) 
(a cos 8+6'+¢' sin B) 


tan $(at+y)= 


or 
2 sin } (a—) {(¢2—ab) cos $(a—B) +(a'e’ — bb’) cos} (at) 
— (aa! Bie’) sin $(a+)} 


1 See Proc. London Math. Soc. Vol. tv. ‘‘On systems of Porismatic equations” 
by Wolstenholme. 
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and for the denominator, 
(bsin at+a’+c' cosa) (bsin B +a’ +¢' cos B)+(a cosa+b’+¢' sin a) 
(a cosB+0’+e' sin B) 

or 
(a? + ¢) cosa cos B+(b? +e?) sin asin B+(a?+6?) +(vb+ Uc’) (sin a+sin 8) 

+(a'c’ +ab’) (cos a+cos B)+(a+6) ¢' sin (a+ 8) 5 
dividing this fraction by sin } (a—), we have this denominator equal to 

(c’2— ab) {1+cos (a— 8)}+(a’'c’ — bb’) (cos a+cos 8) — (aa’ — U'e’) (sina+sin f), 

hence 


(a+b) {acosacos 8+bsinasin8+c+a (sina+sin 8) +0’ (cos a+cos f) 
+c’ sin (a+ f)} 
is equal to c2— @®—b?+ca+cb—ab. 


Hence unless the condition 
¢2—a/2—b?2+ca+cb—ab=0 


is satisfied, the system of equations cannot be satisfied except by equal values 
of a, B, y. When this condition is satisfied, any one equation can be deduced 
from the other two. 


The sunvmation of series. . 


74, A large number of series involving circular functions, can 
be summed by the method of differences. The most important 
example of the use of this method, is the case of a series of sines 
or cosines of quantities in Arithmetical Progression. 


Let the series be 
S=cos a +cos (a+ B) + cos (4+ 28) +... + cos fa+(n—1) B}, 


It : ; 
we have cos aA = ees {sin (a AP 38) = fell (a 7 $B8)|, 


ee ee 


cos {a+(n—1) B} 


> 2n—1 2n —3 
aa 48 {sin (a+ Son ) — sin (a + 5 8), 


whence S=4cosec $8 {sin (2 + He ) — sin (@— 18) 


= Cos (a + tes ) sin ™e cosec : “rahe ee 


VARIOUS THEOREMS. 89 


In a similar manner we find 
sin a+ sin (a+) +sin(a+ 28)+... +sin fa+(n—1)B} 
ned fel eeu B 
ssa) (2 eg 8) SIN “J COSEC FS «+++. (2). 
The sum (2) may be deduced from (1), by changing « into a +47. 


In (1) change 8 into 8 + 7, we have then for the sum of the 
series 


cos a—cos (a+ 8)+ cos (a+ 28) —...+(—1)"* cos fa +(n— 1) Bh, 
n—1 nB  £B ; n—1 ae B 
cos (a + P ) cos or sec 9? or sin (a+ = 8) sin —— sec >? 
according as n is odd or even. The sum of the series 
sina—sin (a+ 8)+sin (a+ 28)... 
can be found from (2), in a similar manner. 


EXAMPLES. 
(1) Prove that 
sin Na/sin a=2 {cos (n—1)a+cos (n—3)a+cos(n—5)at...}, 
and find a similar expansion for cos na/cos a. 
(2) Sum the series 


cos” a+ cos? (a+8)+...+¢0s" {a+(n—1)B}. 
We have 
cos? a=4(1+cos 2a), cos?(a+8)=4${1+cos 2 (a+)}... 
hence the sum required is 
4n+4 cos {2a+(n—1) B} sin 78 cosec B. 


The sum of any positive integral powers of the terms of the series (1) and 
(2) may be found by a similar method. 


(3) Sum the serves cosec 2a+cosec 2?a+...+cosec 2a. 

We find cosec 2a=cot a—cot2a, cosec 2? a=cot 2a— cot 27a, 
cosec 2” a=cot 2"! a— cot 2”a, 

hence the sum required is cot a—cot 2”a. 
(4) Sum the series 
3 sin X— SIN BX | 3 sin BX — sin 3*X 3 stn 39— 1x — sin 3" x 

COs 3X 3 cos 37x “~~ Sim ACOsie x 

We have tan 3" 17-4 tan 3"x 


3 sin 3-1 cos 3°v— cos 3"-1av sin 3"%7 =2 sin 8"~ 1.7 cos 8”v7—sin2. 3" 1a 


3 cos 3"—-1z cos 3" x7 3 cos 3-14 cos 3°@ 
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2 sin 3"- 1a (cos 3"x—cos3"~!x) _ —8 sin? 3"~1a cos 3" 1a 
ja 3 cos 31x cos 8°@ ~~ 8cos 8°-lz cos 3*z 
9 3 sin 3%~1!y—sin 3"x 
<i 3 cos 3x 2 
whence 2a eee tan 37— tan r) ; 
COS 3x 2\3 
3sin32—sind’2 3/1 1 
== an 32a2—= tan 3x 
hence shaatite 3 é tan 324 3 tan ) , 
3 sin 3° 1le—sin 3"x 3/1 1 ot ta UND 
eG: oD (5 tan 3"%— 3n=1 tan 3” r) ; 


therefore the sum of the series is 


3 1 Nar 
5 (ge tans v—tane). 


75. The sum of a series of either of the forms 
U, COS & + UW, Cos (a + B) + uz cos (a +28) +... + Un cos [a+ (n—1) B}, 
u, Sin a + U, sin (a + B) + us sin (a+ 28) +... + u, sin {a+ (n—1) B}, 
can be found, if wu, is a rational integral function of r, of any 
positive integral degree s. 

Let S=wu, cos a+ cos (a+ 8)+... + Um cos fa+(n— 1) 8}, 
then 

2cos B.S = u, {cos (a — B) + cos (a+ 8)} + uw, {cos a + cos (4+ 28)} 
+... U, {cos (a+ 7 — 28) + cos (a+ rB)} 


whence 
2(1 — cos B) S = (2u, — uw) cos a + (2u, — uy, — Us) cos (a+ B)+... 
+ (Qty — Up_1 — Ups) C08 (a+ r — 18) 
+... + (2p — Un» — Un) Cos (a + n — 28) 
+ (2Un — Uns) cos (a +2 — 18) — uy, cos (a — 8) — in cos (a + nf). 


Now 2u,.— U1 — Ur4i 18 a rational integral function of 7, of degree 
s —1, whence excluding the first and the three last terms, we have 
a series of the same kind, but of which the coefficients are of lower 
degree than in the given series. We again multiply by 1— cos 8, 
and proceed in this way s times; the series will then be reduced 
to the form (1). 
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EXAMPLES, 
(1) Sum the sertes 
cos a+2 cos (a+8)+3 cos (a+28)+...+n cos {a+(n—1) B}. 
We have in this case 2u,—w,-;—U»4,=0, 2u,—w,=0, whence 
2 (1 —cos 8) S=(n+1) cos {a+ (n—1) B} — cos (a— 8) —n cos (a+n8), 
or S=}(n+1) cos {a+(n—1) B}/(1 —cos B) 
—4$ cos (a—)/(1 —cos B) — $2 cos (a+7B)/(1 —cos 8). 
(2) Sum the series 
cosa+2? cos (a+) +3? cos (a+ 28) +...+n? cos {a+(n—1) B}. 
This series will be reduced to the last one by multiplication by 2 (1—cos 8). 


76. The series 
cosa +a cos (a+ )+ a cos (a+ 28) +...+ 4" cos {a+ (n—1) 8}, 
sina + sin (a+ 8)+ asin (a+28)+...+a"—'sin {a+ (n—1) B}, 

are recurring series of which the scale of relation is 1 — 2a cos 8 + a”, 
for we have 
cos (a+ 78) + cos (a + 7 — 28) = 2 cos B cos (a +r — 18), 
and sin (a+7r8)+sin(a+r—28) =2cos@sin(a +r — 18). 
The series can therefore be summed by the ordinary rule for 
summing recurring series. If S denote the sum of the first series 
we find 
S(1 — 2a cos B + 2’) 
= cos 4— cos (a— 8) — 2” cos(a+nB8) + a" cos fa + (n—1) B}. 
If x < 1, we find, by making n infinite, the sum of the infinite 
serles 
cos a+acos(a+8)+ cos (a+28)+... 
cos a— 7 cos (a — 8) 
1—2z cos B+ 2? 
1—zcosB 
1—2x2cosB+ 2 
whence also 
1l—# 
1-22 cos B+ # 


to be 


Putting a=0, we find 


=l+xzcosB+a’ cos2B+...... ad inf., 


=1+42«cos 8 + 2x cos 28+... ad inf......(3). 


77. In some cases the sum of a series may be found by means 
of a figure. We will take as an example the series (1) and (2) of 
Art. 74. Let O0.A,, A,A;, AzA3,... An1An, be equal chords of a 
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circle, and let B be the angle between OA, produced, and A,A,; 
draw a straight line OX so that A,OX =a, then the inclinations 
of OA,, A,Ag,... An+An; to OX, are a,atfB, a+2B8,...a+(n—1)B, 
and that of OA, is a+4$(n—1)8; also if D be the diameter of 
the circle, we have 


OA,=Dsintp, OA, =Dsinin§g. 


Now the sum of the projections of OA,, A,A,,... An An, on 
OX, is 


OA, cos a+ A,A, cos (a+ 8) +... + An+An cos fa + (n —1) B}, 
or DsinsS[cosa+cos(a+ B) +... +cos {a+ (n—1) P}], 
and this must equal the projection of OA, which is 
OA, cos fa+4(n—1) 8B}, 
or D sin }nB cos {a+ 4(n—1) B}, therefore 
cosa+cos(a+ 8) +... +cos {a+(n—1) 8} 
=cos fa+4(n—1) B} sindn® cosec $B. 


If we project on a straight line perpendicular to OX, we obtain 
the sum of the series of sines. 


EXAMPLES. 


(1) OA ts a diameter of a circle, O, P, Q... are points on the circumference 
such that each angle PAO, QAP, RAQ... isa; AP, AQ, AR... meet the tangent 
atO inp, qr... Kind by means of this figure the sum of the series 


secma sec(m+1) a+sec (m+1) asec(m+2) a+... to n terms. 


(2) Prove geometrically, that if a, B, y...«, be any number of angles, 
sec a sec(a+) sin B+sec (a+) sec(at+B+y) sin y 


+sec(a+B+y) sec (at+B+y+6) sin d+... 
=secasec(at+B+y+...+k) sim (B+y+...+k). 
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1. Eliminate @ from the equations 
cos? @+acos@=b, sin? é+asin 6=c. 
2. Eliminate 6 from the equations 


(a+b) tan (6@—)=(a—b) tan(6+¢), a cos 2+ cos 26=c. 
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3. Prove that 
(a sin d +6 cos d) (asin p+ cos Wp) sin (6 —-p) 
+(asin p +6 cos y)(a sin 6+ cos 6) sin (W— 6) 
+(asin 6+ cos 6) (a sin +b cos P) sin (6— ¢) 
+ (a? + 6?) sin (pb —) sin (y — 6) sin (6@—)=0; 
and interpret the equation geometrically. 
4, Reduce to its simplest form, and solve the equation 
cos? 6 — cos? a= 2 cos? 6 (cos 6 — cos a) — 2 sin? 6 (sin 6 — sin a). 


5. Prove that the sum of three acute angles A, B, C, which satisfy the 
relation cos?.A + cos? B+cos?C=1, is less than 180°, 


6. If 4+6+C=90°, shew that the least value of tan?.4 + tan? B+tan?C 
is unity. ; 
7. Find 6, ¢ from the equations 
sin 6+sin @+sin a=cos 6+cos @+cosa ” 
6+p=2a h 
8 If 4+B+C=180", shew that 8sin}4 sin$Bsin} C1. 
9. If asnét+ysingt+zsiny  4sin ésingsinp+sin (6+6+p) 
2CO8SO+ycosp+zcosy 4c0s6cos pd cosy --cos (6+ G+)’ 
Pee = sind ze zsin4 = 
pre thes EPSP IN: pS o)+ site Ord W) 
“COSS(P+Y—4)+y cosy (W+O—- gp) +2 cost (6+ -W) 
_ 4sin$ (P+p—6)sind(~+0—¢)sin $(6+o6—-wW)+sin$(6+O+y) 
~ 4cost (+p —O) cost(y+6—¢) cosd(6+h—)—cosd(6+G+) 
= sin 3a sin (8B —y) 
= sin 2 (y—B) 
and generally; if x be any odd number 


10. Prove that =sin (a+8+y), 


2 sin nmasin(B—-y) oye, bay 
> sin 2 (y—8) == {sin (pat+gB+ry)}, 


where p, g, 7 are any odd numbers whose sum is 7. 


11. Having given 
a cosacos 6 +a(sina+sin 8)+1=0 
a cosa cos y+a (Sina+sin y) spite 
prove that a? cos B cos y+a (sinB+sin y)+1=0 ; 
B, y being less than zr. 


12. If 6,, 6, are the two values of 6 which satisfy the equation 


cosOcosd , sin @sind _ 0, 


1+ 
cos?a sin? a 


shew that 6, and 6, being substituted for 6, p in this equation, will satisfy it. 
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Be Ibe 
acosacosB+bsinasinB=c, acosBcosy+bsinBsiny=c, 
acosycos§+bsinysiné=c, acos 6 cos e+0dsin 6 sine=c, 


and a cose cosa+b sine sina=¢é, 


ae SL TSE PANO 
prove that at Ores (G+ ) (+3) (+3): 


the angles being all unequal and between 0 and 2r. 


14. If 
sin (6-+a)=sin(p+a)=sinB, and asin(6+¢)+bsin(6—$)=<, 
prove that, either 
asin (2a+28)=—e or asin2a+6 sin 2B=c. 
15. If the equation 
sin?” +24/sin?”a + cos*”*?24/cos”a=1 

hold when n=1, shew that it will hold when ~ is any positive integer. 

16. Eliminate 6 from the equations 
4 (cos a cos 6+ cos d) (cos a sin 6 +sin d) 

= 4 (cos a cos 6+ os y) (cos a sin 6 +sin yr) =(cos d — cos fp) (sin d — sin Wp), 

and prove that cos (6—w)=1, or cos 2a. 


tany _ sin (7a) Aa, tany _ sin (#—2a) 
tang —s sina tan28  sin2a ’ 
tany sinz COS wv 
sin28 sin2a cos 2a—cos 28° 


7p, Abe 


shew that 


18. Prove that the system of equations 


sin (2Qa—B—y) sin (28—y-—a) _ sin (2y—a—8) 
cos (2a+B+y) cos (28+y+a) cos (2y+at+f)’ 


if a, 8, y be unequal and each less than z, is equivalent to the single equation 
cos 2(B+y)+cos 2 (y+a)+cos 2 (a+f8)=0. 
I ibe “=2 cos (B—-y)+cos (6+ a)+ cos (6 — a) 
=2 cos (y—a)+cos (8+8)+cos (6 — 8) 
= — 2 cos (a— 8) —cos (6+4-y) —cos (8 —y), 


prove that w=sin?6, if the difference between any two of the angles a, B, y 
neither vanishes nor equals a multiple of x. 


20. If d+B+C=180° and if 
> sin (2n+1) A sin(B-C)=0, 
n being an integer, then shew that 


= sin (n- 1) Asin(n+1)(B-C)=0. 
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21. If cot}(a+) (cos y—cosd)+cot4} (a+) (cos 6 — cos 8) 
+ cot $(a+6) (cos B—cos y)=0, 
and no two of the angles are equal, or differ by a multiple of 27, prove that 
cot $ (8 +a) (cos y—cos 8) + cot $ (8+) (cos d— cos a) 
+cot4(8+6) (cos a—cos y)=0. 
99. If sin(a+@) , sin(8+@) cos (a+6) 4008 (B+6) _ 
: sin(a+@) sin(8+) cos(a+o) cos(B+qg) 


shew that either a and @ differ by an odd multiple of $1, or 6 and ¢ differ by 
an even multiple of 7. 


23. If a cos (b+)+6 cos (b-v)+e=0, 
a cos (W+6) +6 cos (~— 8) +c=0, 
a cos (6+¢) +0 cos (@-) +c=0, 
and if 6, d, y are all unequal, shew that a? -—b?+2be=0. 
24. If cos (a+B+6) _ cos (y+a+6) 
sin (a+) cos*y — sin (y+a) cos?B’ 
and 8, y are unequal, prove that each member will equal 
cos (8+y+6) 
sin (8+y) cos?a’ 


e sin (8+) sin (y+a) sin (a+ 8) 
aa oe cos (8+ y) cos (y+a) cos (a+) +sin? (a+B+y)” 


25. If A, B, C be positive angles whose sum is 180°, prove that 
cosA+cosB+cosC>1 and +3/2. 
26. Solve the equation 
64 sin? 6 +sin 76=0. 


27. If2s=x+y+z, prove that 


tan (s—x)+ tan (s—y)+tan (s—z)—tan s 
4 sin # sin y sin z 
~ 1 —cos* w— cos? y — cos? z—2 cos x cos y Cos z’ 


tan~1(s—x)-+tan-1 (s—y)+tan~*(s—2)—tan“!s 
16xyz 


tal) a A EO aR au VON © 
(a?+y2 +244) —4 (yr + ea? + wry”) 


98. If cos 6 BG 2 ee 
cosa SiNMa cosa sina 
208 0 © in 8 sin 
prove that 25 oa $ pasta a eri=6. 
cos” a sin? a 
295) lt 2 sin a cos (6+ p)=2 cos (@— gd) +08? a, 
and 2 sin a cos (0+) =2 cos(— 6) + cos? a, 


then 2 sin a cos ($+) =2 cos(h—y)+cos? a. 
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30. If cos (y — Z) +C08 (z— #)-+cos (w~—y) = — 3/2, 
shew that 
cos? (a + 6) +cos3 (y+ 6) +cos? (2 +6) —3 cos (w+ 6) cos (y+ @) cos (2+ 6) =9, 
for all values of 6. 
sinva_sin(r+l)a_ sin(r+2)a 
> 7 ’ 


a i m n 


cos 7a cos(*7+1)a__ cos(r+2)a 
Qm?—Ll(l+n) m(n—l)  n(l+n)—2m?- 


prove that 
32. Prove that the equations 


ee y,& ; 
a+ —)sina=*+—+ cos? a, 

xv z y 

Neer fag SEE 3 
y+—)sina=— 4-—+ cos? a, 

y GB” 


( :) . ae A 
z+ —)sina=— ++ cos? a, 
z Of” & 
are not independent, and that they are equivalent to 
log te al : 
“+y+e2=—-+-+-=-—sina. 
BE Ge 
33. Prove that 


2 cos (8—-y) cos (8+) cos (6 + y) + 2 cos (y — a) cos (8+ y) cos (8+) 
+2 cos (a— 8) cos (8 +a) cos (8+) — cos 2 (8+a)—cos 2 (8+ 8)--cos2 (6+y)—1 


is independent of 6, and exhibit its value as the product of cosines. 
34. Prove that if a, 8, y, 5 be four solutions of the equation 
tan (8+47)=3 tan 36, 
no two of which have equal tangents, then 
tana+tanB+tan y+tan =0, 
tan 2a+tan 26+ tan 2y+tan 26= 4/3. 
35. If 6 tan (r+x)=3 tan (7+y)=2 tan (7+2), 
shew that 3 sin? («—y) +5 sin? (y—z) —2 sin? (z—#) =0. 
36. Solve the equations 
sin~1 ¢-sin~ly=$n 
cos~14—cos~ly= J ° 
37. Prove that the nth convergent to the continued fraction 


1 1 1 F (tan a+sec a)” — (tan a—sec a)” 
2tana+2tana+2tana+...... (tan a+sec a)"*+1—(tan a—sec a)"*1* 


38. Eliminate 6 from the equations 


3a cos 6+acos 36=4x7 
3a sin @—a@ sin 30=4yJ * 
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39. If eC Eanes (dire) tet fhm) 
ie qg ue 
prove that 
P(g-r/ cot (b-H) +9 (7 -p)? cot (p- 4) +7 (p— 9g)? cot (8-) =0. 
1 
40. Develop 1+acos6+6 sin 6 


in a series of the form 
Ay+A, cos (@—a) +A, cos 2(8—-—a)+...... 
41. Solve the equation 
tan 36—tan 26—tan 6=0. 


42. If 
cos? v+cos*y=cos 3a, sin v+siney=sin3a, and x2+y=28, 
prove that 8 sin? 3 (a+) =27 sin 28 sin? 48 cos (3a+ 8). 
43. If acosg¢cosw+bsingsiny=c, 


a cosy cos 6 +bsin yp sin 6=¢, 
acos 6 cos} +6 sin 6 sin P=<¢, 
prove that be+ca+ab=0, unless a=b=c. 
44, Solve the equation 
cos~!(#+4)+cos~14+cos—! (4-4) =8n. 
45, Eliminate ¢ from the equations 
ay sind + ba7 cos 6 +ab (a? sin? h +b? cos? f) =0, 
ax sec h — by cosec d =a? = b?. 
46. Solve the equation 
cos 56 +5 cos 36 +10 cos 6=$. 


47. Eliminate 6 from the equations 
a cos 6 cos 20 =2 (a cos d— x), 
asin 6 sin 20=2 (asin 6-7). 
48. Prove that the number of solutions in positive integers (including 
zero), of the equation 3v+y=n (n integral), is 
cos $ (2n +1) 4 


ail —1)\r 
. E ato) cos har 
49. Solve the equation 


6 cos 36 — 3 sin 36—10 cos 26+5 sin 26+ 22 cos 6—5 sin 8=10. 
50. Find the greatest value of 


cosec? § — tan? 6 
cot? @+tan?@—1° 
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51. Prove that 


secza sec?a sec2a seca 
i Un ie ee 


to 7 quotients, is equal to 
sin 7a 
2sin(r+1)acosa’ 
52. Eliminate 6, @ from the equations 
asin (@—a)+bsin (6+a)=w sin (h+8)+y sin ($ — 8) 
a cos (9—a) — bcos(9+a)=2 cos ($+) —y cos (p— 8) 
6+p=y. 
538. Prove that 
> cos a (cos 38 — cos 3y) 
= 4 (cos B—cos y) (cos y — cos a) (cos a— cos 8) (cos a+ cos B+C08 y). 
54, If a cosa+b cos 8+¢ cos y=0, 
asina+6sin8+csin y=0, 
aseca+b sec B+c sec y=0, 


prove that, in general, +a+b+c=0. 
55. Eliminate 6 from the equations 
sin 3 (f{7+6)+3 sin ({7+6)=2a, 
sin 3 (tm — 6)+3 sin (7 — 0) =20, 
56. If 6,, 62, 4, be values of 6 satisfying the equation tan (0+a)=4/ tan 26, 
and such that no two of them differ by a multiple of 7, prove that 


6, + Ay co 05 =O 
is a multiple of 7. 


57. Prove that 
: cos 44 SS einen i B 
sin Asin (A-B)sin(A—0) sin (A+B+C)+cosec A cosec B cosec C. 


58. Prove that 

2 {sin? (9 — a) cos 2 (a— ) sin (8 — y) + sin? (6 — 8) cos 2 (8 — f) sin (y —a) 
+sin? (0 — y) cos 2 (y—¢) sin (a—)} 
= {sin 2a+sin 28+sin 2y — 3 sin 26} sin (8—) sin (y—a) sin (a— 8), 

where p=s (at+B+y—36). 

59. If 4+B+C+D=180’, prove that 
(S—sin A) (S—sin B) (S—sin C) (S—sin D) 
= 4 (sind sin B+sin C’sin D) (sin B sin C'+sin A sin D) (sin sin A +sin B sin D), 
where 2S=sin 4+sin B+sin C+sin D. 
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60. Prove that the sum of the products of 7 terms of the series 
cos a+cos (a+8)+ cos (a+ 28)+...... 
taken two and two together is 
$ cosec” $8 sec $8 sin $78 [sin $78 cos $8+sin $(2—1) B cos {2a + (n— 1) B}]—3n. 
cos 6+sin 6 _ _4(cos @—sin @) (cos 26 - sin 26) 

2+cos26+sin26 4 (cos 26 —sin 26)? — (cos 6—sin 6)?’ 
shew that there will be three values of 6, such that 

tan 6,+tan 6,+tan 6,=9. 


61. 


62. If tan 26 — tan d=tan 2¢— tan @=tan 2p — tan pp, 
shew that 6+ + is an odd multiple of $7. 


63. If zcosa+y sina+z+cos 2a=0, 
“cos B+y sin 8+z2+cos 28=0, 
# CoS y+y Sin y+z+ cos 2y=0, 
prove that xcosd+ysin 6+2+c0s 2h 
| =8sin}(at+B+y+¢)sind($—a)sin } (f-8)sin} ($—). 
64. Eliminate 6, ¢ from the equations 

tan 6+tan p=a, 

sec 0+sec b=), 

cosec 6+ cosec =e, 


and shew that, if 6 and ¢ are of the same sign, be > 2a. 


65. Prove that the result of eliminating 6 from the equations 


cos (@— 3a) _cos(@—38) _ cos (6—3y) 


=i a d 


cos? a cos? B cos? y 


is sin (8—y) sin (y—a) sin (a—8) {cos (a+8+y)—4 cos acos B cos y)}=0. 
66. If (1—v+.?)-1 be expanded in powers of w, shew that the coefficient 
of # is sin 4 (n+1) w/sin 4x. 
67. Prove that cos 4asin (8+y) sin (B—y) 
= — 8sin (8—y) sin (y—a) sin (a—8) sin (8+y) sin (y+a) sin (a+). 
68. Prove that 
> cos 2(8+y-—a) sin (8—y) cosa=8sin (8 — y)sin (y —a)sin(a—8)cosacosBcos y. 
ey, 1be asin 6+6 cos d=acosec 6 +b sec 6, 


shew that each expression is equal to 


(a3 — b8) (a3 + 03)2. 
70. Find the greatest value of 
sin (8— y)+sin (y—a)+sin (a—8). 
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71. Solve the equation 
cos (#— a) cos (a — b) cos (# — c)=sin asin b sinc sin w+ cos a cos b cos ¢ COs w. 
72. Solve the equation 
cos 2a + cos 2 (v— a) + cos 2 (w— b) +c0s 2 (w—¢c)=4 cos a cos b cos c. 
73. Solve the equation 
sin? 3a + sin’ 2a=sin? a (Sin 8a+sin 2a). 
74, Eliminate 6 from the equations 
@ cos 26+6 sin 26=c, 
a cos 36+0' sin 36=0. 
75. IfA+B6+C=180", shew that 
sin? 1B sin?$C+sin? $C sin? $4 +sin? $A sin? 4B 
is not less than qz (sin? A +sin? B+sin? 0). 
76. Eliminate 0 from the equations 
4%=5a cos 6—a cos 56, 
4y=5a sin 6—asin 56. 
77. If cos 2asin (B—y) sec (B+) 
= COS 26 sin (y — a) Sec (y+a)=cos Qy sin (a— 8) sec (a+), 
prove that cos 2a + Cos 28 + cos 2y=0, 
and sin 2 (8+y)+sin 2 (y+a)+sin 2 (a+8)=0. 
78. Prove that 


m=M 
> cos (ma+B)=cos ($Ma+ 8) sin $ (+1) acosec $a, 


m=M n=N p=P 


and ey mea eo gesese COS (Ma+NB+pyt oe. ) 
=cos $(Ma+NB+Py+...) sin} (M+1) asin} (M+1)B...cosec $a cosec $8... 
Sum to 2 terms the following series in Exs. 79—93. 
79. sin?a+sin?2a+sin?3a+...... +sin? na. 
80. sin?asin 2a+sin?2asin3a+...... +sin? na sin (n+1) a. 
81. cosec a cosec (a+) 
+cosec (a+) cosec (a+28)+...... + cosec {a+(7—1) B} cosec (a+). 
82. sin vsin 2% sin 3u 


+sin 27 sin 3v sin 47+......+sin ne sin (n+1) # sin (n+2) ». 
83 sin?a-++ sin?3 + asin’? + Li ome 
: 3 at 35 (IS siocodce apres! sin a. 


84. tan @tan 36+ tan 26 tan46+...... +tan nd tan (7 +2) 6. 


85. 


86, 


94. 


EXAMPLES, CHAPTER VI. 101 


tan 6 sec 26+tan 26 sec 276+...... + tan 26 sec 2”6. 


ii ae Al x 1 ug 
tan a-+5 tan 5 +7 tan Ate Toaai tan Qn-1° 


1 & a 
NewS oe ee 
tan “ sec a+ tan 5 sec 3 


x 


1 46 4) 
+— tan — 860? ob sseee Fe; Paes 


Boge BD 8 


1 x 
2 
aay ban nai sec 


1+ccos 6 cos f +c? cos 26 cos 2f+...... +c"-1cos (n—1) 6 cos (n— 1) d. 


cos26 2cos4@ 4cos8é 2"-1eog 2” 
sin?26 ~~ sin?4@ ~~ §=sin?8@ “"""" sin? 2” 6 
sin 6 sin 26 sin 20 


+ 


cos @é+cos12@ cos 26+cos 2? 6 ee cos 26 +cos 226° 


cot 2a cot 3a cot (x+1)a 
1—cos* 2a sec?a 1—cos?3asec?a * 1—cos? (n+1)a.sec? a’ 


PSs =4+325 sine ene (2n—1) (2n+1) RE Os 
n nN n 
3.4sina+4.5sin 2a+...... +(n+2) (n+8) sin na. 


If 6,, 6, be two solutions of the equation 
cS sin (6+a)+sin (6+8)+sin (a+f)=0 


where 6,, 62, a, and 8 are each less than 2z, 


shew that sin (0,+6,)+sin (8+ 6,)+sin (8+ 6,)=0. 
95. Prove that sa 
2/441 V4+1 
1 cot-} ——+itan-1 —- =14 7 
DB 3 3 3 6%) 
W241 2/2+1 
and 1 tan-1N 24 —+ tan-! ~—_=r. 
96. If a, B, y, 6 are four unequal values of 6, each less than 27, which 


satisfy the equation 


cos 2 (A— 8) + cos (uw — 8) +.cos y=0, 


prove that a+B+y+65—4\=2nr, 
and that sin} (8+y+d—a-—2u)+sin } (y+ d+a—B- 2p) 


+sin $(8+a+8—y—2n)+sin $ (at+B+y—8—2p)=0. 
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EXPANSION OF FUNCTIONS OF MULTIPLE ANGLES. 


Series in descending powers of the sine or cosine. 


78. IF in the formula (40), of Art. 51, we write for sin® A its 
value (1 —cos? A)’, and arrange the series in powers of cos A, we 
shall obtain an expression for cosnA in powers of cos A only. 
Writing 6 for A, we have 


cos n@ = cos” 9 — a cos” (1 — cos? @) +... 
+(- Lye Ve ee 1) cost 6 (1 —cos?6)"+.... 


(2r)! 


The coefficient of (— 1)” cos”-*" 6 in this series is 


n(n—1)...(n—2r4+1) n(n—1)...(n—-—2r—1) 
(ry! ra (Qr + 2)! Ca) 
n(n—1)... (n—2r—8)(r+1) (r+ 2) - 
+ (Gr +4)! oh airwuaaae 


this is equal to the coefficient of a” in the product of (1+ a)” and 
(1 —1/2*)-’"*), w being supposed to be greater than unity; the 
coefficient is therefore equal to the coefficient of #’— in the 
expansion of (1 +a)"-""7(1—1/z)-"*», This latter coefficient is 
equal to 
(n—r—1)...(n—2r+1) 
ce 


\r+(u —2r)(r +1) 


EE (Gove = 


¥ 
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and this is equal to 
(n—r—-1)...(n—2r+1) 
r! 


{r(1 aL dees aL (n eS 2r) (1 = IY ieee 


n(n—r— 1) ta (n— 2r +1) Qn—7-1 


or to 
r! 


The coefficient of cos? @ is seen to be 4{(1+1)"+(Q—-1)", 
or 2”; the coefficient of —cos”?@ is the term independent of 
x in the expansion of (1 + #)"* (1 — 1/x)~, and this is easily seen 
to be (1 +1)" + (n— 2) (1 +1)" or 0. 27%. 

Hence we have 


(2 = 3) ons cos" 0...(1), 


cos nO = 27-1 cos” 6 — 7 27-3 cos? O + 7 


of which the general term is 


(-1y n(n—r—1)...(n—2r+1) 9n—2r-1 cogh—2 8) 
r! 
In a similar manner we obtain from the formula (39) of 
Art. 51, the series 
2 


sin nO/sin 6 = 2" cos" 6 — oo ws cos? 2G 
4 Cae DESC OS" 9 Ola eas (2); 


of which the general term is 


(-1y (n—7r —1)...(n— 2r) 9n—2r-1 cost" 
r!} 


79. If in the formulae (1) and (2), we change @ into $7 —8, 
we obtain the formulae 


(- 1) cos 26 = 2” sin” 8 4 2”-3 gin”? @ 


n(n — 38) 
ae 
2 


Le _— - 
(- 1? sin nO/cos 6 = 2" sin” @ — 4 ON oe EN eM 


Die Sine O secs ce (3), 


ale —3)(a—4 


pe stain 40... (4), 


where n is even, and 


(— 1)H*-0 sin n@ = 2" sin” 6 — 5 27+ sin" 8 


n(n—3) — 3) n— fi 
Gare Deven * Oxcrree (5), 
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(— 1)§@- cos n8/cos 8 = 2 sin” 0 — ate 27-3 sin”-3 @ 


ag OS 3)(n— 


51 §) ons Sin 06 seen (6), 


where vn is odd. 


Series in ascending powers of the sine or cosine. 


80. In order to find expansions of cos 70, sin né, in ascending 
powers of cos @ or sin 6, we may write each of the six series we 
have obtained, in the reverse order. It will, however, be better 
to obtain the required series directly. 

First suppose n even, we have then 


a 


cos nO = (1 —sin? 0)" — 1) (1 — sin? 0)3"-1 sin? 8 


A i) A ek) AE ‘ — 2) (= 8) (1 _ gin? @)in-2 gint 6 
2) = 9) (1 sin?) Sint 8... 


expanding each power of 1—sin?@ by the Binomial Theorem, we 
have 


cos n= 1-54" wee HED e066. 


4 win— Dm =2)(m - 3) | sin 6 ras 
to Riseeeees " 
the coefficient of (— 1) sin* @ being 
tn(4n—1)...(4n—s+4+1) _2m—N)Gn-)) ..(4n—s4+1) 
s! 2! (s—1)! 
ies 1) (m— 2) (n—8)(4n— 2)... (4n—84+1) 
1 a ee ae Gey ee 2) 1 ee. 
which may be written in the form 


5 n(n a 4). wos ae (Ax ) (=5 t=). = 


y 
) 
Hoe) Cen) Cen) (39 
ne 1) ee n Es -1) vt (Ap+-s+3) (=) (“=-1) 


ia 
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Now, taking Vandermonde’s theorem’ 


(P+ Q)s= Pst SPsah +S) py aat 
where p, denotes p(p—1)...(p—s+1); since this holds for all 
values of p and q, let p=, gS 
theorem to the series in the brackets, we see that the coefficient 


of (— 1)§ sin* @ is 


then applying the 


ln(n—2).. ee 1 
ae ee 1). Oe a i?) GH) 
a cee, erg 6) §— 2s — 28) 
(2s)! 
We have therefore, when n is even, 
cos n@ = 1-F sino +" aS pet: Wel 
yyy 12 (0? — 2)... (rn? — 28 = 2)") 
+(-1) sy! sin’ @ + ...... (7); 


this series is the series (8), written in the reverse order. 


81. We have also 
sin n6 = cos 6 \n (1 — sin? 6)#"-1 sin 0 
_n(n—1)(n—2) 
oT 


supposing 7 even, we expand each term of the series in powers of 
sin? 6; we find the coefficient of (— 1)*+! cos @ sin*— 6 to be 


eas ARP) to FS (3), 


(1 — sin? 0)?”~2 sin? 6+ sa 


ra - ae — 2) (Ps =) (7 4 *) 


which is equal to 
Pa?) Ge 2a 2) 
Cami” ae) 
n(n? — 2?) (n? — 4°)... (n — 28 — 2 dh 
(2s—1)! 
1 See Smith’s Algebra, page 282. 


or to 
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We have therefore when nm is even 
n(n? — 2?) 


sin nO/cos = i sin 6 — 31 sin? 6+. 
2_ 93 omeos _ 92 
oe (- 1 et lt =B sin®—! 6 +... (8). 


82. When » is odd, we have 
cos n8 = cos 6 |(a—sintayio-» - ee (1—sin?9)?@-9) sin?+ # 
and sin n@ = n (1 — sin? 6)}@-» sin 6 
= A oe eee ee 


expanding in powers of sin @, as in the last article, we find in a 
similar manner 


cos n/cos 6 = 1 eS Sey O sin Oie. 
Pies 2 92 a = ins 
rey & 1?) (n oe 2s Beait])sei yom 9), 
sin n0 = sin 6 — Be sin’? 0 +~ Wee sin’ 


n(n? — 1)... i=, 


ee (@s— 1)! 


sin’ @ + ...(10). 
83. If in the formulae (7), (8), (9), (10), we change @ into 

$a — 8, we obtain the following formulae 

n? (n? — 2") 
4! 


2 
(— 1)" cosn8=1— x cos? 6 + cos! @ 


n? (n? — 2?) (n? — 42 
Se) cos’ 8 + seal ys 


cos? @ 


(— 1)?"*1 sin n@/sin 6 = cos 6 — ee 


n (n? — 2?) (v? — 
1 F : 2 COS Crisco (12), 


when 7 is even, and 


(-1!-Msinn6/sind=1—-"* cos 9. (@=h) ee 3%) 


EXPANSION OF FUNCTIONS OF MULTIPLE ANGLES. 107 


2S ea2 
(— 1)8®-) cos nb = “ cos 6 — oa cos? 0 
2_ 12) (n?— 3? 
4 a(n a oo eee (14) 


when n is odd. These formulae are all the same as those of 


Arts. 78 and 79. 


The circular functions of sub-multiple angles. 


84. Ifin the formulae (1) to (6), or in the equivalent formulae 
(7) to (14), we write 6/n for 0, we obtain equations which give 


cos? or sin ®, when cos@ and sin are given. We will consider 
the various cases. 

(1) Suppose cos @ given, then the equation obtained from (1) 
will give us n values of cos ©. If cos@ is given, we should 


expect to find the cosines of all the angles ae 


, since 2k7 + 6 


represents all the angles which have the same cosine as 6, where k is 
any integer. Now whatever value & has, we can put +h=s+k’n, 
where s always has one of the values 0,1,2...n—1, and k’is a 
positive or negative integer. We have then 


Qkar + 0 6 + 287 6 + 2ser 
a = COs ( ) = 00s 


cos ——— + 9rk’ 
n n 


d 


thus we should expect to obtain the m values, 


0 @ + 2a 0 + 4ar 06+2(n—-1)7 
cos—, cos » COS ———...... cos ; 
N N 1 n 


and these will be the roots of the equation we obtain from (1). 
These roots are in general all different, since neither the sum nor 
the difference of two of the angles is a multiple of 2zr. 


(2) Suppose cos@ is given, then the equations obtained from (3) 


or (6) will give the values of cin 2 Before we use (6), we must 
2 ’ aoa, iG é 
square both sides and write 1 — sin? A for cos? oe thus we obtain an 


equation of degree 2n, for sin® , when n is odd, and the equation 


108 EXPANSION OF FUNCTIONS OF MULTIPLE ANGLES. 


(3) gives us an equation of degree 7 when n is even. We expect 
2k + 0 


to obtain all the values of sm when cos @ is given; as in 
the last case, we can shew that all these values are included in the 


expression sin eee where s has the values 0,1, 2....—1. When 


n is odd, all these values are different, and therefore we obtain 2n 
values which are the 2n roots of the equation obtained from (6). 
(n—2s)7—-O . 2s +O 
<= sin ———_ 
n n 
in this case there are only m values, these being given by the 
equation obtained from (3). 


When n is even, we have sin , hence 


(3) When sin @ is given, we use the equation obtained from 


(2) to find cos ©, this gives 2n values of cos? , for we must 
square both sides and replace sin? — 7 bY 1 1—cos®, before using the 


; : —1)0 
equation. We shew as before that the expression cos STAR as pie 


has 2n values, so that we expect to find cos © given in terms of 


sin @, by an equation of degree 2n, 


(4) IEfsin @ is given, sin? will be given by (4) or (5), accord- 
ing as n is even or odd. When 7 is even, the equation from (4) 


gives 2n values of sin 2 ; these will be the 2n values of 


— s 
sin see D B 


When v is odd, the equation formed from (5) 
gives n values of sin? these will be the n different values of 


s@+(—1)0 
Sara 


sin 


Symmetrical functions of the roots of equations. 


85. The formula (1) may be regarded as an equation of the nth 
a in cos 6, ae cos n@ is given. Now each of the m angles 


6,60 We —,0 += ee ae ee ae , 18 such that the cosine of n 
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times the angle is equal to cos 6, hence since cos @, cos C + ==) , 
? 


+ - 
cos (@ ae =) coca cos \¢ + sez are all different, they are the 


n 
n roots of the equation (1) in cos@; we can now use the ordinary 
theorems for calculating symmetrical functions of the roots of 
equations, to calculate symmetrical functions of the n cosines 


cos C + mr) , r having the values 0,1,2...n—1. We may of 


course, when it is convenient, use the forms (11) and (14) which 
are equivalent to (1). Again the equation (2) may be used to 
calculate symmetrical functions of the cosines of the n —1 angles 
for which sin n@/sin @ has a given value. 


The equation (3) may be used in the same way to calculate 
symmetrical functions of the 2m sines 


sin @, sin (0+), sin (6+ 7) oe sin (@4 =="), 
m m 
where n = 2m. 


In the same way the theorem (5) may be used to calculate 
symmetrical functions of the 2m + 1 sines 


Pipes | AF Qa ) sin (6+ 4uqr ) sin (4 snr) 
sin 6, sin ( sear ; eeuagh Roce Se? 


where n=2m-+1. 


The equation 
tan nd 1 — 9) tant 04" edb h esse] ieee cep ee 


n(n —1)(n—2) 
3! 


=n tan @— EAE CO) ae cacae 


may be regarded as an equation in tan 0, of which the roots are 


tan #, tan (0+7), tan (¢-+ =) rs tan fo4@— 07h, 
n n l 


n 


and may therefore be used for calculating symmetrical functions 
of these quantities. 
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EXAMPLES. 
(1) Prove that the sum of the cosecants of 
0000.1. Reb ee 
n 


taken two at a time, 7s —4n? cosec? 4nd, n being an even integer. 

Using the equation (7), the required sum is the sum of the products of the 
sines of the angles taken n - 2 at a time divided by the product of all of them ; 
this is equal to the coefficient of sin? 6, divided by the term not involving 

nv 


a 2 (1 —cos n6) 


m2 
which is equal to— cosec? $70. 


(2) Prove that 
cos* Lar +. cos* 2a + cos! Bar + cost dr = 19/16 
and sect tar +-sect 2 +-sect 3 + sect fr = 1120. 

If sin 96/sin 6 be expressed in terms of cos 6, and be then equated to zero, 
the values of cos 6 obtained by solving the equation of the eighth degree so 
obtained, will be 

cos dr, COS B77......C0S Gar. 
We notice that 
cos $4 = —cos dm, cos fm = — COS r...... ) 
thus +cosdir, +cos27, +cos3n, +c0s$r 
are the roots of the equation. We may either use the series (2), or proceed 
thus :—if sin 99=0 we have 
sin 56 cos 46+ cos 58 sin 49=0 

or (sin 36 cos 26+ cos 36 sin 26) (2 cos? 26 — 1) 

+(cos 36 cos 26 — sin 36 sin 26) 2 sin 26 cos 26=0 ; 
substitute the values for sin 36, cos 29... and reject the factor sin 6, then let 
«=cos’ 6, we obtain the following biquadratic in x 
{(4ac? — 1) (2a —1) +2 (4a? — 3x)} {2 (Qa — 1)? -1} + {4 (Qa —1) (42? - 32) 

—8 (4¢-1) (1-2) x} (Q4-1)=0 
or (16a? — 12441) (8a? - 8¢+1)+(64x3 — 80x? + 20x) (24-—1)=0 
or, arranging according to powers of 2, 
256x4 — 4484? + 240%? — 407%+1=0, 

The sum of the roots of this equation is 448/256, and the sum of the products 


of the roots taken two together is 240/256, hence the sum of the squares of the 


. 4482-2, 240. 256 
roots is (256) =+%; also the sum of the squares of the reciprocals 


of the roots is 40?—2, 240, or 1120. 


(3) Prove that sina+sin 2a+sin4a= 4/7, 
where a=2r. 


We find (sina+sin 2a+sin 4a)?=sin? a+sin? 2a+ sin? 4a, 
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Now the roots of the equation sin 76/sin 6=0 in sin 6 are 
+sina, +sin2a, +sin 4a; put r=sin? 6, 
then the equation in x is found to be 
644° — 1122?+56e%—-7=0, 


hence sin? a+sin? 2a+sin? 4a=112/64=7/4; 
therefore sina+sin 2a+sin 4a=31/7, 
(4) Evaluate sin 7 : 


Writing a=2n/17, we find by the formula for the sum of the cosines of 

angles in arithmetical progression 
(cos a+cos 9a+ cos 13a+cos 15a) + (cos 3a-++ cos 5a+cos 7a+cos lla) = — 4. 
Also (cos a+cos 9a+ cos 13a+cos 15a) (cos 3a+ cos5a+ cos 7a+cos 11a)is found, 
on multiplying out and replacing each product by half the sum of two cosines, 
to be equal to—1. The two quantities in brackets are therefore the roots of 
the quadratic 2+42—1=0, of which the roots are }(—1+,/17). It is easily 
seen that cos a+cos 9a+cos 13a+ cos 15a is positive, and 
cos 38a+cos 5a+cos 7a+cos lla 
is negative, we have therefore 
cos a+cos 9a+cos 13a+cos 15a=} (V17-1) 
cos 3a+cos 5a+cos Ta-+cos Lla= —} (17 +1). 

We can now shew that (cosa+cos 13a) (cos 9a+cos 15a)=—}, hence 

cos a+cos 13a, cos 9a + cos 15a are the roots of the quadratic, _ 
xa2—4(/17-1)4-}=0, 

hence cos a+cos 18a=}(—14+,/17+/34—2,/17); 
similarly we find cos 3a+cos5a=}(—1—/174+/34+2,/17). 
Now cosa cos 13a=4 (cos 12a+cos 14a)=4 (cos 8a+cos 5a); and since we have 
thus found the sum and the product of cosa, cos 13a, we can find each of 
them. Noticing that cosa> cos 13a, we have 


cos a= ps (V17 — 1434 — 2/1742 1743/17 — 170438, /17t 
We have then 
sin 7/17 =1/3 (1— cos a) 


=4V'34—9./17-2V34—2/ 17-417 43 V17 — 170 4.38,/17. 
(5) Shew! that if f(x, y) be a homogeneous function of x, y of n-1 
dimensions, 
f (sin x, cos x) 
sin (X — a;) 61 (X — ag)...81 (X— ap) 


rN f (sin ay, COS ay) 


ae sin (X — a,) 817 (a; — ay) 827 (a — ay). ..872 (ay — ay) 


1 This theorem was given by Hermite in a memoir ‘‘Sur l’Intégration des 
Fonctions circulaires ” in the Proc. Lond. Math. Soc. for 1872. 
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The expression on the left-hand side of the equation may be written 


Gt) : : , where ¢=tan 2, a,=tana,. 
(¢ — a) (¢— dy)...(¢ — Gp) * COS @ COS ay COS ap...COS an 


Now since f (t, 1) is of degree n—1, lower than , we have by the ordinary 
method of resolving into partial fractions 
_f%2) ars f (ar, 1) 
(¢— a) (¢-aq)...(6— Ay) ra (6— by) (Gp — My) (Gp — Uy) «(Gp — An) 
= J (Sin a», COS a;) . COS 2 COS ay COS ag...COS ay 
sin (#—a,) sin (a; —a))...81N (a; — ay) 


’ 


thus the result follows. 


Factorization. 


86. Since cos né can be expressed as a rational integral function 
of the mth degree in cos 6, we can express cos” as the product 
of m factors linear in cos @; the values of cos 9, for which cos n@ 
vanishes, are 

377 (Q2n—1)7 
cos -—~——_; 


7 
COS =F) COS = eae ck os 
Qn’ Qn 2n ; 


these cosines are all different, therefore 


T 3r 
cos nO = A (cos 6 —cos 5) (cos 6 — cos sl a 


{eos ? — cos Gree ; 
2n 


where A is a numerical factor. Since the highest power of cos 6 
in the expression for cos n@ is 2” cos” 6, we see that A = 2”-1, 
therefore 


cos nO = 27-1 (cos @ — cos =) (cos 6 — cos =) ee 


2n 20 
(cos 8 — cos Ue, ) ; 
2n 
on — 
Now cos oe =— cos ss therefore this expression may be 
written 
cos nO = 27-1 (cos 6 — cos? es (cos 6 — cos? x Oe 
n 2n 


(cos? 6 — cos? Coase *) cos 6, 
2n 


when n is odd, and 
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T a0 
easy =" (costa — cos? ms) (cost — cos? | a 
2n 2n 


(cos — cos? eet) 
n 

if n is even; these expressions may also be written 

" 
cos n@/cos 8 = 2” (sin’ 7 —sin? 6) (sin oT _ sin? 0) sere 

2n 2n 
—2 : 

(sim eee — sin? 0) ; 

when n is odd, and 


cos nO = 27-1 (sin 7 _ gin? 6) (sin up — sin? 6) eae 
2n 2 


when n is even. 


In each of these equations put 6=0, we then obtain the 
theorems 


30 _ (n—2)7 \ 
3 (N—1) ee pees Mou 2 Vase ase 
2 sin = sin On sin > ue 
when v is odd, and ey (LD); 
pao eee ie Nie 
2 SIN 7 SIM go eeees sin >> 4 


when 7 is even. 
The positive sign is taken, in extracting the square root, since 
the angles are all acute. 


If we divide the expressions for cos n@/cos @ or cos n@ by the 
corresponding one of the products in (15) squared, we obtain the 
expressions 


de get 26 
ees eee Se ee jpeg eee ...(16), 
cos sin? — eee US =e) x 

Qn 2n 2n 
when v is odd, and 


sin? 0 sin? 8 sin? 8 
cos n0 = aE 1- =a ee . Geert Ne lay 
spb0r! Sige sin* ~—~_—~ 
2n Qn Qn 


when 7 is even. 
Eee: 8 
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We may write the theorems (16) and (17) thus :— 


ee aot) sin? 6 
cos nO/cos 6 = ve [ = pee | seeeeees (16), 
where 7 is odd, and 
r=n sin? 0 
= fine. Tie 
cos n@ ah SE "Gr—l)m \17) 


where n is even. 


87. As in the last article, since sinn@/sin @ is an algebraical 
function of degree n—1 in cos@, we may find a corresponding 
expression for it, in factors linear in cos #; in this case 

7 2a (n—1)7 
cos — , cos — ...cos 
n n n 
are the values of cos@ for which sinn6/sin @ is equal to zero. 


2 
These values may be thus grouped + cos = + cos — ene ; hence 


as before 


: ; T . Qa 
sin nO/sin @ = 2”-1 cos 6 (cos 0 — cos? a (cos? 0 — cos? ie 
n 


when is even, and 
: F ( 7 Qa 
sin n6/sin 6 = 2” (cos? 6 — cos? ") (cos* 0 — cos? =). A 
n n 
(n—1)7 
(cos* 9 — cos? —— 7) j 
2n 

when v is odd. 


We can write these equations in the forms 


sin 26/sin 6 = 2” cos 6 (sin: “ — sin? 0) (sine E — sin? 0)... 


be — 2)ioe he 
(sine De Ea — sin? 0) . 
” 
when is even, and 


sin n@/sin @ = 27> (sin? = — sin? 0) (sin: ees sin? 0) its 
n 


(sin* aes a 7 —sin? 8), 


when n is odd. 
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We shall shew in the next Chapter that sin n@/sin 0 =n, when 
6=0; hence 


n-1 


ears Tas a 
Wf feet ® eephgns ies es uacssecealt lsd (18), 
n n 
: : —2 f —1 : 
the last factor being sin woe or sin ae, according as 7 
is even or odd. Hence 
r=3(n—2) nN? 
sinné/nsin@=cos@ I (’ - io) TS er (19); 
y=l a phy 
sin? — 
when n is even, and 
r=3(n—-1) in2 
sin n6/n sin 8 = steer hee g ) an Fiat an (20), 
A We 
sik 


when n is odd. 


88. The expression cosn@—cosnd may be regarded as an 
algebraical function of cos@ of degree n, and can therefore be 
factorised; the values of cos @ for which the expression vanishes 


2 \ 
are cos f, cos ($ + = , COS ($ + =) ee. , hence 


r=n-1 } 
cos n@ — cosnd = 27-1 TI {eos @ — cos ($ + =) BACAR 


r=0 
89. 1We shall now factorise the expression x” — 2a” cos nO + 1. 


We have 
x” —2cosnO + a” = (a + a) (2 — 2. cos 8 + a) 
+ 2 cos 0 (#1 — 2. cos(n —1) 0+ a-"*) 
— (@ — 2cos(n— 2)0+4+ a7"), 
If we denote 2” —2cosné + a—” by u,, we may write this identity 
Un = (a + a-™) w, + 2p, C08 O — Uno; 
this equation shews that wu, is divisible by %, provided u,_, and 
Un» are divisible by u. 
Now Uz, = (w@ — 2 cos 8 + a) (x + 2 cos 8 + x7), 


hence u, is divisible by u, and therefore u,, and so on. 


1 This method was given by Ferrers in Vol. v. of the Messenger of Mathematics. 


8—2 
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Hence wu, is divisible by w, and therefore a? — 2% cos @+ 1 is a 
factor of a” — 2x” cos nO +1; since 6 can be changed into 0+ ae 
without altering cos, we see that, when r is any integer, 

a? — 2x cos (9+ =) +1 


is a factor of the given expression; if we let r= 0, 1, 2....—1 we 
obtain n different factors of the given expression, and these are all 
the factors, hence 


r=n-1 
a” — 2a” cosn8 +1= I \2* — 2x C08 C + 4 +} 1}...@2); 
r=0 


this may also be written 


r=n-1 oy) 
an — Qary” cosnd + y= II fe — 2xy cos (8 ce at 1 yt. . (23). 


r=0 


90. In the equation (22), put 6 =0, we have then 
(—1p= TL 
r=0 


( — 2% 0s ae + 1) ; 


ee Es 


, 2r , 
and since cos — = CO , the factors on the right-hand 


side of this equation are equal in pairs, except that when n is even 
there is the single factor «+ 2# +1, and whether n is even or odd, 
there is the single factor ~? — 2% + 1, hence 
r=}(2—-2) 
a*—l=(¢2-1) Il (a — 2x cos ate + 1) sce» ( 2A), 
r=1 nv 
when n is even, and 


v=}(n-1) 
a*—1l=(¢—-1) II (a? - 20s “7 +1) suet (25), 
r=1 n 
when is odd. 


Again, putting 0 =7/n, in the formula (22), we have 
r=n-1 
(a +1 = Il {et 2008 727 4 1, 


r=0 
ar A a i yecporg eS) 
n n : 
hence the factors are equal in pairs, except that when n is odd we 
have the single factor 2* + 27+ 1, hence 
r=}n-1 5) 
a+1= Il {o* ~ 2ecos ELT 4 1} bahia’ (26) 
n 


r=0 
when nm is even, and 
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r=3(n-3) } 

e+l=(@+1) HU {e*—2e cos CEE +1} ener (27), 
r=0 

when n is odd. 


91.. In the equation (22), put w=1, we have then 
r=n—1 Yr | 
L=cos @ = 2-1” II {1 — cos (9 +=) ; 


r=0 J ; 


changing @ into 20, this becomes 
sintnd = 2" sin? sin? (8 - =) sin? (8 = 7) ie Sine (8 += 7) , 


nv 


or sinn@= + 2” sin @sin (0+=) sin C + =m) . sin G a oats 


where the ambiguous sign is as yet undetermined. It has been 
shewn in Art. 51, that the form of the expansion of sinn@ in 
terms of sin @ and cos @ is definite; the sign of the product on the 
right-hand side is therefore always the same; put then 0=7/2n, 
the sign to be taken is clearly positive as each factor is positive. 
We have therefore 


sinn6=2"—"sin @ sin (8 + 7) sin (3 + =m) hain (9 55 vee 7) » (28). 
n n n 

In (28), change @ into @ + 7/2n, we thus obtain 

cos n8 = 2” sin (8 + =) sin C 4 Sn) oe sin (04 eS geil), ++ (29); 


The theorem (18) can be deduced from (28), by putting 6=0, and taking 
the square root. In a similar manner, the theorem (15) may be deduced from 
(29). 


EXAMPLES. 


(1) Prove that if n be an odd integer, sin nO +cos nO is divisible by 
sin 8+c0s 0, or else by sin 0—cos 6. 

Let Uy=S8in 26+ cos n6, 
then Un+Un—4=2 COS 20 . Un —9=2 (cos?  — sin? 8) Up 9. 

Hence, if w,_,4 is divisible by cos +sin 6 or by cos —sin 6, %, is divisible 
by the same quantity. Now u,=sin @+cos 6, hence wu, Us, %3... are all 
divisible by sin 6+cos 6; also u_,=cos6—sin 6, hence “3, U,, Uy... are all 
divisible by cos 6—sin @. 

(2) Factorise tan né — tan na. 
sin n (6 —a) 


We have tan n6 — tan na= : 
cos nO COs Na 
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In the formula (28), write a—6 for 6, we then have 


r=n-1 | ” 
sin 2(9—a)=(—1)"-12"-1 II sin (0~a-™) 


r=n-1 Vig 
=(—1)"-12"—-1cos"@ II cos (a+) {tan 6—tan (« =f =) 
r= 


0 
r=n-1 y 
=(—1)"-1 cos" 6 sin n (+5) I {tan tan (a+) : 
2] r=0 nN 
Again we have from (16) and (17) 
p=} (n—-1) in? r=)n He) 
cos nb=cos 6. I ( WOT) or I (-5,0=T) 


a sin? are sin? Cee 
20 Qn 


sin? 6 tan? 6 
: : sin aN 
according as n is even or odd. Now 1--—>~=cos?6(1-—,-}, 
sin tan?’ 8 


hence the expression for cos n@ may be written 
r=3(n—-1) 2 r=)hn tan? 
cos"@ II 1- or cos” @ II ec reae : 
rt tan? Qr—1) a ti tan? OD 
n n 
We have therefore 
7=n-1 , 
sin 2 (+3) II {tan 6—tan (« +2) 
tan né@—tan na=(— 1)? 1 en S00 ee 
COS na tan? 6 
nD /1— — ee 
7=0 ( tan? (27 — 1) =) 
n 


the product in the denominator being taken up to r=4n or 3 (7-1), according 
as 7 1s even or odd. 


EXAMPLES ON CHAPTER VII. 


1. Prove that, if x be an odd positive integer, and a=z/n, 
tan np =(—1)?- tan ¢ tan (ta)... tan (p+n—1a), 
and ntan np=tan d+tan (p+a)t+...... +tan (p+n—1a). 
2. Prove that 


sin 56 — cos DOt (6-3 jibe see 26 
sin 50+c0s 50 47) 74.9 sin 26 — 4 sin? 26° 


3. Prove that 


n cot na=cot a+ cot (a+2)+ sOabe toot (ae"—"), 
n 


n being an integer. 


EXAMPLES. CHAPTER VII. 


4, If 6=7/13, shew that 
cos f+cos 3f +cos 9 =} (1+ 1/13), 
and cos 5h +. cos 7h -+c0s Llp =} (1— 1/13). 
5. Prove that 


cos ~~ cos a cos ay cos ke cos on cos = cos tha = 
15 15 15 15 15 15 15 
6. Prove that cos <n +cos = +cos “e = -; , 
Form the cubic of which the roots are 
cos a5 oe mace : 
Te Tex 7 


7. Prove that the roots of the equation 
8-3 /3a-30+/3=0- 
are tan 20°, tan 80°, tan 140°. 
8. Prove that 


3) 
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sinta+sin? 3a+sint 7a+sint 9a+sint 1la+sin‘! 13a+sin‘ 17a+sint 19a=34, 


where a=7/20. 


9. Prove that 
2”-1 sin @ sin (o+ =) sin ($+) pecegssibn ($+ 


2n—1e 


) 


wr 7 
= COS = — COS 7 (+5) ; 


10. Prove that 


7 Qa 3m 
tan a+tan (%.-«) +tan Gre) +tan - a)+ 


to 2n terms, is equal to 2n cosec 2na. 


11. Prove that 


Ar 4 n—4m n-2Qr . nT 


Lr. i 
an 2n an an 2n 
where 7 is an even positive integer. 


12. Prove that 


a q 7 ; g 20 5 2(n—-1)m 
ns sin’ 5 sin? 5 sin? 
Di -aN we nag ars WN BiG kom OE Se a(n = 1)? 

si Way ee cee EOE We 


where n is any positive integer. 
13. Prove that 
NL 
sin ¢ sin 6 


=9n-1 {eos (p— 6) — cos (o+0+°7)} {eos (p— 6) — cos ( +0452) 


the number of factors on the right-hand side being n—1. 
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14. Prove that msinné—nsinmé is divisible by sin? 6, if m and n are 
positive integers such that m or » is even. 


15. Shew that if m is a positive integer, sec?” A+cosec?” A can be 
expressed in a series of powers of cosec 2A. 


in 2a sin 4a...... in (2n —2 
16. Prove that n=——— — : _ (2n—2)a 
si a Sin da...... sin(2n—1)a 
where a=7/2n. 
17. Prove that 
sin? 7 sin? a 


Ole (a — a) sin (a — b) sin (—c) =? sin (#—a) sin (a—b) sin (a—e)’ 
9 sin x 8 cos (# — @) sin & 
(2) sin (v—a) sin(«—6) sin (w—e) ~ sin (#—a) sin (a—6) sin (a—e) ° 


18. Prove that the product of 


4 = 
1+cosa, 1+ cos (a+) sone 1+cos (+S “+ =) ; 


is 22—n {( 1)?” cos 4na}? or 21-™(1+co08 na), 
according as 7 is even or odd. 


19. Prove that 


fa eeetn he eet ee oe. 
= an on =f Versa. Be Tourn ; 


n terms being taken on the right-hand side. 


20. Prove that 
(tan 73° + tan 373° + tan 674°) (tan 224° + tan 523° + tan 824°) =174+8 /3. 


21. Shew that, if m is odd, 


j 7 Qa 
tan mp=tan ¢ cot (# + x) tan ( + a) Sa0500 
m — 21 m — 1 
sese0eCOU -)t sea 
($+ 2 ) ie (s Qn ) 
22. If 28a=7, shew that 
/14=2 sin asin 2a...... sin 13a, 
and cos 2a+ cos 6a+ cos 18a=4,/7. 
7 Qa n—I1r 
23. Prove that tan —tan—...... tan =I 
Qn An Qn : 
n being any positive integer. 
24. Prove that 
cosec 7+ cosec (« + =) a ee + cosec ( e+ 2n—I1n ) 
. n 


=n {cosec na” + cosec (na +m) +...... +cosec (nw +n -17)}. 
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25. Prove that, according as 7 is even or odd, 
2(1+cos”é) or (1+cos @)/(1+ cos 6) 
is the square of a rational integral function of 2.cos 6. Shew that 
1+cos 96=(1+ cos 6) (16 cos! 6 — 8 cos’ 6 — 12 cos? 6+4 cos 8 +1)”. 
26. Prove that 2"-1! cos" 6— cos né is divisible by 1+2 cos 26, when 7 is of 


the form 6m —1, and by (1+2 cos 26)?, when x is of the form 6m+1, m being 
a positive integer. 


Prove that 
2) cos"! 6— cos 119=11 cos 6 (142 cos 26) {(1+2 cos 26)? + (1+2 cos 26)4+1}. 
27. Prove that, if 2 be an odd positive integer, and 
tan (t{@ +43p)=tan” (47 +46), 


b ; 7T=3(n-1) 
then sng=nsind I 


_ TT v 
es |t+sinte tant 


f +sin? 6 cot? a 
n 


28. Shew that any function of the form /(sin 6, cos 6)/¢ (sin 4, cos 8), 
where / and ¢ denote rational integral functions of degree n, containing cos” 6, 
can be expressed in the form ATI sin $(6—a)/II sin $ (@—a’), where A and the 
quantities a, a’, are independent of 6, and there are 27 factors in the numerator 
and 2n in the denominator. 


acos26+6 cos 6+csin6+d 


eer a cos 26+06' cos 6+c' sin 6+a! 


be expressed in this form, 
prove that Sa and Sa’ are even multiples of 7. 
29. Prove that 
tan oF 44 sin +2 =11. 
30. Prove that 


26 sin’ @+sin 76, 2 Ce 2 m 
Sr aa Goa 797 tan 8 tan (0+5) tan (6 5) 


CHAPTER. VIII, 


RELATIONS BETWEEN THE CIRCULAR FUNCTIONS AND 
THE CIRCULAR MEASURE OF AN ANGLE. 


92. We shall now investigate theorems which assign certain 
limits between which the sine, cosine and tangent of an angle 
whose circular measure @ is less than }7, must he. The first 
theorem which we shall prove is that if @ be the circular measure 
of an angle less than $7, then sin @ < @ < tan 0. 


Let AOB= AOB’=6 and let TB, TB’ be the tangents at 
B and B’, then we shall assume that BCB’ < arc BAB' < BT + TB’, 
consequently we have 


BC/OB < arc BA/OB < BT/OB. 
Now @=areBA/OB, sin@=BC/OB, and tan6=BT/OB; 
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therefore smn @<@<tan@. If @ had been greater than dor, 7 
might have been on the other side of O, and the inequalities which 
we have assumed would not necessarily hold. 


Since sin @<@<tan@, we have 1 < 6/sin@<sec@; now sup- 
pose @ to be indefinitely diminished, then in the limit when @=0, 
we have secO=1; hence also the limit of 6/sin 6, when @ is indefi- 
nitely diminished, is unity. Since 

= = (6 cosec 0)-, and ee = sec 6. (0 cosec @)-", 


we have the theorems that the limiting values of sa and ue g 


when 6 is definitely diminished, are each unity. 


The theorem may also be proved thus:—The triangle OAB, the sector 
OAB, and the triangle OBT7, are in ascending order of magnitude; and 
4 OAB=30A. BC=340A? sin 6, also sector OAB=304A?. 6, and 

A OBT=30B. BT=t0B" . tan 8, 
therefore sin 6<6<tan 6. 

The inequality BCB' <arc BAB'<BT+ TB’, may be proved by elementary 
Geometry, if we assume the definition given in Art. 11, of the length of a 
‘ curvilinear arc as the limit of the sum of the lengths of the sides of an 
inscribed polygon when the number of sides is indefinitely increased. 


93. The reason, to which we referred in Art. 5, why the 
circular measure is more convenient in Analytical Trigonometry 
than any other measure of an angle, is that in this measure the 
sine and tangent of an infinitely small angle are each ultimately 
equal to the angle itself, whereas if we use any other measure, as 
for instance seconds, this is not the case; we have in the case of 
seconds 


sinn” sin @ T 

<6 180 x 60 X 60" 

tan Ws tan 0 ss T ; 
ie, aaa 180 x 60 x 60’ 


where @ is the circular measure of seconds, hence the limits of 
sinn” tan n” 


uy 2 4 


5 when n is indefinitely diminished are each equal to 


T 


180 x 60 x 60" If then we used seconds instead of circular 


measure, we should constantly have the quantity eae 
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occurring, instead of unity, in the large class of formulae which 


es 1 tan 0 
involve the limiting values of = e and 


code aa a thx. : " 
The limits of m sin» ™ tan mire each a, when m is infinitely great, for 


ad sin 6 a tan 6 a rats 
m sin —=a ¢ 7) , m tan —=a ee , where (=a , and when m is indefi- 
m mu 


6 6 
5 in pé 

nitely increased, 6 becomes indefinitely small. The limiting values of ae . 
ee as when @ is indefinitely diminished, are each equal to p/q. 
tan g6 

94. Since, if 0<47, tan46>406, we have sin $0 > $0 cos $0, 
hence 2 sin $6 cosd0 > 0 cos? $0, 
or sin 0 >0@(1 —sin? 40), now sin? 40 < (40), 
hence sn@>6(1—46) or sn@>d—+6. 


Also cos = 1 —2 sin? 46, and this is greater than 1 — 2 (46), 
or cos@>1—46, Also since sin $0 >40 — $(46)? we have 
(alg 
Spee 
hence cos @<1—4@+-,,64. We may state the results we have ~ 
obtained thus : 


cos0<1—2(40-— 46 <1—-40 4+ 7,0'-2 


If @ be the circular measure of an angle less than $n, then sin @ 
lies between 0 and 0 — 46%, and cos @ lies between 


1—3@ and 1-30 + 4.6. 
95. We shall now shew that if 6 < 47, 
sin > 0—46, cos9< 1—40+ 164 
This makes the limits for sin @ and cos@ closer than in the 
theorems of the last article. 


We have 3 sin 40 — sin 0 = 4 sin® 16, 
3 sin S—sing=4sint&, 
See 0 

3 sin 3n — SM aa, = 4 sin* 3: 


Multiply these equations by 1, 3, 32...... 3” respectively, and then 
add them, we have 


Sal. ae er rp : 
Sesin g,—sin = 4 (sin 54 Ssin’ 5+... +5" 4sin' 5), 
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D5) 
hence 


; Gs & 6 
0 -sind<4 (545 +-.+ 3mm) 


B2n— 2 


4 LN, 1 
<gO(lt+atatet ). 


sin 37 
oF 
3” 


Now let n be increased indefinitely, then the limit of 


is unity, and of the series : 5 eee : 7 8; therefore 


6 — sin 6 < 36°, or sin 8 > 0 — 360°. 
Also cos 6 = 1— 2sin? 40; 
cos8@<1—2(40—-A@P< 1-40 4+ 5%. 
Hence sin 6 hes between 6 and 0— 46, and cos @ les between 
1-30 and 1-30+ 3,64, the angle @ being less than 4c. 


therefore 


We have also tan 6=sin 6/cos 6, hence 


tan 6 > (6— 46°) (1 — $67) -1> (6 — 368) (1+$6?+764), 
or tan d>6+46° +465 — 5.6", therefore tan 0 >6+46°, 


Euler’s product. 


96. We have sin 6 = 2 sin 40 cos 38, 
; oai 0 
sin 5) = sin or cos Q2? 
' 9s 7 
sin Oy => sin 93 cos 33 5 
- 9 gj 7 
SID 54 = 28IN 5 C08 5, 
hence 


in 6 = 2” ahd cos — sin — 
sin 0 = 2 cos 5 93"** on oe 
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Now when n is indefinitely increased, the limit of 2”sin 5, is 0; 


Qn 
hence the limit, when n ts infinite, of the product 


0 g f COs ls 
COS 5 COS 5; COS ma an 3 


In this product, put 6=4$n, we then obtain Vieta’s expression for a, viz.: 


2/2 V24J2 /24+V24N2 
a ene 2 


beeen 


EXAMPLES. 


sin @ 
6 


(1) Prove that as @ increases from 0 to $n, continually diminishes, 


tan 6 


and j 


continually increases. 


We-chalistew thet eee 


0 O+h ” 
: : ; tan 6 sin h 
(+h) sin 6 > 6 (sin 6 cos h+cos 6 sin h), or a= 7? aT eos hye ‘ 


tan 6 sin h sin h sin h 
Now we know that r => am and h ca Fang mea 


3? since 1—cos h 


is positive, hence the inequality is established; thus ae diminishes from 


1 to 2/m, as 6 increases from 0 to 4n. 
We shall next shew that 
tan (6 +h) . tan 6 
6+h J 
this is equivalent to 


, or 6 sin (8+) cos 6>(A+h) sin 6 cos (O+h); 


sin h>hsin 6 cos (+h), or 3 = z 


now we may suppose 4 < 6, hence by the first theorem 


sinh_ sing sin@_ sing 
a Lar and therefore — eS r 


cos (6+h), 


cos (6+h). 


- tan 6. 
Thus as 6 increases from 0 to $7, —,— increases from 1 to «. The theorems 


6 
may be seen to be true, by referring to the graphs of sin 6, cos 6, given in 
Art. 32; it will be seen that in the first case the ratio of the ordinate to 
the abscissa diminishes, and in the second case increases, as @ increases from 
0 to $n. 


(2) Prove that the equation tanx=Xx has an infinite number of real roots, 
and find the approximate values of the large roots. 


In Art. 32, we have drawn the graph of the function tan #; draw in the 
same figure the graph of dz, this is a straight line through the point 0. The 
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straight line will obviously intersect each branch of the graph of tan w, and 
the values of w corresponding to these points of intersection are the solutions 
of the equation. There is therefore a root of the equation between 


w=(2k—1) 5 and (2b+ Ly 
where & is any integer. If & be large, then (24/+1) = is obviously an approxi- 
mate solution; to find a nearer approximation let z=(2k+1) at y, where 7 18 


small, then — cot y=Ay+ (2k +1) au ; putting cosy=1, siny=y, and neglecting 
y, we have - 

2 2 
(2k+1) dm’ © (2h+ 1) de 
is the approximate solution, To find a still nearer approximation, neglect 93, 


—1= (28-41) y, or y=—- therefore w= (2k+1)5 


putting y= — in the terms which involve y?, we have 


ea 
(@k+1) Am 
dy? 1 = fry + QE+1) Ff dy) =Dyty (BE +1) ME + ay 


4 


x 
hence y@k+1)5=-14+8-\ aeriame 


+( the approximate value of z is there- 


8 

Hp NS go Sasa 
374) (2h + 1)?r373? 

2 3 8 
- (2k+1) eas: —y) (2h + 1)?A3xr3 
be neither very large nor very small. 
L 
id 
It can easily be shewn that 


2 
eo Ors LAr 


fore a= (2k-+1)5 We have supposed A to 


(3) Prove that =cot 0+} tan $+} tan $44 tan o+.. ad inf. 


4 8 


soot Scot d=} tan$, 


6 
hence also z cot : —+$ cot oa} tan — , 


eee eee eee eee eee ee eee eee eee eee ee eee eee) 


1 6 1 6 
gin Ot om — Gin —1 COb 


hence by addition we have 
) 


Gy Al 1 6 1 0 
$tan ra op tan gat +++ 59m ta oo; = om cot 55, — cot 6. 


, ee rss if Osh 
Now when » is indefinitely increased, the limiting value of 3mm cot gan 8 


; ; yee a 
hence the sum of the series to infinity is 57 cot 6. 


If we put 6=47, we obtain the theorem 


13 ny us us 
aon ate tan gts tan igte 
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The limiting values of certain expressions. 


97. When nis indefinitely increased, the limiting values of each 


sin — 
of the expressions, cos—, —=—, is unity, hence the limiting values 
n 


0 


nv 


a\" 


yell 
of (cos -) , 7 — |, are also unity provided r 1s any quantity which 


n 
is independent of n; but if r is a function f(m) of n, which becomes 
— OSM 
sin — 
n 


g 
n 
undetermined forms of the class 1”, and the values of their limits 


depend upon the form of f (7). 


' ; Fn) 
infinite when n does so, the expressions (cos 4 7 are 
on rr 


: Coat J (n) 
To determine the limiting values of (cos ‘) , we have, denoting 


the expression by w, 


log.u=4f (n) log. (1 — sin? “) 


ene, ai 
ell aia aL apes 
Lf (n) sin nt 2 sin as eli 


hence we can find the limiting value of log, w, and therefore of wu, 
in the following cases— 


(1) f(n)=n. 
log,u=—4nsin g (sin c +4 Be + . 
e p} rr ee ee )O 
oly ; a 
now 7sin = = 1 in the limit and the other factor becomes zero, 
hence log, w= 0, or w=1 in the limit. 
(2) f(n) =n. 
log, u=— $n? eee (1 +4sin 2 + 
si : n Aa ee 


= — 4@ in the limit; 
thus the limit of w is e-2”, 
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(3) f(n)=n?, where p > 2. 


au ae) 
log. w=-4n sin?=(1 +4sin = +...) ne 
=— 0, when n is infinite, 


hence the limit of w is zero. 


sin “ sin — 
98. To find the limiting value of ——.|> since 7 is less 
n n 
ae j n 
sin % 6 <In = 
than 1 and greater than 3 OF cos, the limit of 7 lies 
tan = ie ; a 


n 
between 1” or 1, and (cos a ; thus from case (1) in the last 


Article, the limiting value of the expression is unity. We see 


wON ON 
sin — sin 
also that the limiting values of _ and of wee (p > 2) 


n n 
lie between 1 and e-}”, and between 1 and 0, respectively. 


- Series for the sine and cosine of an angle in powers of its 
circular measure. 


99. In the formulae (39), (40), of Chapter IV. write @ for 
A, and let c= 8, we have then 


Q —_ —2 : 
sine=n cos sin g— "= Nh )postee Omned ac 
n(n—1)...(n— 2r) eon 
om 1 n —1 As wt Ps. 
+(-1) @r+1)! cos sin Sree 
cos c= cost @— MOD cosr-2 @ sin? 8 + 
ey een) ge Cee Pe) ogo sin 04... 


(2s)! 
We may write these series in the forms 


sin 5 _ aa 2 @ — 26) ead etl : 


sin « = @ cos” a( 
Oke = Oyen (a= 270) 
3 ks aimee OAR NE 

HoT 9 


4] 2r+1 
cos?—2"-1 0 (5°) ale (- ly iB, 
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eo 3 Oe 
(dye as eo = 28— 18) oan § re ip +(-1)8, 
where nk Se 
a a (xe — =f sae ve + 20) cost 8 ae rahe 


Now each term in R will be numerically greater than the 
following one, provided 


(w — 2r + 30 (@ — 2r + 40) /tan 0\? oa 
(2r + 4) (2r + 5) ( 0 ) : 

for the ratio of any term to the following one diminishes as 

ry increases; also each term in S will be less than the next one, 

provided 


(@— 2s + 20) (w— 2s + 38) ;tan 6 
“Ga434y Co y< 


Suppose 7, s any fixed numbers so great that these conditions 
are satisfied, then the series of terms in & and S are such that 
each term is less than the preceding one, therefore R and S are 
positive and each less than its first term; we can therefore put 


_- a(a@— sek = or 2r+ 20) we: sin @\2"+s 

Ree (2r +8)! 2 8 (=) ? 

_ , &(@— 0)... (@ — 284+ 2s +16) eae sin 0\%+2 

and S=¢é (2s + 91 26 SS , 


where ¢, e are proper fractions. Now let n be indefinitely 
increased, # remaining finite, so that @ becomes indefinitely small, 
and let r and s be fixed numbers such that 


(a — 2r + 86) (w — Yr + 40) i A\? 
emt" (Or + 4) (Or + 5) Oo ) * 
L A ET 

0-0" (9g 48) (98-4 4) @) <} 


k 
=1, we have L (3) = 1, where & is any 


sin 8 


Now since Z a 
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x n 
(cos: - 


fixed finite number; also L cos*“* 9 = L <a, and we know 


from Art. 97, that L (cos =) =1, and also LZ cos‘ @=1, therefore 


LI cos**@=1. The series for sin w, cos x, become therefore, put- 
oe 7=0, 


ae gai grt grts 
00s «= 1 — ae Sep eed eae 
- a1 ey (542)! 


where ¢, € are the limiting values of ¢, e’. These equations hold 
for all finite values of 2, provided 7, s are numbers large enough 
to satisfy the inequalities 
Sta x 
P54) Ons) * 2 Gas S)Gr Kayo 

such values of 7 and s can be found, for any given value of z. 
Now let 7 and s become indefinitely great, the finite series then 
become infinite ones, and we have, since the last term of each 
series becomes infinitely small, 


a? mn? a! Ly gmt. 
a i aaah TRAM wwe Come oil 
te a a 
cos 1 — + ay Te CY Gay tes 


The ratio of the absolute value of the m+ 1th term to the 
preceding one, is ae in the first series, and o in the second 
series, and whatever w is, each of these ratios may be made as 
small as we please by making m large enough ; we thus verify what 
has been proved above, that these infinite series are convergent for 
all finite values of a. 


EXAMPLES, 


(1) Expand cos* x in powers of x. 


We have cos? w=} (cos 3v+3 cos x); expanding cos 37, cos v in powers of 
32r 4.3 ig 
ae am, 
4 (2n) ! 
It will be seen that any integral power of cos or sin #, or the product of two 
such powers, may be expanded in powers of «, by putting the expression into 


the sum of cosines or sines of multiples of z. 


x, we find for the general term in the expansion of cos’ w, (- 1)" 


9—2 
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(2) Eapand tanx in powers of x as far as the term in x". 
die Gee wl to Gis ee ce : 
p= 1a — —'2 a leaving out 
ie Paver y { 6 1 120 Pat 2+94~ 720f ’ s 


terms of higher order than z’. Expanding the second factor, we have 


ee at Gi tiie i =) (5) | 
ae hae aie oT soot [1+(5 ane @ 94) OAS 


multiplying out and collecting the coefficients of the terms up to 27, we find 
tan 7=2+ 443 + 70° + ical. 


sin (tan x) —tan (sin x) 


(3) Find the limiting value of xi , when x=0. 
The numerator of the expression is equal to 
tan 7—} tan? 7+ 74, tan’ wv — sgyq tan’ vw —sin v— 4 sin? w— 2 sin’ x —s45 sin’ 2, 


using the expansion obtained in the last isi This is equal to 


(2 +423 + 05 + Beat) — 423 (1 Py estes 


a 
~ 5040 
x gi Ge Gin Bee ae 
Edi pea cee ae 2 ale iyo Vom ee ae Seios — 842) — 1727, 
(2 of Ateo om) 3 ( 2 ef) a 


rejecting all terms of higher order than w’; this expression reduces to — 35.2”. 
The limiting value of the given expression is therefore — 1/30. 


A Relation between Trigonometrical and Algebraical 
Identities. 


100. From any Trigonometrical identity in which the angles 
are homogeneous functions of the letters, a series of Algebraical 
identities may be deduced, by expanding the circular functions 
in powers of the circular measure of the angles, and equating 
the terms of each order. Thus for example, in the formula 
sin a sin b = 4 {cos (a — b) ~ cos (a + b)}, expand each of the sines 
and cosines and equate the terms of the second order, we have 
then ab = 4 ((a+b)—(a— 6)*}. In Articles 44 and 47 of Chapter 
IV., we have given a number of examples of analogous Trigono- 
metrical and Algebraical identities; in each case the Algebraical 
identity is obtained, as we have above explained, from the Trigo- 


nometrical one. For example, in example (11), Art. 47, which may 
be written 


> sin? a sin(b+c¢—a)—2sinasin b sinc 
=sin (6+¢—a)sin(c+a—b)sin(a+b—c), 
if we equate the terms of the third order, when the sines are 
expanded, we obtain the analogous Algebraical identity 
2a? (b+ ¢—a)—2abe =(b+c—a)(c+a—b)(at+b—c). 


EXAMPLES. CHAPTER VIII. 133 


EXAMPLES ON CHAPTER VIII. 


1. Prove geometrically that 
tan 6 > 2 tan 36, where 6 < $7. 


2. Trace the changes in the value of tan 36 cot? 6, as 6 increases from 
0 to $n. 


Shew that 17+12,/2 is a minimum and 17—12,/2 a maximum value of 
the expression. 


3. Prove that tan 36 cot 6 cannot lie between 3 and 1/3. 


3 sin 6 
4, 
Prove that OO aera where 6 < $7. 
5. Prove that 3 tan 50 >5 tan 36, if @ lies between O and 7/10. 


6. Shew that the value of | 28 a — Ether 6=0, ist 


= 


Prove that sin (cos 8) < cos (sin 6), for all values of 0. 


8. Prove that the value of the infinite product 


—tan?= ) (1—tan? =; ) (1—tan?=, é 
( tan 4 (1 tan 5) ( tan 5) SOBDOO 1S tan Os 


oy Tbe BED) = 1+n, and 7 be very small, prove that 
sin p 
sin d=(1—4n) sin $6, approximately. 


sin (6 cos 6) 


10. Find the value of eae (Garnie)’ 


when 6= 


tan 26 — 2 tan 6 


11. Find the limiting value, when 0=0, of BB 


12. Prove that the limiting value of 
cot 6 tan? (i +20) sh ul 
Vinee , when 0=4r, is e?. 


13. Prove that 


sin v\? _ apt ge tg gt eRe co 
(=) =1—sin 3 C08" 4 Sin” 7 C08 g COST 7 SINT G = csseee 
, : 1 1 
14. If in the equation tan d= + , the angles 


cota,+cota, cota,+cota, 
Ay} Ay As, ay be all nearly equal ; shew that 6 is very nearly equal to 


$ (a, +a9+ 3 +44). 
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15. Sum the series 


cos : +2 cos a cos Y +2? cos g COS uw cos u afas er ike to 2 terms. 


2 2? 2 2? 2 
16. Prove that the sum to infinity of the series 


x u x F 
tan 3 sec a+ tan oF sec 3 +tan 3B sec Rp se teins is tan #. 
17. Shew that 
: 3 ey ae Pee) One . 
§—sin 6 cos 6=2 sin 6 sin? - + 2? sin = sin?—+ 2° sin —sin?=+......... ad inf. 
2 2 4 4 8 
2 
18. Provethat tan —— Sy ee 
cot 5 — Cons cot 5 — 
19. If@< 7, shew that 
: a pete 6 6 6 
2 | sin 3 +sin P =| POBONAD + sin =| [ e08 3 +cos sat Rees + cos =| 


<} sin 6 sin§ anes sin el : 


20. If a and b be positive quantities, and if a,=$(a+b), b,=(a,b)}, 
2 g2\t 
y= (a, +,), b2=(a9b,)’, and so on, shew that a,,=b,, ato 
cog7 1S 
b 
Shew that the value of 7 may be calculated by means of this formula. 
21. Find the value of the infinite product 
(sin 6 cos $6)? (sin 46 cos 36)* (sin 6 cos Toye 


22. Iftan@=46, the value of 9 between 0 and 37 will be 


x _ (ARUN 403, 
O \Sg) Wags Aspe ; 
sin sie 
23. Prove that = BELG AS Ss bs < 
1+2cos@ 4 7 |Q” 
2 cos ne 1 
24, Prove that 
2 cos 2°6+1 
BS cos EL. =(2 cos 6-1) (2cos26-1)...... (2 cos 2-19 —1). 


25. Sum to a terms the series 


1 1 
5 log tan 26+ 32 log tan 276+ “ log tan 276 + 


6” sin" 6 


26. Having given that the limiting value, when 6=0, of ———— 
6” — sin” 6 


is 
neither zero nor infinite, find x. 
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27. Find the limit, when #=0, of 


1—cos 2%+ cos 4v— cos 67+ cos 87 — cos 10% — cos 144+ cos 167 
3—4 cos 24+ cos 42 ; 


28. Prove that the sum of the infinite series whose 7 term is 
7 1 


1 
SSR ee ees 
(OR res J ern amie 


sin ({7 +1). 


29. Ife be very small, and ¢=6 — 2e sin 6+ 3c? sin 20, shew that 
6=+2e sin p + fe? sin 2, nearly. 
30. If y=z+ésin(z+ha), expand z in powers of the small quantity 4, 
as far as the term in 44, 
31. From the Trigonometrical identity 
sin (d —b) sin (a —¢)+sin (b—c) sin (a—d) +sin (e—d) sin (a —b)=0, 
deduce the Algebraical identity 
(db) (a—c) (b+ (a— 0} + (bc) (a—d) {(b- ck +(a-A} 
+(c—d) (a—b) {(e—d)?+(a—6)"*=0. 
3sin 2p _ 
2 (2+ cos 2p) 


32. Prove that @ differs from by ~:$° nearly, d@ being a 


small angle. (Snellius’ formula.) 


33. Find the circular measure, to five places of decimals, of the smallest 
angle which satisfies the equation sin (v+4m)=10 sin x. 


34. Solve the equation (sin 6)”S? =, approximately, where a is positive 


and not large, and 6 is known to be nearly equal to a, which is itself not very 
small. 


35. Shew that there is only one positive value of 6 such that 6=2 sin 6, 
and find its value to two places of decimals by means of a table of logarithms. 


36. In the relation asin~!4=b sin~!y, where a and 6 are integers prime 
to each other, prove that there are 2b values of y for each value of x, unless 
a and 6b are both odd numbers when there are b values. 


» : , eg et oe 
37. Assuming that if a be the acute angle whose sine is —, sin 7a must 


/ 
be aie prove that cos a—cos = exceeds Z by less than ‘0000005. 


1 (ee 


CHAPTER IX, 


TRIGONOMETRICAL TABLES. 


101. In order that the formulae of Trigonometry may be of 
practical use in the solution of triangles and in other numerical 
calculations, it is necessary that we should possess numerical tables 
giving the circular functions of angles, so that from these tables we 
can find to a sufficient degree of accuracy the functions correspond- 
ing to a given angle, and conversely the angle corresponding to a 
given function. Such tables are of two kinds, (1) tables of natural? 
sines, cosines, tangents, &c., in which the numerical value of the 
sines, cosines, tangents, &c., of angles, are given to a certain number 
of places of decimals, and (2) tables of logarithmic sines, cosines, 
tangents, &c., in which the logarithms to the base 10, of these 
functions, are given to a certain number of places of decimals. 
The latter kind of tables are those which are now used for most 
practical purposes; in nearly all such tables the logarithms are all 
increased by 10, so that the use of negative logarithms is avoided ; 
the logarithms so increased are called tabular logarithms and 
written thus, Zsin 30°; so that Z sin 30° = 10 + log sin 30°. 


Calculation of tables of natural circular functions. 


102. We shall first shew how to calculate tables of the natural 
circular functions, which will give the values of these functions 
accurately to a certain specified number of places of decimals, for 
all angles from 0° to 90°, at certain intervals such as 1’ or 10”. 
We will first calculate the sine and cosine of 1’ and of 10”. 


1 Logarithms were formerly called “artificial” numbers, thus ordinary numbers 
were called ‘‘ natural” numbers. 
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(1) To find sin 1’, cos 1’. 


vin : , 
Let @= 180 x60 denote the circular measure of 1’, then 
3°141592653589793... 
E.= 10800 = '000290888208665 


to 15 places of decimals, hence 
46 = £(-0003)* = 000000000004 

to 12 places of decimals. 

Now from the theorem in Art. 95, sin 1’ lies between @ and 
6 — 16%, and these quantities only differ in the twelfth decimal 
place, therefore to eleven places of decimals 

‘00029088820 is the correct value of sin 1’. 

We find also. 1 — 4@ = :999999957692025029 
to 18 decimal places, 
and oF = 5 (00029...)# = 00000000000000029 
to 17 decimal places. 

Now cos 1’ lies between 1 — $6 and 1 — $6° + 54.64; and since 
these two quantities differ only in the 16th decimal place, we have 
cos 1’ = ‘999999957692025 correct to 15 decimal places. 


(2) To find sin 10”, cos 10”. 


7 . Ay 
If G= 64800’ the circular measure of 10”, 
we find é = 000048481368110, to 15 decimal places, 


46? = 000000000000021, to 15 decimal places, 


hence the two quantities 6 and @ — 16° agree to 12 decimal places, 
therefore sin 10” = 000048481368, to 12 decimal places. 


Also 3, is zero to 17 decimal places, thus cos 10” = 1 — $6", 
or cos 10” = ‘9999999988248, to thirteen decimal places. 


103. The formulae 
sinnA =2 cos A sin(n—1) A —sin(n — 2) 4, 
cos nA = 2 cos A cos(n — 1) A — cos(n — 2) A, 
enable us to calculate the sines and cosines of multiples of 1’, or of 


10”. Let A=10", 2cos10”=2—k where k = 0000000023504, 
then the formulae may be written 


sinnA —sin(n —1)A ={sin(n—1)A —sin(n— 2)A}—ksin(n—1)4, 
cosnA —cos(n—1)A={cos(n—1)A —cos(n—2)A} —keos(n—1)A ; 
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if in these formulae we put n=2, we can calculate sin 20” 
and cos 20”. We can now by letting n=3, 4, 5,... calculate 
the differences sin nA — sin (n—1) A, cos nA — cos(n —1) A, 
when the preceding differences sin (n — 1) A — sin (n — 2) 4, 
cos (n — 1). A —cos (n— 2) A, and also sin (n — 1) A, cos(n— 1) 4, 
have been found; hence these differences can be found by a 
continued use of the formulae; we can then find sin nA, cos nA, 
and thus we can form a table of sines and cosines of angles at 
intervals of 10”. We have k =‘000000002354, thus in calculat- 
ing ksin(n—1) A, kcos(n—1) 4A, we need only use the first few 
figures of the value of sin(m — 1) A, cos(n — 1) A. 


104. When sind, cos, are thus calculated by successive applications 
of the formulae, the errors arising from the use of approximate values of 
sin A, cos A, will accumulate during the process ; it is therefore necessary to 
consider how many places of decimals must be used during the process, in 
order that with assumed values of sin A, cos A, correct to a certain number of 
places of decimals, we may obtain values of sinnA, cosvd, which will be 
correct to a prescribed number of places of decimals. 


Suppose m the number of places of decimals to which sin A, cos A, have 
been calculated, and suppose that 7 is the number of places of decimals that is 
retained in the calculation of the sines and cosines of successive multiples ; 
let wu, be the value of sinnA or cosnA, obtained by this process, and u,+%, 
the corresponding correct value, we have then 

Un + Un = (2—K) (Un + %n—1) — Un—2+%n—2)s 
also u,=(2—/’) Up_1—Un—2, Where k’ is the approximate value of & to 7 places 
of decimals; let (& -k’) u,_;=Y» we have then 


Un = (2 —&) Un—1— Ung + Yn 


hence Gy =(2— 4) Bn —1— Fn —9— Yn 

or Ba 20y 1 — Gino eny WHEL 2Z,—=Yn thon ans 
this may be written (Gn — Gn —1) =Cn-1 — La—2) — ens 
whence (G1 — no) = (Cn -9— Ln=3) —2n—-1 


Lite 
therefore Ly ~- By = 21 — (Sq tegt...+%n) 5 
the quantity 4x, _, is very small compared with 2x7, _,, hence y,+ha,_, differs 


insensibly from y,, hence each of the quantities 2), 2,...z, is less than 1/10", 
therefore their arithmetic mean 9, is less than 1/10", thus 


Ey — Ly — 1 = 2 — (a—- 1) Cae 


Ug— #1 =X, — y, 
or Ln = NL, — (8, + 203+ wets ae 16.) ; 
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now 62, 65...6,, are each numerically less than 1/10”, hence 


— (6.+20,+...) 
is less than $7” (n—1)/10", or 
eg Aull De 
10" 2.10" ° 
nu n® 
tom 46 IS (0 RR (a). 


If in this formula, m=12, n=10800, 


108 5832 
*u<To10 + [or=4 


< ‘0000000108 + '00...... 5832, 


where there are 7 —8 zeros in the last decimal, hence if r=15, x, < ‘00000007, 
or u, is correct to seven places of decimals ; now 10800 x 10”=30°, hence the 
sine or cosine of 30° will be found correct to seven places of decimals if when 
calculating the sines or cosines of the multiples of 10” up to 30° we retain 
15 places of decimals throughout the calculation. The formula (a) may be 
applied in all such cases to determine the number 7, so that x, may be zero 
to a certain number of decimal places!. 


Ly, < 


a fortiori ree 


EXAMPLE. 


Prove that in order to calculate the sines and cosines of multiples of 10” 
up to 45°, correct to 8 places of decimals, the values of sin 10”, cos 10” being 
known to 12 decimal places, it is necessary to retain 17 decimal places in the 
calculation. 


105. When a table of sines and cosines of angles at intervals 
of 10”, or of 1’, is required, it is only necessary to calculate the 
values for angles up to 30°, we can then obtain the values of the 
sines and cosines of angles from 30° to 60°, by means of the formulae 

sin (80° + A) + sin (30° — A) =cos A, 
cos (30° — A) — cos (30° + A) =sin 4, 
by giving A all values up to 30°. When the sines and cosines of 
the angles up to 45° have been obtained, those of angles between 
45° and 90° are obtained from the fact that the sine of an angle is 
equal to the cosine of its complement, so that it is unnecessary to 
proceed in the calculation further than 45°. 
The method of calculating Tables of circular functions, which we have 


explained, is substantially that of Rheticus (1514—1576); his tables of sines, 
tangents, and secants were published in 1596, after his death. The earliest 


1 This article has been taken substantially from Serret’s Trigonometry. 
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table is the Table of chords in Ptolemy’s “ Almagest,” for angles at intervals 
of half a degree. Historical information on the subject of Tables will be 
found in Hutton’s “History of Mathematical Tables”; see also De Morgan’s 
Article on Tables in the “ English Encyclopaedia,” 


The verification of numerical values. 


106. It is necessary to have methods of verifying the correct- 
ness of the values of the sines and cosines of angles calculated by 
the preceding method ; this may be done by the following means: 


(1) We have formed in Art. 66, a table of the surd values of 
the sines and cosines of the angles 3°, 6°, 9°... differing by 3°; we 
can therefore calculate the sines and cosines of these angles to 
any required number of places of decimals, then the values of the 
functions obtained by the method of calculation above explained, 
may be compared with the values thus obtained. If necessary, 
the values of the sines and cosines of angles differing by 1° 30’, 
may be obtained by means of the dimidiary formulae, and we have 
thus a still closer check upon the calculations. 


(2) There are certain well-known formulae called formulae 

of verification, these are 
cos (36° + A) + cos (86° — A) =cos A + sin (18° + A) + sin(18° — A) 
sin A = sin (36° + A) —sin (36° — A) 4+ sin (72° — A) —sin (72° + A), 
(Euler’s formulae), 
cos A= sin (54° + A) +sin (54° — A) —sin (18° + A) — sin (18° — A), 
(Legendre’s formula). 


The verification consists in the substitution of the values obtained 
of the functions, in these identities. 


Tables of tangents and secants. 


107. To form a table of tangents, we find the tangents of 
angles up to 45°, from the tables of sines and cosines by means of 
the formula tan A = sin A/cos A; the tangents of angles from 45° 
to 90° may then be obtained by means of Cagnoli’s formula 


tan (45° + A) = 2 tan 2A + tan (45° — A), 
A table of cosecants can be formed by means of the formula 


cosec A = tan$d + cot A, and a table of secants by means of the 
formula sec A = tan A + tan (45° — $A). 
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Calculation by series. 


108. A more modern method of calculating the sines and 
cosines of angles is to use the series in Art. 99; if we put 
m 7 


f= —.— we have 
m2 


i 90°) _ (m z)- 1 m z) + 1 /m 5) 
n(F =(0 5 see BHass renner 


Ulise-& il (Ge GAP MW i aoNC 
cos (“" 90°) =1-5,(™.5) +755) Boake 
We thus obtain the formulae 
sin (m/n 90°)=1:57079 63267 94896 61923 13 m/n 
—0°64596 40975 06246 25365 58 m3/n3 
+0°07969 26262 46167 04512 05 mé/né 
—0:00468 17541 35318 68810 O7 m’/ni 
+0:00016 04411 84787 35982 19 m?9/n9 
—0:00000 35988 43235 21208 53 m/nl 
+0:00000 00569 21729 21967 93 m}3/nl8 
—0°00000 00006 68803 51098 11 m5/n& 
+0°00000 00000 06066 93573 11 ml/ni" 
—0:00000 00000 00043 77065 47 m9/nl9 
+0:00000 00000 00000 25714 23 m?/n24 
--0:00000 00000 00000 00125 39 m3/n?8 
+0:00000 00000 00000 00000 52 m?>/n% 
cos (m/n 90°)=1:00000 00000 00000 00000 00 
—1:23370 05501 36169 82735 43 m?/n? 
+0°25366 95079 01048 01363 66 m*4/n4 
— 002086 34807 63352 96087 31 mé/n% 
+0:00091 92602 74839 42658 02 mé&/ns 
—0°00002 52020 42373 06060 55 m}9/nl0 
+0:00000 04710 87477 88181 72 ml?2/n! 
—0:00000 00063 86603 08379 19 ml4/n!4 
+0:00000 00000 65659 63114 98 m}6/n16 
—0:00000 00000 00529 44002 O1 ml8/n}8 
+0:00000 00000 00003 43773 92 m/n?0 
—0:00000 00000 00000 01835 99 m*”?/n” 
+0:00000 00000 00000 00008 21 = m74/n?4 
—0:00000 00000 00000 00000 03  m?8/n?6 
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Since we need only calculate the sines and cosines of angles up 
to 45°, the fraction m/n is always taken less than 4, so that very 
few terms of the series suffice for the calculation to a small number 
of decimal places. These series are taken from Huler’s “ Analysis 
of the Infinite,” where they are given to six more decimal places. 


Logarithmic Tables. 


109. When tables of natural sines and cosines have been 
constructed, tables of logarithmic sines and cosines may be made 
by means of tables of ordinary logarithms which will give the 
logarithm of the calculated numerical value of the sine or cosine 
of any angle; adding 10 to the logarithm so found, we have the 
corresponding tabular logarithm. The logarithmic tangents may be 
found by means of the relation Z tan A = 10+ L sin A —L cos A, 
and thus a table of logarithmic tangents may be constructed. We 
shall in a later Chapter give a direct method by which tables of 
logarithmic sines, cosines, and tangents, may be constructed. 


Description and use of Trigonometrical Tables. 


110. Trigonometrical tables, either natural or logarithmic, 
are constructed as follows : 


(1) They give directly the functions for angles between 0° 
and 90° only; the values of the functions for angles of magnitudes 
beyond these limits may be at once deduced. 


(2) The tables give the values of the functions of angles from 
0° to 45°, and from 45° to 90°, by means of a double reading of 
the same figures; the names of the functions, sine, cosine, tangent, 
and also the degrees (< 45°), are printed at the top of the page, 
and the corresponding minutes and seconds are printed on the 
left-hand column, the angles increasing as we go down the page; 
again the names cosine, sine, cotangent, &c. and the degrees 
(>45°), are printed at the bottom of the page, in the same 
columns in which sine, cosine, tangent, respectively are printed 
at the top; in the right-hand column are printed the minutes 
and seconds for the angles which are complementary to the 
former ones, these latter angles of course increasing as we go 
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up the page. We give as a specimen a portion of a page of 
Callet’s seven-figure logarithmic tables for angles at intervals 
of 10”. 


17 deg. 
. sine dif. cosine | dif.|| tangent dif. | cotangent | ” 
— sewers te 
50 | O | 9:4860749 9°9786148 9°5074602 0°4925398 | 0 | 10 
655 68 722 


10 | 9:4861404 | g54 | 9°9786080 | gg |) 9°5075324 | 79 | 0-4924676 | 50 
| 20 | 9-4862058 | g54 | 99786012 | gg || 9°5076046 | 759 | 0-4923954 | 40 
30 | 9-4862712 9°9785944 | 9°5076768 04923232 | 30 
| 654 67 iy eS 
40 | 9-4863366 | g=4 | 9°9785877 | gg || 9°5077490 | 799 | 0-4922510 | 20 
50 | 9-4864020 | g=4 | 9:9785809 | g3 || 9°5078212 | 71 | 0-4921788 | 10 
51 0 | 9-4864674 | 9-9785741 9°5078933. 0-4921067 | 0 
Ee 68 ee 
10 | 974865328 | x4 | 9°9785673 | gg || 9°5079655 | zo, | 0-4920345 | 50 
| 20 | 9°4865982 | gs3 | 9°9785605 | gq || 9:5080376 | ro5 | 0-4919624 | 40 
| 30 | 9°4866635 _ | 99785538 95081098 04918902 | 30 
| 654 | -| 68 721 |——_—_ 
40 | 9-4867289 x3 | 9-9785470 | gg || 9:5081819 | 75, | 0-4918181 | 20 


| 50 9°4867942 | gs 9°9785402 | 6g 9°5082540 721 0°4917460 | 10 


| 0 | 9:4868595 | 9°9785334 9°5083261 0°4916739 | 0 


; ue cosine dif. | sine cotangent | dif. tangent a 


72 deg. 


For example, in the third line of the column headed cosine, 
we find that 9°9786012 is the tabular logarithmic cosine of the 
angle 17° 50’ 20”, and reading the minutes and seconds in the 
right-hand column we see that the same number is the loga- 
rithmic sine of the complementary angle 72° 9' 40” It should 
be observed that the logarithmic sines and tangents increase 
with the angle, whereas the logarithmic cosines and cotangents 
diminish with the angle. 


111. In order to find the functions corresponding to an angle 
whose magnitude lies between two of the angles for which the 
functions are tabulated, we use the principle which we shall 
presently investigate that, except for angles which are either 
very small or very nearly equal to a right angle, small changes 
in the natural or in the logarithmic function of an angle are 
proportional to the change in the angle itself. 


For example, if the difference between two consecutive tabu- 
lated values corresponding to a difference of 10” in the angle is a, 
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the difference between the values of the function for the smaller 
tabular angle and an angle greater than this angle by y”, is = a; 


the increase of the function for an increase 10” of the angle is 
a, and that for an increase y” (< 10”) is that fraction of « which 
y” is of 10”. In the specimen of Callet’s tables which we have 
given, the differences between consecutive logarithms is given 
without the decimal points, in the columns headed dif 
For example, suppose we wish to find Z sin 17° 51’ 13”, we find from the 
table 
L sin 17° 51’ 10” =9°4865328, 
ZL sin 17° 51’ 20” = 9°4865982, 
dif. = 654 ; 
we have ;3, x 654=196'2, hence we must add ‘0000196 to the first logarithm 
and we obtain Z sin 17° 51’ 13” =9-4865522. 


Again suppose we require the angle whose tabular logarithmic tangent is 
9°5082032. We find from the table that the given logarithm les between 
the two 

L tan 17° 51’ 40”=9-5081819, 


ZL tan 17° 51’ 50” =9°5082540, 
dif. =721 ; 
the difference between the given logarithmic tangent and the first obtained 
from the table, is 213, hence the angle to be added to 17° 51’ 40” is 
232 x 10”=2"-9 approximately, hence the required angle is 17° 51’ 43” 
approximately. 


The Principle of Proportional Parts. 


112. We shall now investigate how far, and with what excep- 
tions, the principle of proportional increase, which we have assumed 
in the last article, is true. 


Suppose # to denote any angle, and f(z) to denote a natural 
or logarithmic function of w, we shall shew in the various cases, 
that if h be any small angle measured in circular measure, added 
to 2, 


Seth) —f(a) = hf (@) + PR, 
when f'(x) is another function of 2, and R is a finite quantity 
which remains finite when h=0. From this we see that, provided 


h be sufficiently small, f(w+h)— f(x) is for a given value of « 
proportional to the quantity h, and it will appear that in general 
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the quantity A? will be so small that it will not affect the values 
of the functions to the number of decimal places to which they are 


tabulated ; hence: Es y ae OF 


s constant to the requisite number 


of decimal places for a given value of «. However, two exceptional 
cases will arise, 


(1) If z be such that /’ (x) is very small then the difference 
J (@+h)—f(«) may vanish, to the order in the tables; the difference 
J (@ +h) —/f(#) is then said to be insensible, and in that case two 
or more consecutive tabulated values of f(a) may be the same. 

(2) Ifwis such that R is large compared with /’ (a), the term 
h?R may not be small compared with hf’ (#),in this case the differ- 
ence f(«+h)—f(«) is not proportional to h, and is said to be 
wrregular. 

In either of these cases (1) and (2), the method of proportions 
fails, but we shall shew how by special devices the difficulties are 
obviated. 


The student who is acquainted with Taylor’s theorem, will see that the 
formula given above is really the special case of Taylor’s theorem 


f (w+h)=f (2) +hf' («) +402 f" (w+ Oh) 
where @ is a proper fraction, thus R=3/”"(«+6h), and the error made in 


assuming f(z+h)—f(x)=hf" (x), lies between the greatest and least values 
which $h? f” (z) assumes between the limits z= and z=x2+A. 


1138. First let f(a) =sin a, 
then sin (a +h)=sin « cosh+ cos asin h, 
or sin(a#+h)—sinx=cosx2(h— th?+...)—sina# (4h? — Ahi+...) 
=hcosx—th’sinz + higher powers of h; 
in this case f’(x) = cos x, and the approximate value of R is — 4sin a, 
thus sin (2+ h)—sinw=hcosa#— sh? sin @......... (Gas 
is the approximate difference equation. 


Similarly it may be shewn that, approximately, 


cos(a+h)—cosw=—hsnaw—th?cose ......... (2). 
sin h 
Again tan (v7 +h)—tana= EPCS 
h 


~ cos? —h sin x cos a’ 
or, approximately, 
tan («@+h)—tanv=hsec?x+h®sec’ x tan a......... (3). 


eb, 10 
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‘Also Lsin(«@+h)—L sin «= log ms fe 
sin # 
=log (1—4$h?+hcotaz), 
or Lsin(x+h)—Lsnx=hcot «—th? cosec’ x ...... (4). 
Similarly Lcos(#+h)—Lcosa=—htanxg—th'sec?a...... (5), 
Die ie a 
sin £ COS & sin? 2x 


In each case we have found only the approximate value of 
R, that is to say, we have left out the terms involving cubes and 
higher powers of h. It appears from these six equations that 
if h is small enough, the differences are, for values of # which 
are neither small nor nearly equal to a right angle, proportional 
to h. The following exceptional cases arise. 

(1) The difference sin(w+h)—sin# is insensible when « 
is nearly a right angle, for in that case h cos is very small; it 
is then also irregular, for $h? sin may become comparable with 
h cos «. 


(2) The difference cos(a#+h)—cos# is insensible when «# 
is small; it is then also irregular. 


_ (3) The difference tan (#+h)—tana is irregular when # 
is nearly a right angle, for h?sec?xtanz may then become 
comparable with h sec? a. 


(4) The difference Lsin(#+h)—L sin is irregular when 
# is small, and both insensible and irregular when « is nearly a 
right angle. 

(5) The difference Lcos(x+h)—L cosaz is insensible and 
irregular when # is small, and irregular when @ is nearly a 
right angle. 


(6) The difference [ tan(a#+h)—JL tan is irregular when 
# is either small or nearly a right angle. 


It should be noticed that a difference which is insensible 
is also irregular, but that the converse does not hold. 


In order to investigate the degree of approximation to which the principle 
of proportional parts is in any case true, it is the simplest way to consider the 
true value of 2; in the case of sin (v+A)—sin x the true value of the second 
term is —$h*sin (e+6h), where 6 is a proper fraction; if the table is for 


10 2 
us ) or 4 (-00005)2, 


intervals of 10’, the test val fey ieal ee ee 
inter 5 greatest value of $h? is  (goxeocis0 
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this gives no error in the first eight places of decimals; in the case of 
tan(x+h)—tanw the error is (00005)? sec? (v+6h) tan (7+6h), hence when 
tan v+tan?v=40, the error will begin to appear in the seventh place of 
decimals. In the case of Zsinw there is no error in the seventh place of 
decimals if 7>5°. 


114, When the differences for a function are insensible to the 
number of decimal places of the tables, the tables will give the 
function when the angle is known, but we cannot employ the 
tables to find any intermediate angle by means of this function; 
thus we cannot determine x from the value of LZ cos a, for small 
angles, or from the value of J sin z, for angles nearly equal to a 
right angle. When the differences for a function are irregular 
without being insensible, the approximate methed of proportional 
parts is not sufficient for the determination of the angle by means 
of the function, nor the function by means of the angle; thus the 
approximation is inadmissible for sin z, when w is small, for 
Lcosx, when # is nearly a right angle, and for Z tan in either 
case, 


In these cases of irregularity without insensibility, the following 
means may be used to effect the purpose of finding the angle 
corresponding to a given value of the function, or of the function 
corresponding to a given angle. 


(1) We may use tables of Lsin a, Ltan x, for the first few 
degrees calculated for angles at intervals of one second, and for 
Leosa, Ltan a, for the few degrees near 90°, calculated for each 
second; Callet gives such a table in his trigonometrical tables ; we 
can then use the principle of proportional parts for all angles which 
are not extremely near zero or a right angle. 


(2) Delambre’s method. 

This method consists of splitting L sina or L tan # into the 
sum of two terms, the differences for one of which are insensible 
for values of « near those at which the irregularity takes place, 
and the differences for the other one are regular; the difference 
for the first of these terms is irregular, but this is of no con- 
sequence, owing to its being also insensible. Thus if « be the 
circular measure of n” a small angle, 


Lsinn” = (log —— + La) + log n, 


10—2 
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Ltann’ = (log = =f I) + log n, 
where a is the circular measure of 1”. 
Now log (n + h) — log n = log (1 fb 5 
| ead 
nore +..., 


hence the differences for log are regular, if h be small compared 


are insensible, 


with n. Also the differences for log =, log tan ae 


for 
sin (~ + h) sing, sin(w+h) ath 
log rg, ye TOE gard Obie sine eee eae 
h? Ie ae 
=hcot«— 2 cose? w— + oF 
=h (cot x =) 5 ier a (= — cosec® x) 
x) 2\x 
tan (w + h) tan « 
and log rig are log ait 


alle 1 -2) +(e ae 

\sinwcosa a/ 2 sin?2a2 § a?/’ 
each of these differences is insensible since the coefficient of h is 
small when zw is small. 


If tables of the values of log =" + La, log 2 4 La, are 


constructed for the first few degrees of the quadrant, we may 
use these tables in conjunction with the tables of natural 
logarithms of numbers, to find n accurately when ZL sin n” or 
[tan mn” is given, and conversely. 


If Lsin n” or L tan n” is given, find the approximate value of 


n, then from the table we get the value of log Saale or 


log “2 * + La, either of which changes very slowly, then log x is 


given by the value 


Lsin n” — (10g = ae La) 


or Ltann” — (Iog = oar La), 
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and we find n accurately from the table of natural logarithms. If 
nm is given, the table gives the value of log ae + La, and sin n” is 
then found by the formula. 


(3) Maskelyne’s method. 


The principle of this method is the same as that of Delambre’s. 

If # is a small angle, we have 

oy n2 n2\ 3 i ; 

i =] =% = (1 -5) = cos*#, approximately, 
hence log sina = log w+ log cosa; 
when z is a small angle, the differences of log cos x are insensible, 
hence it is sufficient to use an approximate value of cosa. If 
log sin # is given we find an approximate value of x, and use that 
for finding log cos; # is then obtained from the above equation. 
If x is given we can find log # accurately from the table of natural 
logarithms, and also an approximate value of log cos a, the formula 
then gives logsinz. We can shew in a similar manner, that 
log tan # is given by the formula log tan # = log x — 2 log cos a. 


EXAMPLE. 


Shew that the following formula is more nearly true than Maskelyne’s :— 


log sin 6=log 6 — 7; log cos 6+ $4 log cos $0. 


Adaptation of Formulae to Logarithmic Calculation. 


115. In order to reduce an expression to a form in which 
the numerical values can be calculated from tables of loga- 
rithms, we must make such substitutions as will reduce the given 
expression to the product of simple expressions; this may be 
frequently done by means of one or more subsidiary angles, as 
the following examples will shew. 


1) Vat+b' =a? sec’ , where tan ¢ = b*/a’, hence 
log aS + b§ = 2 loga+2(Lsec $—10), 
where Ltan $ = 10 +3 (log 6 — log a), 


thus v/a’ + b® can be calculated by means of logarithmic tables, 
¢ having first been found from the tables. 
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(2) acosa+bsina=acos (a— dp) sec ¢, where tan ¢ = b/a, 

hence 
log (a cosa + bsin a) = log a +L cos (a— $) — L cos ¢, 
where ¢ is found from 
L tan d= 10 + log b — log a. 

116. To calculate numerically the roots of a quadratic 
equation supposing the roots to be real. 

Let aa? + ba + ¢ =0 be the equation, and first suppose a and ¢ 
to be both positive. We have tan? @— 2 cosec 20 tand+1=0; 
now let a=yNc/a, the equation becomes y?+ by/Vac+1=0; 


hence if sin20=2Vac/b, the quadratic in y will be the same as 
that in — tan @, the roots of which are — tan 6, — cot 0, thus the 


roots of the given quadratic are — Vc/a tan 0, —Vc/a cot 0, where 
sin 20 = 2”Vac/b, and hence the roots may be calculated by means 
of logarithmic tables. 

If a and c are of opposite signs, we may take the quadratic 
to be aa®+bxe—c=0; in this case put e=yVc/a and it reduces 
to y?+ by/Vac —1=0; comparing this with the equation 

tan? 0+ 2 cot 20 tan d-—1=0 
we see that if tan 20=2Vac/b, the roots of the quadratic in « 
are Vc/a tan 6 and — Vc/a cot 6. 


117. To calculate the roots of the cubic #+qv+r=0 
supposing them all to be real. We shall suppose q to be negative. 


Consider the equation 
sin’ @— #sin 8+ 14sin 36=0; 
let « = yV— 4q/8, then the equation in w becomes 
y — dy +r (— 3/49)! = 0; 
this will be the same as the cubic in sin 8, if 
sin 30 = 4r (— 3/4q)? = (— 277?/4q°)!, 

hence the values of w are 

V—4q/3sin 0, V—4q/3sin(0+3), V—4q/3 sin (6 + 47), 


the condition that sin 36 + 1, is the condition that the roots of the 
cubic are all real. 
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We shall shew in a later Chapter, how to calculate the roots of 
a cubic when two of them are imaginary. 


The processes by which we have solved the quadratic and 
cubic equations, shew that the two algebraical problems are really 
~ equivalent to the geometrical problems of bisecting and trisecting 
an angle respectively. It follows that a quadratic equation can 
be solved. graphically by means of the ruler and compasses only, 
whereas the cubic can not in general be solved graphically by 
these means, since they are inadequate for solving generally the 
geometrical problem of trisecting an angle. 


CHAPTER X. 


RELATIONS BETWEEN THE SIDES AND ANGLES 
OF A TRIANGLE. 


118. Ir ABC be any triangle, we shall denote the angles 
BAC, ABC, ACB, by A, B, C, respectively, and the lengths of the 
sides BC, CA, AB, by a, b, ¢ respectively. We shall, in this 
Chapter, investigate various important formulae connecting the 
sides a, b, c, of a triangle with the circular functions of the angles. 
These formulae will afford the basis of the methods by which we 
shall solve a triangle in the various cases in which three parts of 
the triangle are given. 


119. From the fundamental theorem in projections, we see 
that the sum of the projections of BA, AC, on BC, is equal to BC, 
and that the sum of their projections on a perpendicular to BC is 
zero. Expressing these facts we have, since the positive direction 
of AC makes an angle — CO with the positive direction of BC, 


A 
id | 
| 
B L C B C L 
BA cos B+ AC cos C = a, 
or ccos B+bcos C=a, 


and BA sin B— AC sin =0, or csin B—bsin C=0, 
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which may be written b/sin B =c/sinC. These relations and the 
corresponding ones obtained by projecting on and perpendicular to 
each of the other sides, in turn, may be written 


a=bcosC+ccos B 


Da@iCC08 A AO COB crscatsverssernssgees (4), 
c =acos B +bcos A 
ajein. A = b/gin B= c/sin O......000sve.c0re0 (2). 


The equations (2) express the fact that, in any triangle, the 
sides are proportional to the sines of the opposite angles. 


120. The relations (2) may also be proved thus :—Draw the 
circle circurnscribing the triangle ABC, and let R be the length 
of its radius, then the side BC is equal to twice the radius multi- 
plied by the sine of half the angle BC subtends at the centre 
of the circle, that is 

BC =2K sin A, or 2h sin (180° — A), 
hence a = 2fsin A; similarly 
b=2Rsin B, and c=2KsinC; 
hence a/sin A = b/sin B =c/sin C = 2K. 
These relations (2) may also be deduced from (1); writing the first two 
equations (1) in the form 
a—bcos C—cos B=0, 
~408 /+b—¢cos A=0, 
we can determine the ratios of a, b, ¢; we obtain 
GD "3 b ep te o) 
ws Coos A+csB cs BoosC+cos A 1—cos? C’ 
aw b Cc 


hence ——— =H 
sinAgsin? sin BsinC sin? C’ 


or a/sin A=b/sin B=ce/sin C. 


To deduce (1) fromm (2) we have 


Lo, wa : ; 
a=—— sin (B+ O)=— (sin B cos (+cos B sin), 
sin A sin A 
Utara : C eel ; 2 
hence o=-——, sin B cos C+ ——, cos B sin C=b cos (+c cos B, 
sin B sin U 


which is the first of the relations (1). 


If we eliminate a, b, ¢, from the three equations in (1), we obtain the 
relation cos? A +cos* B+cos* C+2 cos A cos Bcos C=1, which holds between 
the cosines of the angles of a triangle. 
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121. If we multiply the equations in (1) by —a, 8, ¢ respec- 
tively, and then add, we have 
b? +- c? — a? = 2bc cos A, 
which gives an expression for the cosine of an angle, in terms of 
the sides; we may write this relation and the two similar ones for 
cos B, cos C, thus 
a? = b? + c — 2be cos A 
OP G2 EO? =260 COS BY oceans naausstecocs (3). 
C= a+b? —2ab cos C 


122. We may obtain these relations (3) directly by means of 
Euclid, Bk. 1. Props. 12 and 13. If AZ be perpendicular to BC, 
we have, when C is an acute angle, 


AB = AC? + BC? —2BC.CL, 
and when C is obtuse 
AB =AC?+BC?+2BC.CL; 
in the first case CL = AC cos C, and in the second case 
CL = AC cos (180° — C) = — AC cos C, 
therefore in either case 
=a? + b?— 2ab cos C. 


To deduce the relations (2) from (3) we have 


b+2— a? 
cos A = eae 
therefore 
a 4b7¢? —(F?+e—a*)?  (2be+b? +c? — a?) (2bc+ a? — b? — c?) 
sin? A= i = ; 
Ab202 Ab2c2 
a Re (a+b+c) (b+ce—-a) (c+a-—b) ea 
4622 


th sin? A , Poon : : 
us — a 18 equa to the symmetrical quantity 


(a+b+c) (b+c-—a) (c+a—b) Meola) 


4a2b2c? 
sin? A _ Sin? pe sin? C 
hence 5 : ; 
a b2 lo 


from which (2) follows. 
To deduce (1) from (3), divide the first two equations of (3) by ¢, and then 
add them, we get 
2 2 2 
a+b 204% +6 
c é 


—2(bcosA+acosB), or c=bcosA+acos B. 
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123. We have 
sin?$A =4(1—cos A), cos?4A =4(1+4 cos A), 
hence 
F +c — a? P+e—a@ 
LY a=2 3) pee 24 ‘ eee 
sin? 4A (1 De ip cor 4A = ae + Oe ); 
or 
: (a+b-—c)(a—b+c) (atb+o)(bte-a) 
21/4: — 24 
sin?’ 4A ie , cos fA = tbe 


Now let 2s =a+b+c, then 2(s —a)=b+c-—a, and we have 
sin' tA = CaUG® oe a) cos?4A = s(s— a) 


> be ’ 
therefore 
sindd = jet OK set ier = , cos$dA = sees a) , 
l be be 
Seer ols ; 
tangd = etea Ui see (4); 


these formulae are more convenient than (3) as a means of 
determining functions of the angles when the sides are given, 
because they are more easily capable of being adapted to 
logarithmic calculation. 


sn B snd 


124. Since as , we have 
Eten Cy Ad, , 28in 3 (B + C) cos 3 (BF OC) _ bt+'c 
ce ee) " 2sin¢(B+C)cost(B+ 0) a ’ 
b+e Si Fi8 C) b—c_ sinz(B—C) 
nore a  cos¢(B+C)’ ane a  sin$(B+C)’ 
(b+c)sin$A _ (6—c) costa : 
or a= Cond ES Oy: a= Seni cas (4), 


we obtain by division the formula 


tan} (B-C)= FS cot $A Beet cies ete (5). 


To prove these formulae geometrically, with centre A and radius AB 
describe a circle cutting AC in D and #; draw DF parallel to BH, then 
CH=b+e, D0=c—b, DEB=3A, DBF=C+4A-90°=3C0-1B. We have 


CD _ sin DBF es b-c¢_sin$(B-C) 
CB sin DB’ ° a cos$d ” 
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1 b+c CH EB BD cot $A __ cotgda 
os c-b OD DF BDtan3(C—B)  tan$(C—B)’ 
b-e 
pred (Be Cee econ 
hence tan 4 (B- C) Bae cot 4.4. 


The area of a triangle. 


125. The area of a triangle is half that of a parallelogram on 
the same base and with the same altitude; if the side @ is the 
base, the altitude is b sin C or csin B, we have thus the expressions 

4.absin C, and $ ac sin B, 
for the area of the triangle; the area of a triangle is therefore 
half the product of any two sides multiplied by the sine of the 
included angle. 


Using the expression for sin A, found in Art. 122, 


if et! 
me Va +8 +c)(b+c—a)(c+a—b)(a+b-—- oc), 
we have for the area of a triangle the expression 
4V(a+b+c)(b+c—a)(c+a—b)(at+b—o), 


or N'§ (8 9G) (8 —) (8 =). pangs os dcreesaesses (6); 
this formula was obtained by Hero of Alexandria! (about 125 B.c.). 


The formula (6) may also be written 


bV 2d? + 2c2a? + 2a7b? — at — bt — 4. 


' See Ball’s History of Mathematics, p. 82, where the original geometrical proof 
of the formula is given. 
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Variations in the sides and angles of a triangle. 


126. We shall now investigate the relations which hold 
between small positive or negative increments in the values of 
the sides and angles of a triangle. Suppose three of the parts of 
a triangle to have been measured, of which one at least is a side, 
the other three parts will be determined by means of the formulae 
of this Chapter; the relations between the increments of the parts 
will enable us to find the effect in producing errors in the values 
of the latter three parts, of small inaccuracies in the measurement 
of the former parts. We shall suppose that the increments are so 
small that their squares and products may be neglected. 


Suppose A, B, C, a, b, c, to be the values of the angles and 
sides of a triangle, as ascertained by the measurement of one side 
and two angles, two sides and one angle, or the three sides, the 
other three values being connected with the three measured ones 
by means of the formulae given above. If the three parts have 
been measured inaccurately, there will be consequent inaccuracies 
in the values of the other three parts as found by the formulae; let 
A+6A, B+6B, C4+8C, a+6a, b+ 6b, c+éc be the accurate 
values of the angles and sides; we shall obtain relations between 
the six errors 6A, 6B, 8C, da, 5b, dc. It will be convenient to 
suppose the increments of the angles to be measured in circular 
measure ; they can however of course be at once reduced to 
seconds. 


We have csin B— bsinC=0, 
(c + 6c) sin (B + 6B) — (b + 8b) sin (C+ 6C) = 0; 
since when the squares of 5B, 6C, are neglected, 
sin(B + 6B)=sin B+6Bcos B, sin(C+6C)=sin C+ dC cos C, 
we have, (c+ 8c) (sin B+ 6B cos B) — (b + 6b) (sin C+ dC cos C) = 0; 
hence if we neglect the products 6c, 6B, 6b, dC, we have 
ccosB.8B+sin B. dc —beosC. dC — sin C. db = 0. 
This, with the two corresponding equations, may be written 


sinC.db—sin B.dc=ccosB.dB—beosC.&C 
sin. A.dc —sinC.éa=acosC.8C —ccosA.dd>..... CON 
sin B.da—sin A.6b=bcosA.d54 —acosB.6B 
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Also 6A ‘+ OBE OU = 0. ce nsesuers aceon (8), 
in virtue of the relations 
A+B4+C=7,A+6A+B+6B4+C+5C=7. 
The equations (7) are not independent, as may be seen by 
writing them in the form 


m9 cot B. 8B — cot 0.80 


b 

Be OTR cot AL SA 
Gt: 

fa _ = cob A.84 — cob B.3B 


which shews that any one of the equations may be deduced from 
the other two. 


The system consisting of two of the equations (7) and the 
equation (8), is sufficient to determine any three of the six errors 
when the other three are given, except that one at least of the 
three given errors must belong to a side. 


By eliminating 6B, 6C, between (7) and (8), we obtain an 
equation giving da in terms of 8b, dc, and 64 ; this may however be 
found directly from the formula a? = b? + c? — 2bc cos A; we obtain 


ada = (b —ccos A) 8b + (¢ — bcos A) dc + besin ASA, 


which, with the two corresponding formulae, becomes in virtue 
of (1) 


béb = bcos A.8ce+bcosC.Sa+casinB. &B)...... 


aéa = acosC’.6b+acosB.6c+bcesinA.6A 
(9) 
céc=ccos B.$a+ccosA.db+absin(. &C 


Relations between the sides and angles of polygons. 


127. Let a,, ay, dy...d, denote the lengths of the sides, taken 
in order, of any plane closed polygon, and let a,, a ...a, denote the 
angles, measured positively all in the same direction, which these 
sides make with any fixed straight line in the plane of the 
polygon; then from the fundamental theorem in projections in 
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Art. 17, we have, projecting on the fixed straight line and 
perpendicular to it, the two relations 


@y COS @ + My COS A +...... + Gn COS A, = 0, 

Q, SIN @, + G_ SIN a, +.....- + Gp SiN G = 0, 
Now let the line on which the projection is made, be the side ay, 
if we denote by £, the external angle between a, and a,, by B, the 
external angle between a, and a,, &c. then 

% = Bi, % =P, + Be, = Bit Bot Bs, &e., an = 22, 
we have then 
a, cos 8, + a, cos (B; + Bz) + as cos (By + Bo + Bs) +... + An = 0 
a, sin B, + a, sin (B; + 8) + as sin (B, + B, + Bs) 4+... (10), 
+ Ona sin (By + Bote. Bs) =0 

the two fundamental relations between the sides and angles of a 


polygon. If there are only three sides, these relations reduce to 
(1) and (2) respectively, remembering that 8, =m — A, 8, =7—A. 


128. In the first equation in (10), take a, over to the other 
side of the equation, then square both sides of each equation and 
add ; in the result the coefficient of 2a,a, is 
cos (8B, + B,+...+ B,) cos (Bi + Bs +... + Bs) 

+sin(8,+ 8,+...+ 8-)sin (8, + B.+...+8,), 
or C08 (Bria + Brio ++. +B,) 5 
this is the cosine of the angle @,, between the positive directions 
of the sides a, and a,; we thus obtain the formula 
On? = Ay? + A? +...+ An? + 20,4, cos O,, +...+ 24,0, cos 6,,+...(11), 
which is analogous to the formulae (3), to which it reduces when 
n=3. In the formula (11), 7 and s are each less than n and are 
unequal, 


The area of a polygon. 


129. The area of a polygon is given by the expression 
(Bite SID Oye indy hips BID Dpg hie se) raise vos vin ns (12), 
or 42a,a, sin @,,, the summation being taken for all different values 
of r and s; if we suppose s is always the greater of the two 
quantities 7 and s, the angle @,, is, as in the last Article, the 
sum of the external angles 8,4, + 8,42.+...+ 8; To prove this 
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formula, we shall first shew that in the case of a triangle it 
reduces to the expression $a,a;sin A,, and shall then shew that 
if it holds for a polygon of n—1 sides, it also holds for one of 
n sides. 


We have in the case of the triangle A,A,A;, in which 
A,A,=, 


6,,= 1 — Ax, 03= 17 — Az, 013 = 20 — A, — As; 
hence in this case $2a,a, sin 6,, is equal to 
4 (a,a, sin A, + a.a38in A; — a,a3sin A,) or $a,4; sin A,, 
thus the formula holds when n = 3. 


Now suppose the formula true for a polygon of sides 


so that the area of the polygon is 
44,0, Sin 0,, + $n 2a, Sin O,_, ,, 
where 7 and s are each less than n — 1, now replace the side a’,_, 
by two sides a@,_1, @, thus making a polygon of n sides; we have 
to add 4a, 4a, 8in On+,n; the area of the polygon of n sides is 
then 
$2a,a, 810 9... + $n 2a, Sin Ona, p + $AprAn SIN Any, n- 
Now we have, by projecting the side a’,_, on a,, 
Un asl OC, 9-1 = On Sil Onn) + A, SiO, 
hence the above expression becomes 
$2a,a, 810 8,,+ $2, (Gn—1 810 O,, na + On SID O,, n) + $An—rGn SIN Ons, n5 
or 42a,a, sin 6,,,, 
where r and s have all different values from 1 up to n, such that 
TRS; 


The formula (12) has been shewn to be true when n = 3, and 
is therefore true for n =4 &c., and therefore holds generally. 


It should be observed that in the formula (12), the coefficient 
of a, vanishes, in virtue of the second equation in (10); the 
formula therefore becomes 42a,a,sin 6,,,, where 7 and s have all 
values from 2 up to n, s being always greater than r. 
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EXAMPLES ON CHAPTER X. 


Prove the following relations in Examples 1—11, for a triangle ABC. 
1. asin(B-C)+bsin (C—A)+csin (A — B)=0. 
2. a cos A+6' cos B+¢ cos O=abe (144 cos A cos B cos C). 
3. a® cos C+? cos A = {62+ (c—a)*}. 
4, acosAcos24+bcos Bcos 2B+c cos C'cos2C 
+4cos A cos B cos C(acos 4 +b cos B+ccos C) =0. 
5. a*®cos2(B-—C)=b? cos 2B +c? cos 20+ 2be cos (B— C). 
a3 cos (B— C) +6? cos (C— A) +<¢3 cos (A — B) =3abe. 
=a' cos 3B+3a7b cos (2B—A)+3ab* cos (B— 2A) +63 cos 3.4. 


COM ee Of 


(cot $A —tan 4 B-tan 30)? + (cot$B- tan$C—tan}A) 
+(cot$C—tan $A — tan 4B)! =(cot $4 +cot $B+cot 40). 
9. 6%+4c*—2be cos (A +60°) =c? + a? — 2ca cos (B+ 60°) 
=a? +b?—2ab cos (C+60°) ; 
interpret this result geometrically. 
10. cos $Bsin (4B+C) : cos$Csin($0+B) :: ate: a+b. 
ll. (@+6)sin B=2bsin (B+4C) cos$C. 


12. Prove that, if the sides of a triangle be in s.p., the cotangents of its 
semi-angles are in A.P. 


13. If the squares of the sides of a triangle are in a.P., shew that the 
tangents of its angles are in H.P. 


14. If 1—cos A, 1—cos BL, 1—cosC, are in u.P., shew that sin A, sin B, 
sin C, are in H.P. 
15. If b—a=me, prove that A =cos~1(mcos$C)—$C, 


1+mcos B 
msin B 


and cot }(B—A)= 


16. Prove that, in a triangle, cos A +cos B+cos C>1 and } 3. 


17. Prove that, in a triangle, tan? B tan? }0'+tan?}C tan?$4 +tan? $A 
tan?4B<1, and that if one angle approaches indefinitely near to two right 
angles, the least value of the expression is $. 

18. Prove that a triangle is equilateral if cot A+cot B+ cot C= 8: 

H.1, 11 
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19. Ifin a triangle, 
cosec A cosec B cosec 0'+4 cot A cot Bcot C 
=sec 4A sechB sec $C+4 tan $4 tan $B tan $0, 
prove that one angle is 60°. 


20. Ifin a triangle, cos A=cos B cos C, prove that cot B cot C=$. 


21. If 6 be an angle determined from cos gat, prove that 


(a+) sin 6 q LAs B _esin 6 
a ee and cos$(4 +B) eh 
22. If O isa point inside an equilateral triangle, prove that 
BOC AG 

~ 2B0. CO 


23. Ifc=b+4a, and BC is divided in O so that BO : OC :: 1 : 3, prove 
that LACO=22 AOC. 


24. If CD, CE make equal angles a, with the base of a triangle ABC, 
shew that area ABC : area CHD :: ¢ : 2bsin A cota. 


cos $(4 —B)= 


cos (BOC— 60°) = 


25. If AB be divided in C, D, so that AC=CD=DB, and if P be any 
other point, prove that sin APD sin BPC=4 sin APC sin BPD. 

26. If the sides of a parallelogram be a, 6, and the angle between them be 
@, prove that the product of the diagonals is {(a? + 2)? — 4a2b? cos? w}?. 


27. If Dis the middle point of the side BC of a triangle, and 2 BAD=84, 
LCAD=4, shew that cot d— cot P=cot B—cot C. 


28. <A straight line divides the angle C of a triangle into segments a, £, 
and the side ¢ into segments «, y, and is inclined to this side at an angle 6; 
prove that x cota—y cot B=y cot A—x cot B=(a#+y) cot 6. 

29. If the sides of a triangle are in A.P., and if the greatest angle 
exceeds the least by 90°, prove that the sides are as /7+1, : /7 : V7-1. 


30. Prove geometrically, that in any triangle 

a cos 6=b cos (C— 6) +c cos (B+ 6), 6 being any angle. 
If a, b, ¢ denote the sides AB, BC, CD, of any plane quadrilateral, shew that 
asin A—bsin(A—B)+csin (A—-B-C) 


acos A —6cos(A—B) +c cos (Go poe) nee 


3l. Ifa triangle ABC be such that it is possible to draw a straight line 
AD meeting BC in D, so that BAD is one third of 2 BAC, and also BD is 
one third of BC, prove that a?b?=(b? — c?) (b? + 8c?), 


32. BC is a side of a square; on the perpendicular bisector of BC, two 
points P, Q, are taken, equidistant from the centre of the square; BP, CQ, are 
joined and cut in A; prove that in the triangle 4 BC, 


tan A (tan B—tan C)?+8=0. 
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33. If y+ 22 —2yz cos a=a? 
244° —2zn cosB=b?\ and a+B+y=2r, 
v2 +y" — 2xy cos y=c? 
prove that 
(yz sin a+ze sin B+ ay sin y)?=} (2b7c? + 20?a? + 2a7b? — a4 — bt — c4), 


34, If A, B, C are angles of a triangle, and x, y, z are real quantities 
satisfying the equation 
ysnC-zsnB — zsinA—s«sinC 
z—ycos C—zcos B y—zcos A—x cos C 


: a Ct soit 
then will sin A sin B sin 0’ 


35. Prove that the area of the greatest rectangle that can be inscribed in 
a sector of a circle of radius #, is A? tan $a, where 2a is the angle of the 
sector. 


36. Shew how to construct the right-angled triangle of minimum area, 
which has its vertices on three given parallel straight lines; and if a, b, are the 
distances of the middle line from the other two, shew that the hypothenuse 
makes with the parallel lines an angle cot~! a 

37. If the angles of a triangle computed from slightly erroneous 
measurements of the lengths of the sides be A, B, C, prove that if a, B, y be 
the approximate errors of lengths, the consequent errors of the cotangents of 
the angles are proportional to 


cosec A (8 cos C-+y cos B—a), cosec B(y cos d+acos C— 8), 
cosec C (acos B+ cos A—y). 


38. Prove that, if in measuring the three sides of a triangle, small errors 
2, y be made in two of them a, 6, the error in the angle C is 


= é cot B+4 cot 4), 
a b 


and find the errors in the other angles. 


39. The area of a triangle is determined by measuring the lengths of the 
sides, and the limit of error possible either in excess or defect in measuring 
any length is 7 times the length, where 7 is a small quantity. Prove that in 
the case of a triangle of sides 110, 81, 59, the limit of error possible in its area 
is about 3°1433 times the area. 


40. Prove that the cosines ¢,, ¢,, ¢3, ¢,, of the four angles of a quadri- 
lateral, satisfy the relation 


; Epithet, Ee Oa yy Villa YAO ly SOP erie OnADy, LO) 
(ey! + Gat + C54 + cyt) — 2 (04709? + C9705? + 05701? + C404” + 04709 + 04705”) 
6 D} 7. 2 Ne 
+4 (69224? + c520,20,2 + C42c, 205? + €4205%C3") +40 C9004 (2 — C4? — C2? — Cg? — €y?) = 0. 


11—2 


CHAPTER XI. 


THE SOLUTION OF TRIANGLES. 


130. WE shall now proceed to apply the formulae obtained 
in the preceding Chapter, to the solution of triangles, that is, when 
the magnitudes of three of the six parts are given, to find the 
magnitude of the remaining three parts; one at least of the three 
given parts must be a side. We shall generally select such 
formulae as can be used for numerical computation by means of 
logarithms, as these formulae only are of use in practice. 


The solution of triangles is made to depend upon a knowledge 
of the numerical values of circular functions of the angles, hence 
since such circular functions are the ratios of the sides of right- 
angled triangles, it is seen that the solution of all triangles is 
really performed by dividing up the triangles into right-angled 


ones, 


The solution of right-angled triangles. 


131. Suppose the angle C of a triangle to be 90°, then this 
is one of the given parts, and we can solve the triangle in the 
various cases in which there are two other parts given, one at 
least being a side. 

(1) Suppose the two sides a, b, to be given; then the angle 
A can be determined from the formula tan A = a/b, and B is then 
found as the complement of A; also c=acosec A, which deter- 
mines c, when A has been found; the logarithmic formulae for 
solving the triangle are then 

Lian A =10 + log a —log 6, 
B=90°- A, 
loge =loga—Lsin A +10. 
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(2) Suppose the hypothenuse ¢ and one side a to be given; 
then the angle A is determined by means of the formula 
sin A= a/c, B is found as the complement of A, and b is found 
from the formula b=ccos A, or from b?=c?—«a?. 


The logarithmic formulae are 
Lsin A = 10 + log a — loge, 


B=90° — A, 
and log b= loge + L cos A — 10 
or log b = log (¢ + a) + $log (c —a). 


(3) Suppose the hypothenuse c and one angle A are given, 
then B is found at once as the complement of A; a is found 
from a=csin A, and 6 as in the last case. 

The formulae are 

log a= loge + Lsin A —10 


B=90° — A, 
log b = log ce + Lcos A — 10 
or log b = 4log (c + a) + 4log (c — a). 


(4) Suppose one side a and one angle A to be given, then B 
is 90° — A, cis acosec A, and 0 is found as in the last two cases; 
the formulae are 


log c =loga—L sin A + 10, 


B=90° — 4, 
log b= loge + L cos A — 10 
or log b = log (¢ + a) + Slog (c — a). 


132. In certain cases, the formulae of the last article are 
inconvenient, for example in case (2) if the angle A is nearly 90°, 
it cannot be conveniently determined from the equation sin A = a/c, 
since the differences for consecutive sines are in this case in- 
sensible, we therefore use another formula; from the theorem (4) 
of Chap. X. we obtain btant}B=c—a, bcot}B=c+a, hence 
tan? 4 B= ae thus we have tan (45° -—4A)= (<2) , and this 

c+a c+a 
formula, being free from the objection, may be used to determine A. 


Again in cases (3) and (4), the formula b=ccos A is in- 
convenient if A is very small; we may then use the formula 
b=c—csinA tansA. 
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133. Various approximate formulae may be found for the solution of 
right-angled triangles. Let us denote by a, 8, the circular measures of the 
angles A, B respectively. 

(1) An approximate form of the formula a=c cos B, is 

a=c(1 Syke ex"), 
which is obtained by taking the first three terms of the expansion of cos 2 in 
powers of the circular measure of B; this formula may then be used for 
approximate calculation of a, when c and B are given, provided 8 is less than 


unity. 
(2) Since sin A=a/ce, we have a—j}a’+ 74 90°=a/c, approximately ; to 
obtain a in terms of a/c, we have as a first approximation a=a/c, and as a 


3 

second approximation a="+ e G) ; the third approximation is 
a a a\*)3 

eee 1 =i 

aCe 


Co O\ eee a 
OE Ca aaa LO Np iid 


which may be used to calculate a. 


(3) From the equation tang B= (C=). we can obtain the approximate 
ONE 2 
f 19—(e-2\4 1 (22% 1 (8% 
ormula $8 (=) 1-4 ia +4 sre 
: : 3 sin 2h F 
a {Oh ; pe ee Ee : 
(4) Using Snellius’ formula ¢ 5 (24008 26)’ for the circular measure of 


an angle (see Ex. 32, p. 135), in which the approximate error is #5, put 


2@=8, we then obtain the formula B= , and the error is approximately 


3b 
2o+a 
zs08°; thus B is given in degrees by the approximate equation 


3d Soe 
slope. Di 290. 


The solution of oblique-angled triangles. 


134. To sole a triangle when the three sides are given; 
any one of the formulae 


singda [eapeaen cos} A = er. 


be 
tantA= {S—26 “ a 


s(s—@) 


with the corresponding formulae for the other angles, may be 
used ; these formulae are adapted for logarithmic calculation. 
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EXAMPLE. 
The sides of a triangle are proportional to 4, 7,9; find the angles, having 
gwen 
log 2='301030. 
L tan 12° 36’ =9:349329, diff. for 1’=-000593 
Ltan 24° 5/=9°650281, diff. for 1’=-000339. 
We find s=10, s-a=6, s—b=3, s—c=1, and hence tan}d=¥/1/20, 
tan }3B=1/2/10, thus L tan$4 =10—4(1+°301030)=9'349485 
and Ltan$B=10+4 (301030 — 1) =9°650515. 
To find 4, we have 9:349485—9-349329=-000156, and 18%. 60”=15"'8 
approximately, hence $4 = 12° 36’ 158, or A =25° 12’ 316. 
To find B, we have 9°650515 — 9°650281 = 000234 and 224.60”=41'"4 
approximately, hence $B= 24° 5’ 41-4, or B=48° 11’ 22'"8; also 
C=180° — A — B=106° 36’ 56; 


thus we have found the approximate values of the angles. 


135. To solve a triangle when two sides and the included 
angle are given. 


Suppose 8, c, and A, are the given parts, then Band C may 
be determined from the formula 


: = : cot $4, 
together with B+ C= 180° — A; the logarithmic formula is 
L tan 4 (B—(C)=log (b—c) —log(b+c)+Lcot $A. 
Having found B and C;, the side a may be found from any one 
of the three formulae 


tan 4(B — C0) = 


loga=loge+ Lsin A—Lsin¢, 
log a+ L cos }(B—C0)=log (b+ ¢)+ Lsin $A, 
loga+ ZL sin $(B—C)=log (b—c) +L cos $A. 
We may also determine a thus:—Since a? = b? + c? — 2be cos A 
we have 
a? =(b +c)’ — 4be cos? 4.4, 

hence a =(b +c) cos ¢, where ¢ is given by 
2Vbe cos $A | 


es b+e 
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thus we may first find ¢ by the logarithmic formulae 
Lsin $= log 2+4logb+4loge+Lcos$A — log (b+¢), 
and then determine a by the formula 


log a=log(b+c)+L cos f — 10, 


EXAMPLE, 


If a=123, c=321, B=29° 16’, find A, C, b, having given 
log 99=1-9956352, Lsin29°16’= 9°6891978, 
log 123=2:0899051, L sin 15° 42’= 94323285, diff. for 1” =74:87, 
log 2220 =3'3463530, JL cot 14° 38’=10°5831901, 
log 2221 =3'3465486, Ltan59° 39’ =10-2324552, diff. for 1” = 48:27. 
We have Ztan4(C—A)=Z cot 14° 38’+ log 99 — log 222 
=10°5831901 + 19956352 — 2°3463530 
= 10°2324723. 
aig 
48°27 


hence 4(C— A)=59° 39’ 35, also (C+ A)=75° 22’, therefore 4 =15° 42’ 565, 
C=135° 1’ 35. 


Now 10°2324723 — 10:2324552=-0000171, and =3°5 approximately, 


Again log b=9°6891978 + 2:0899051 — Z sin 15° 42’ 565, 
and 56°5 x 74°87 = 4230°155, hence Z sin 15° 49’ 565 =9:4327515, 
therefore log b= 23463514, so that b= 222 — 1%, =221°992. 


136. To solve a triangle when two sides and the angle opposite 
one of them are given. 

This is usually known as the ambiguous case. 

Suppose a, c, and A, are the given parts, then sin C is deter- 


mined from the equation sin C= - sin A ; when sin Cis thus found, 


there are in general, if csin A +a, two values of C less than 180°, 
the one acute and the other obtuse, whose sine has the value 
determined ; we must consider three different cases: 


(1) if csin A >a, we have sin C>1, which is impossible, and 
indicates that there is no triangle with the given parts; 


(2) if csin A =a, then sin (=1, and the only value of C is 90°, 
thus there is one triangle with the given parts, and that one is a 
right-angled triangle ; 
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(3) if csin.A <a, then sin C<1, and there are two values of 0, 
one acute, the other obtuse ; 


(a) if c<a, we must have (<A, hence C must be acute, 
thus there is only one triangle with the given parts; 


(8) if >a, the angle C is not restricted to being acute, and 
both values are admissible, in this case then there are two 
triangles with the given parts; 


(y) if c=a, then C= A or 180° — A;; for the latter value of C 
two sides of the triangle are coincident, the first then gives the 
only value of C for which there is a triangle of finite area. 

We may state the above results thus: 

esin A >a no solution 
esinA=a one solution 
¢ <a one solution 


csin A <a . 
c >a two solutions J 


When C is nearly 90°, it cannot be conveniently determined by means of 
its sine; in that case we may use one of the formulae 


in A i a+tesin A 
tan C= + oes tan (45°+ ee 
~/(a+csin A)(a—esin A)’ ( b a—csin A 


137. It is instructive to investigate geometrically, the different 
cases considered in the last article. 


From B draw BD perpendicular to the side 8, then 
BD=csin A; with centre B and radius a, describe a circle ; 
then if a is less than csin A, this circle will not cut the side AC 
and no triangle with the given parts can be drawn, but if 
a>csin A, the circle will cut AC in two points, C, and C,. In 
the case a < c, both O, and C, are, as in Fig. (1), on the same side 
of A, and the two triangles ABO, and ABC, have each the given 
parts, the angles AC,B, AC,B being supplementary; if however 


B 
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B 


A D 


a>c, then C, and C, are on opposite sides of A, and only the 
triangle ABC, has the given parts. The triangle ABC,, in this 
latter case, has the angle at A not equal to A, but to 180°—A, 
and therefore does not satisfy the given conditions. 


If a=csin A, the circle touches AC at D, and the right-angled 
triangle ADB is the one triangle with the given parts. 
We remark that since, in Fig. (1), 
AD=ccos A, and (,D=C,D =Va?— sin? A 
the two values of b are 
ccos A +Va?—csin? A and ccos A — Va? — c? sin? A, 


these values being both positive when there are two solutions ; 
we may also obtain these values of b as the roots of the quadratic 
equation in b, 


a = b? + c — 2bc cos A. 


138. To solve a triangle when one side and two angles are given. 


Suppose a the given side, and A, C, the given angles, then B is 
determined from the equation B= 180° — A —C, and the sides b, ¢ 
will be determined by means of the formulae 

log b=loga+Zsin B—L sin A, 
loge =loga+LsinC—-Lsin A. 
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EXAMPLE. 


If a=10, A=51° 30’ 40”, B=76", find b, having given 
log 12396 =4:0932816, L sin 76°=9-9869041, 
log 12397 =4:0933166, L sin 51° 30’=9'8935444, 
L sin 51° 31’ =9'8936448. 


We have log b=9:9869041+1— LZ sin 51° 30’ 40” 
and L sin 51° 30! 40” =9°8935444 + 48 x -0001004 
=9°8936113, 
hence log b=1-0932928, therefore b=12'396 +412 x ‘001, 
or b=12°3963 approximately. 


139. The expression ccos 4d +/a?—c¢?sin? A for b, may be adapted to 
asin(@+A) 

ae © thus @ 
having been determined from the equation Zsin d6=ZL sin A +log ¢—log a, we 
can determine 6 from log b=log a+ Lsin(@+A)—Lsin A. 

Denoting by a, B, y, the circular measures of the angles A, B, C, respectively, 
and by a’, 6’, y’, the complements of a, 8, y, we obtain the following approxi- 
mate formulae for the solution of triangles. 


logarithmic calculation; let sing =o sin A, then b= 


(1) Suppose A, C, a, are given, ( not being large; then from the formula 
__ asind | 
~ sin(A+C) 

e=acosec (A+C) ty—$y> +it07"}- 


, we get the approximate formula 


Also if A and Care both not large, we have 
a(y—t+r20” — +++) 
~ @+y)—-$(e+7 +1 io +7) = 
hence ¢ is given approximately by 


spy OL aN LEO) ) 
c=a— {143 (a2+2a 
ay * § (a ys 


which may be used for calculating c. 
(2) Suppose, as in the last case, that A, C, a, are given; also suppose C is 
COS _ Pe ne 
=—— 1l- aa a 
in(A+0)’ therefore c= AERO —ty?+ yy") may 
be used to cf c Sf trees or 
If both A and Care nearly 90°, we have 


acosy ong a(1—dy?+...) 
ant)" ° @ ty) Fe by Pte 


nearly 90°, then C= 


eT Me 19/2} 
therefore g on ay (y'-a')+ha 


gives ¢ approximately. 
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140. We shall give a few examples of the solution of triangles, 
when instead of sides and angles there are other data. 


(1) Suppose the three perpendiculars from the angles on the opposite 
sides given; denote them by 9, ~»2, p3, we have then ap,=bp,=cp,=2 area 
of triangle. Now since 


cos $A = i ue #) 


ern oS ei (PaPs + PsPs + PPs)(—PaPot PoP t PsP2) 
4p1"P2Ps 
which determines A; also p,=csin A, hence c is determined when A is known. 


? 


(2) Suppose the perimeter and the angles of the triangle given. We have 
s=f (sin A+sin B+sin 0), 


hence £# is determined, and the sides are then 


: : 2s sin A 
2ksinA, 2ksinB, 2RsinC, or C= = tie OL 
ith similar values for b and c; this value of @ reduces to —°* 34 _ 
with similar values for b and ¢; this value of a reduces to —— 4B cos $0” 


which is adapted to logarithmic calculation. 


(3) Suppose the base, height, and difference of the angles at the base 
given. Let a be the base, p the height and B-— C=2a, the given difference: 
then since B+ C=180° — A, we have B=90°+a—4A, C=90° —a-—4A, also 


a=p (cot B+cot C)=p {tan ($4 —a)+tan ($4 +a)}, 


a 2 sin A Seats : 
t Se ee 
eels, Oe Mae. hence cos A is given by the quadratic 
a* (cos A + cos 2a)?= 4p? (1 — cos? A) 
or cos? A (a? + 4p*) + 2a? cos 2a. cos A = 4p? — a? cos? 2a, 


the solution of which is 


a 
these are two values of cos A corresponding to two solutions of the problem. 
Solve the triangle with the following data: 
(4) C,o,atb. 
(5) B, a, b+e. 
(6) The area and the angles. 
(7) ©, c+a, c+b. 
(8) The angles and the height. 
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The solution of polygons. 


141. The relations between the sides and angles of polygons, 
and the methods of solving a polygon when a certain number of 
sides and angles are given, have been considered by Carnot’, 
L’Huilier?, Lexell*, and others. The two fundamental equations 
in this so-called Polygonometry, have been given in Art. 127, 


In order that a polygon of n sides may be determinate, 2n — 3 
of its 2n parts must be given, and of these at least n—2 must 
be sides. To prove this, suppose the polygon divided by means of 
a diagonal, into a triangle and a polygon of n—1 sides; if the sides 
and angles of the latter polygon were determined, we should only 
require to know two parts of the triangle in order to determine 
the figure completely, since one side of the triangle is already 
determined as a side of the polygon, hence to determine a polygon 
of n sides we require to know two more parts than for a polygon 
of n—1 sides; since therefore for a triangle three parts must be 
given, one of which is a side, for a polygon of n sides we must 
have 3+2(n—38), that is 2n —3 parts given. If of these 2n—3 
parts, only n —3 were sides, we should have n angles given; but if 
nm —1 angles are given, the nth is also given, so that only 2n — 4 
independent parts would be given, thus at least n —2 of the given 
parts must be sides. 


In some cases, a polygon can be conveniently solved by dividing 
it by means of diagonals into triangles, taking the diagonals for 
parts to be determined; this method is however not always con- 
venient, as may be seen, for example, by considering the case of a 
quadrilateral when two opposite sides and three angles are given. 


142. To solve a polygon of un sides, when n—1 sides and n—2 
angles are given. 


(1) Suppose the angles to be found are adjacent to the side 
to be found. We shall, as in Art. 127, use the external angles 
81, Bz... Bn between the sides, instead of the internal angles; 


1 Carnot, Geometrie der Stellung. 
2 L’Huilier, Polygonométrie. Geneva, 1789. 
3 Lexell, Nov. Comm. Petrop., vols. x1x. xx. 
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suppose a» the side to be found, then from the second equation 
(10) of Art. 127, we have 


sin B, {a +d, CoS By + a3 C08 (By + Bs) +... + An 60S (Ba +... + Brex)} 
= — cos B, {a. sin 8. + a3 sin (By + Bs) +... + Gn Sin (Be +... + Bie 
hence 


a, sin 8, + a, sin (8, + Bs)+.--+@n—1 Sin (8, +... +Rn—r) 
a, + 4,008 B,+a,C08(B,+B3)+...+ Gn 60S (By +... + Rn)’ 


this determines 8, in terms of the given angles ®:, B;... Bra and 
the given sides dy, ds... @n_,; it should be noticed that this equation 
is found by projecting the sides on a perpendicular to the unknown 
side; the remaining angle @, is then determined from the rela- 
tion 8, + B.+... + Bn = 27. 


tan 8, =— 


Having found #, and 8,, we can determine a, from the 
equation obtained by projecting the sides on ap, 


An = — {a, COS B, + A Cos (2, + B82) +...}, 
or by means of the equation (11) of Art. 128, which gives a,? in 


terms of the squares and products of the other sides and of the 
cosines of the angles between the sides. 


(2) Suppose the angles to be found are adjacent to one 
another but not to the side which is to be found. We shall take 
a, as the side to be found, and 8,, 8,4, the angles to be found, 


then 8,+8.4,=27—(6i+ Bot... + But Brot... + Bn), 
thus 8, + 8,4: 18 known; also from the second equation (10) 


a, sin (8, + B.+...+8,) =— a, sin B, — a, sin (8, + RB.) —... 
— d,-, in (B, + Bot... + Ba) — G4, 8in (8B; +... + By) — 
— An sin (Bi ee Ba); 
hence 8, + 6,+...+ 8, can be determined, and therefore £.. 


The side a, is then determined as in the last case. 


(3) In the case in which the two unknown angles are not 
adjacent to one another, let H, K be the angular points at which 
the angles are unknown; join HK, then the polygon is divided 
into two polygons, in one of which all the sides except one, are 
known, and all the angles except the two which are adjacent to the 
unknown side. We can solve this polygon as in (1), determining 
HK and the angles H and K. 
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In the other polygon we now have all the sides except one 
given, and all the angles except two adjacent ones; this polygon 
can therefore be solved as in (2); we have then all the sides of 
the given polygon determined, and the angles at H and K are 
determined by adding the two parts into which they were divided 
by HK, and which have been separately found. 


143. To solve a polygon of n sides, when n — 2 sides and n—1 
angles are given. 


We determine the remaining angle at once from the condition 
Bi + Bot... + Bn = 2. 
To determine an unknown side a,, use the equation 
a, Sin 8, + a, sin (8; + 8.) +... + An sin (8B, + 82+... + Bn) = 9, 


obtained by projecting perpendicularly to the other unknown side 
Qn. We can then determine a, in a similar manner, or use the 
other fundamental equation. 


144. To solve a polygon of n sides, when the n sides and n—3 
angles are given. 

Let P, Q, R, be the angular points at which the angles are not 
given; join PQ, QR, RP, then the polygon is divided into four 
parts, one of which is a triangle. In each of the parts except 
PQR, all the sides except one are given, and all the angles except 
those adjacent to those sides, we can therefore determine PQ, QR, 
RP, and the angles at P,Q, R. We can then find the angles of 
the triangle PQR, of which the sides have been determined. We 
obtain now by addition the angles at P, Q, R, of the given 


polygon. 


Heights and distances. 


145. We shall now give some examples of the application 
of the solution of triangles to the determination of heights and 
distances. For fuller information on this subject, as for the de- 
scription of instruments for measuring angles, we must refer to 
treatises on surveying. The angle which the distance from any 
point of observation to an object, makes with the horizon, is 
called the elevation or the depression of that object, according 
as the object is above or below the horizontal plane through 
the point of observation. 
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146. To find the height of an inaccessible point above a hort- 
zontal plane. 

Let P be the inaccessible point and C its projection on the 


horizontal plane, let PC = h, and suppose any line AB =a, measured 


P 


fp 


A B C B 


on the horizontal plane, if possible so that ABC is a straight line ; 
let the elevations of P at A and B be measured, denote them by 
aand 8; then a= AC — BC=h (cot a —cot 8), therefore 


_asinasin 8 
~ sin(B—a)’ 
which determines h. If it is impracticable to measure the base 


line directly towards C, let it be measured in any other direction ; 
let the elevations a of P, be measured at A, and also the angles 


PABA, and PBA 28 then PA Bo nd eee 
sin (y + 6) 
therefore h =a Sng sts thus hf is determined. 
sin(y + 6) 


147. To find the distance between two inaccessible points. 


Let P and Q be the two objects, and let any base line AB=a, 
be measured, the points A, B, being so chosen that P and Q are 


r Q 
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both visible from each of them. At A measure the three angles 
PAQ=4, QAB=£, PAB=y; it should be observed that the 
angles PAQ, QAB, are in general not in the same plane. At B 
measure the angles PBA = 6, and QBA =.«. 


From the two triangles ABP, ABQ, we have, 


sin 8 
sg sits GV ARDY’ 
sin € ; 
and AQ =a an(aey Thus AP, AQ are determined by the 


formulae 
log AP = loga + Lsin § — Lsin(y + 8) 
log AQ = loga+ Lsine — Ls (8 + €). 

In the triangle PAQ, we now know AP, AQ, and the angle 
PAQ =a, we find then the angles APQ, AQP, by means of the 
formulae 
Ltan4(APQ— AQP) = L cot $a + log(AQ— AP) —log(AQ + AP), 

APQ + AQP = 180° — a. 
We then find PQ, by means of the formula 
log PQ = log AP + Lsina—Lsin AQP. 
148. Pothenot’s Problem. To determine a point in the plane 


of a triangle at which the sides of the triangle subtend given 
angles. 


C 


A B 
— Le 
P 


Let a, 8, be the angles subtended by the sides AC, CB, of a 
triangle ABC at the point P, and let «, y, denote the angles 
PAC, PBC respectively; the position of P is found when the 
angles # and y are determined, for the distances PA and PB 
can be found by solving the triangles PAC, PBC. 


H. T. HY, 
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We have ety=%r—-a—PB-C. 
Also asda pod heey 
sin @ sin 8 


Assume ¢ to be an auxiliary angle such that 


asin a 


Can tani ae 


sing —siny 
sinz+siny 


“sin @ ° 
therefore a = tang, hence =tan(¢— 45, ), 


or tan $(# — y) = tan4(a + y) tan (¢ — 45°) 

= tan (45° — g) tan$(a+8+4+0), 
thus «—y can be found, and since #+y is known, we can find 
wand y. 


149, EXAMPLES. 


(1) It ts observed that the elevation of the top of a mountain at each of the 
three angular points A, B, C, of a plane horizontal triangle ABC, is a; shew that 
the height is 4a tan acosecA. Shew also, that if there be a small error n” in the 
atana ( cos C sin 5.) 


elevation at C, the true height ts very nearly 4 eae a 


sin A sin B’ sin 2a 
Let O be the projection of the top of the mountain on the plane 4 BC, we 
have then, if 4 is the height of the mountain, h=O4A tan a= OB tan a= OC tan a, 


A 


thus O is the centre of the circle round ABC, hence OA=$acosec A, or 
h=%a tan acosec A. When the measurement of the elevation at 0 is a+n", 
let O' be the projection of the top of the mountain, then since the elevations at 
A and B are equal, 00’ is perpendicular to AB; let h+a now be the height of 
the mountain. We find geometrically, 


0'A=0A+00' cosC, O'C= 00-00 cos (AB), 
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when 0O’ is so small that its square may be neglected, hence 
h+a=0'A tana=O0'C tan (a+n”) 
=(04 + 00' cos C) tan a={0C0— 00’ cos (A — B)} tan (a+n"), 
hence w=O00'.cosC.tana= O0O'cos (A- 8B) tana+0OCsec?a.sinn’, 
since tan (a+z”)=tan a+sec?a.sin 2”, approximately; eliminating 00’, 
we have a cos (A — B) tan a=cos C'tan a (OC sec? a. sin n” — 2), 
hence 2v sin A sin B= OC sec? a cos C'sin n”, 


a tan cos C sin 2” 
a ( re ) 


therefore the true height +42, is $ Se ao aan Bh OnE 
a 


(2) The sides of a triangle are observed to be a=5, b=4, c=6, but it vs 
known that there is a small error in the measurement of c; examine which angle 
can be determined with the greatest accuracy. 


Let 6+. be the true value of the side c; let A+6A, B+6B, (+80, be the 
angles of the triangle, the parts 64, 6B, dC, depending on x; we suppose «7 so 
small that its square may be neglected. 


We have 
_164+(6+a)?-25 274127 4 a 7 ry 
cos (A +64)= 2.4(6+42) = 48 (14 4ga) 28 (1 +290 — 7) 28 (1 + er) 
approximately, hence sin d .64 = — 352. 
aa eae | x , oe 
Also cos ALA RLY CE e =? 1+75 , hence sin B, 6B= — 32, 
25+16—(6+.2)? 


and cos (C+8C)= =t (1 a =) , hence sin C’. d0'= 75a. 


2.5.4 # 

sinA sinB sin’ 
Also Re ey ges 
so that 24,.64=40.d6B=-15. 060. 


Thus 6B is numerically smaller than 64 and 80, hence the angle B can be 
determined with the greatest accuracy. 


EXAMPLES ON CHAPTER XI. 


1, The sides of a triangle are 8, 7, 5; find the least angle, having given 
log 112 = 2:0492180, 
LI cos 19° 6 =9°9754083, diff. for 60” = 0000437. 
2. If in a triangle a=65, b=16, C=60’, find the other angles, having 


given 
log 3= 4771213, Z tan 46° 20’=10:0202203, 


log 7="8450980, Z tan 46° 21’= 100204731. 
12-—2 
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3. The sides of a triangle are 3, 5, 7 feet, find the angles, having given 
log 13°5 = 1°1303388, log 14=1°1461280, 
L cos 10° 53’=9°9921175, L cos 10° 54’=9°9920932. 


4, If B=45°, C=10°, a=200 ft., find 6, having given 
log 2=-3010300, log 172°64 =2-2371414, 
L sin 55°=9°9133645, log 172°65 =2'2371666. 


5. If in a triangle b=2°25 ft., c=1°75 ft., A=54", find B and C, having 


given 
log 2='301030, L cot 27° =10-292834, 


L tan 18° 47'=9°389724, JL tan 13° 48’=9-390270. 


6. If the ratio of the lengths of two sides of a triangle is 9: 7 and the 
included angle is 47° 25’, find the other angles, having given 
log 2=°3010300, JZ tan 66° 17’ 30” =10°3573942, 
LI tan 15° 53’=9°4541479, diff. for 1’=4797. 


7. An angle of a triangle is 60°, the area is 10,/3 and the perimeter is 
20, find the remaining angles and the sides, having given 
log 2=°3010300, JZ sin 49° 6’=9°8784376, 
log 7="8450980, JZ sin 49° '7'=9°8785470. 


8. In a triangle ABC, it is given that a=10 ft. b=9 ft, C=tan1(4); 
find c. If errors not greater than 1 in. each are made in measuring a and }, 
and an error not greater than 1° in measuring C, shew that the error in 
the calculated value of ¢ will be less than 2°7 in. 


9. In the ambiguous case a, 6, B being given, where a>, if c, c’ be the 
values of the third side, shew that ¢?— 2cc’ cos 2B+ ¢?= 4b? cos? B. 


10. In the ambiguous case in which a, b, A, are given, if one angle of one 
triangle be twice the corresponding angle of the other triangle, shew that 


a/3=2bsin A, or 4b3sin? A=a?(a+3b). 


ll. The base of a triangle is equal to its altitude, and the two other 
sides are of known length; determine the remaining parts of the triangle 
by formulae adapted to logarithmic calculation, Shew that the ratio of the 


given sides must lie between $ (/5—1) and $(/5+1). 
12. A triangular piece of ground is 90 yards in its longest side, and 100 


yards in the sum of the other two sides, and one of its angles is 46°. Deter- 
mine the other angles, having given 


L tan 23° =9°6278519, 
L tan 13° 15’=9'3719333, L tan 13° 16’=9-3724999. 


13, An angle of a triangle is 36°, the opposite side is 4, and the altitude 
Ni 1, solve the triangle. 
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14. Shew that it is impossible to construct a triangle out of the perpen- 
diculars from the angles of a triangle on the sides, if any side is <}(3—//5) x 
perimeter; and it is certainly possible to construct such a triangle if each side 
is >} perimeter. 


15. If a triangle be solved from the parts C=75°, b=2, c=,/6, shew that 
an error of 10” in the value of C, would cause an error of about 3'"44 in the 
calculated value of B. 


16. Having given the mean side of a triangle whose sides are in a.p., and 
the angle opposite it; investigate formulae for solving the triangle, and find 
the greatest possible value of the given angle. Solve the triangle when the 
mean side is 542 feet, and the opposite angle is 59° 59’ 59”. 


17. Solve a triangle, having given the length of the bisector of a side, and 
the angles into which this divides the vertical angle. 


18. Solve a triangle, having given one side, the angle opposite it, and the 
perpendicular from that angle on the side. 


19. A triangle is solved from the given parts a, b, A. If the values of 
a, 6 are affected by smali errors x, y respectively, find the consequent error in 
the value of the perpendicular from A on the opposite side, and prove that 
this error is zero if «sin? B cos C=y (sin? B—sin? C). 


20. <A lighthouse is seen N. 20°. E. from a vessel sailing S. 25°. E. and a 
mile further on it appears due N. Determine its distance at the last 
observation correctly to a yard, having given 


Lsin 20° =9°534052, log 2 =:3010300, 
log 206=2°313867, log 207 =2°315900. 


21. A cliff with a tower on its edge, is observed from a boat at sea, the 
elevation of the top of the tower is 30°; after rowing towards the shore a 
distance of 500 yards in the plane of the first observation, the elevations of 
the top and bottom of the tower are 60° and 45° respectively ; find the heights 
of the cliff and tower. 


22. Ais the foot of a vertical pole, B and C are due east of A, and D is 
due south of @. The elevation of the pole at B is double that at C, and the 
angle subtended by AB at D is tan-!1, also BC=20 ft., CD=30 ft.; find the 
height of the pole. 


23. From a certain station the angular elevation of a mountain peak in 
the north-east is observed to be a. A hill in the east-south-east whose height 
above the station is known to be /, is then ascended, and the mountain peak is 
now seen in the north at an elevation 8. Prove that the height of its summit 
above the first station is / sin a cos 8 cosec (a—). 


24. A train travelling on one of two straight intersecting railways, 
subtends at a certain station on the other line an angle a, when the front of 
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the first carriage, and an angle a’ when the end of the last, reaches the junction. 
Prove that the two lines are inclined to each other at an angle 6 determined 
by 2 cot d=cota~ cota’. 


25. A cylindrical tower stands on a horizontal plain ; an eye in the plain 
views the visible arc of the rim of the upper end of the tower. If a, a’, a’, be 
the angular elevations of either end of such arc above the plain, when the eye 
is at distances ¢, c’, c’ respectively, prove that 


(ce? — ¢'2) cot? a+(c”? — c*) cot? a’ + (c? — ¢?) cot? a” =0. 


26. A balloon was observed in the N.E. at an elevation a; ten minutes 
afterwards, it was found to be due N., at an elevation 8. The rate at which the 
balloon was descending was afterwards ascertained to be six miles an hour ; 
shew that its horizontal motion, supposed uniform, was at the rate of 

6 


—_______—— miles an hour, the wind at the time being in the East. 
V2 tan a—tanB 

27. I observe the angular elevation of the summits of two spires which 
appear in a straight line to be a, and the angular depressions of their reflexions 
in still water to be B and y. If the height of my eye above the level of the 
water be c, then the horizontal distance between the spires is 


2c cos? a sin (8—y) 
sin (8 —a) sin (y—a)* 


28, The angular elevation of a tower at a place A due south of it is 30°, 
and at a place B, due west of A and at a distance a from it, the elevation is 


18°; shew that the height of the tower is a Nita 
V2/5+2 
29. A tower 51 feet high, has a mark at a height of 25 feet from the 


ground; find at what distance the two parts subtend equal angles to an eye 
at the height of 5 feet from the ground. 


30. A person on a level plain on which stands a tower surmounted by a 
spire, observes that when he is a feet distant from the foot of the tower, its 
top is in a line with that of a mountain. From a point 6 feet farther from 
the tower he finds that the spire subtends at his eye the same angle as before, 
and has its top in a line with that of the mountain; shew that if the height 
of the tower above the horizontal plane through the observer's eye be ¢ feet, 


the height of the mountain above that plane will be tee feet. 


31. A man, 5 feet high, standing at the base of a pyramid whose base is 
square, sees the sun disappear over one of the edges, half-way along it. Shew 
that if a and 6 are the distances of the man from the two nearest corners, and 
6 is the altitude of the sun, the height of the pyramid is 


10+tan 61/3 (5a? — 2ab + b) feet. 
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32. From the top of a hill the depression of a point on the plain below is 
30°, and from a spot three-quarters of the way down, the depression of the 
same point is 15°; find within 1’ the inclination of the hill. 


33. ABCD is the rectangular floor of a room whose length AB is a feet. 
Find its height, which at C subtends at A an angle a, and at B an angle p. 
If a=48 ft., a=18°, 8=30°, prove that the height is 18 ft. 10in. nearly. 


34, A tower is situated on a horizontal plane at a distance a from the 
base of a hill whose inclination is a. A person on the hill, looking over the 
tower, can just see a pond, the distance of which from the tower is 6. Shew 
that, if the distance of the observer from the foot of the hill be ¢, the height of 
the tower is parecer ® 5 

a+b+ccosa 

35. A person standing between two towers, observes that they subtend 
angles each equal to a, and on walking a feet along a straight path inclined at 
an angle y to the line joining the towers, he finds that they subtend angles 
each equal to 8B; prove the following equations for determining the heights of 
the towers, h’ (cot? B — cot? a)=a?, (h'— h) (cot? B — cot? a) = 2a cot a cos y. 


36. From a hill-top the angles of depression (a, 8) of two piers of a bridge 
are observed, and the distance a between the piers subtends an angle 6 at the 
point of observation; prove that the height of the hill is 

4a cot psec $6 ‘/sin asin B, 
where cos $=2c0s 36. V/sinasin£. (sina+sin 8)~}. 


37. A man on a hill observes that three towers on a horizontal plane 
subtend equal angles at his eye, and that the angles of depression of their 
bases are a, a’, a’; prove that, ¢, c’, c” being the heights of the towers, 


sin(a’—a”) | sin(a”—a) | sin(a-a’) _ 
esina c sin a’ e’sina” 


38. A gun is fired from a fort, and the intervals between seeing the flash 
and hearing the report at two stations B, C, are ¢, ¢’ respectively; D is a point 
in the same straight line with BC, at a known distance a from A; prove that 
(b—c)(a? — be) 
bt? =? 


s 
if BD=b, and CD=c, the velocity of sound is | \ . Examine the 


case when a?= be. 


39. From a point on a hill-side of constant inclination, the angle of 
elevation of the top of an obelisk on its summit is observed to be a, and a feet 
nearer to the top of the hill to be 8; shew that, if h be the height of the 
obelisk, the inclination of the hill to the horizon will be 

ae sin a sin ‘t 
© \A* sin (B-a))* 

40. On the top of a spherical dome stands a cross ; at a certain point the 

elevation of the cross is observed to be a, and that of the dome to be B; ata 
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distance a nearer the dome, the cross is seen just above the dome, when its 
elevation is observed to be y; prove that the height of the centre of the dome 
asiny  sinacosy—cosasinB 


above the ground is — sin (y— a)’ cos y — cos 8 


41, At noon on a certain day the sun’s altitude is a. A man observes a 
circular opening in a cloud which is vertically above a place at a distance a 
due south of him; he finds that the opening subtends an angle 26 at his eye, 
and that the bright spot on the ground subtends an angle 2. Shew that if 
x is the height of the cloud 


x? (cot? atan? @ — tan? 6) — 2ax cot atan? f + a? (tan? p —tan? 6) =0. 


42. From a point on the sloping face of a hill, two straight paths are 
drawn, one in a vertical plane due South, the other in a vertical plane at right 
angles to the former, due East; these paths make with one another an angle 
a, and their lengths measured to the horizontal road at the foot of the hill are 
respectively a and b. Shew that the hill is inclined to the horizontal at an 

. _, (a+b? —2ab cos.a\2 
angle sin! (a) 
absinatana 

43. The breadth of a straight river is calculated by measuring a base of 
length a along one side of the river and observing the angles made with this 
base by lines joining its extremities to a mark on the opposite bank. If the 
instrument by which the angles are measured, gives each a value which is 
(1+) times the true value, 2 being very small, shew that the error in the 
Asin? a—asin?B 


sin’ (a—) 


computed breadth is nearly equal to na. ; a, B being the 


circular measures of the above angles. 


44, An observer from the deck of a ship 20 feet above the sea, can just 
see the top of a distant lighthouse, and on ascending to the mast-head, where 
he is 80 feet above deck, he sees the door which he knows to be one-fourth of 
the height of the lighthouse above the level of the sea; find his distance from 


the lighthouse, and its height, assuming the earth to be a sphere of 4000 
miles radius. 


45. Three vertical posts are placed at intervals of one mile along a 
straight canal, each rising to the same height above the surface of the water. 
The visual line joining the tops of the two extreme posts cuts the middle post 


at a point eight inches below the top; find to the nearest mile the radius.of 
the earth. 


46. Borings are made at three points A, B, C in a horizontal plane, and 
the depths at which gault is found are a, b, ¢ respectively; also AB=A, 
BC=k, ABC=a. If the upper surface of the gault be a plane, shew that its 
inclination @ to the horizon is given by 


tan? $= 3 Die is aS =) cosa+ er cosec? a, 


Z 
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47. The angular elevation of a column as viewed from a station due north 
of it being a, and as viewed from a station due east of the former station and 
at a distance ¢ from it being 8, prove that the height of the tower is 

esinasin B 
{sin (a—) sin (a+f)}* 

48. A lighthouse stands 9 miles due N. of a port from which a yacht sails 
in a direction E.N.E., until the lighthouse is N.W. of her, when she tacks 
and sails towards the lighthouse until the port is S.W. of her, when she tacks 


again and sails into port. Shew that the length of the cruise is 16 miles 
nearly. 


49. A circular pond of radius @ is surrounded by a gravel walk of uniform 
width 6, and the whole is enclosed by a fence of height d. A person of 
height % stands just inside the fence. Shew that the portion of the fence 


whose highest points can be seen by reflection from the water is “th, where 


i) = | h+d /b?+2ab 
—=— cos == ’ 
nom ahd a+b 
: ad 
provided h<d(1+2a/b), and "7490/6" 


50. The width of a croquet-hoop, the thickness of its wires, and the 
diameter of a ball are given; the ball being in a given position, shew how to 
find the conditions that it may just be possible for it to go through the hoop 
(1) straight, (2) by hitting one wire, (3) by hitting both wires ; assuming that 
the angle of incidence is equal to the angle of reflection. 


51. Three mountain peaks A, B, C, appear to an observer to be in a 
straight line, when he stands at each of two places P and Q, in the same 
horizontal line; the angle subtended by AB and BC at each place is a, and 
the angles AQP, CP are ¢ and yp respectively. 


Prove that the heights of the mountains are as 
cot 2a+cot yp : $(cota+cot yw) (cota+cot p) tana : cot 2a+cot , 
and that if @B cut AC in D, AC=CD sin 2a (cot y + cot 2a). 


52. A man standing at a distance c from a straight line of railway, sees a 
train standing upon the line, having its nearer end at a distance a from the 
point in the railway nearest him. He observes the angle a, which the train 
subtends, and thence calculates its length. If in observing the angle a, he 
makes a small error 6, prove that the error in the calculated length of the 

cé 
sin a(¢cosa -@sina) 


train has to its true length a ratio 


53. The height A of a mountain whose summit is 4, is to be determined 
from the observed values of a horizontal base line BC (a), the angles ABO, 
ACB, and the angle (z) which AB makes with the vertical. Shew that 


ED 
~ sin(B+C) ° 
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If & be known approximately, shew that the best direction of BC in order 
that an error in measuring C may have least effect on the accuracy of the 
nce) 


» inf i Ay 
above value of f, is given by B=2 tan ¢ ne) 


54, Three vertical flag-stafts stand on a horizontal plane. At each of the 
points A, B and C in the horizontal plane, the tops of two of them are seen in 
the same straight line, and these straight lines make angles a, 8, y, with the 
horizon. The plane containing the tops, makes an angle @ with the horizon. 


Prove that their lengths are BO/(/ cot? B— cot? 6 +/ cot? y — cot? 6), and two 
similar expressions. Explain how the signs of the roots must be taken. 


55. A tower AB stands on a horizontal plane and supports a spire BC, An 
observer at a place # on a mountain, whose side may be treated as an inclined 
plane, observes that AB, BC each subtend an angle a at his eye; he then 
moves to a place /’, measuring the distance //F'(=2a), and observes that AB, 
BC again subtend angles a at his eye; he then measures the angle A/H (=) 
and CFH(=y). Shew that if v and y are the heights of 4B, BC respectively 


COS 8 COS y COS? a 2 
© 00s? 5 (B+) arco 

Also if G is the middle point of HF, and H is the point on the line of 
greatest slope through G, at which AB, BC subtend an angle 6, and GH is 
measured (=), prove that the inclination 6 of the mountain to the horizon is 
given by 


ay? (ad)? ath? ey (w+) sin 28 
\o ae ( 2b yt i ea 2b Con Om ah any coe 25 


2 COS B=Y¥ COS y=a {1 


CHAPTER XII 


PROPERTIES OF TRIANGLES AND QUADRILATERALS. 


150. In this Chapter, we shall for the most part assume 
without proof the theorems in Euclidean Geometry which are 
necessary for our purpose, referring to works on pure Geometry, 
for the investigation of those theorems. 


The circumscribed circle of a triangle. 


151. We have already, in Art. 120, obtained the formula 
R=tacosec A, for the radius of the circle circumscribing a 
triangle, or as it is now frequently called, the circwm-circle. 
This formula may also be obtained as follows: 


A 
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Let O be the circum-centre; draw OD perpendicular to the 
side BO of the triangle ABC, then D is the middle point of BC, 
and the angle BOD = A. 


Since BD = OBsin BOD we have 
4a = Rsin A, or R= facosec A...........6+0- (1). 
If S§ denote the area of the triangle ABC, we have 
S = ibesin A, thus we have the expression R = abc/4S ...(2). 
Also OD=OBcos A = Roos A. | 


The inscribed and escribed circles of a triangle. 


152. We know that four circles can be drawn touching the 
three sides of a triangle; the inscribed circle, or in-circle, touches 
each side internally, let J be its centre; the escribed circles each 
touch one side of the triangle and the other two sides produced, 


Ve = L, 


J, 


let I,, J,, I; be the centres of these circles; we know that JA, JB, 
IC, bisect the angles A, B, C, respectively, and that JA bisects 
the angle A, and J,B, JC, bisect the angles B, C, externally ; it 
follows therefore that AJ,, BI,, CJ;, are the perpendiculars from 
I,, I,, I;, on the opposite sides of the triangle Z,J,J,, and that I 
is the orthocentre of the triangle 1,/,J,. 


The circum-circle of the triangle ABC is the nine-point circle 
of the triangle J,/,J,, and therefore passes through the middle 
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points of the sides J,/;, I;2,, I,J,, and also through the middle 
points of Z7,, IJ, II. 


153. Let H, K, L, be the points of contact of the in-circle 
of the triangle ABC, with the sides BC, CA, AB, respectively. 


A 


B H C 

Then AIBC + AICA + ATAB=S8. 
Now AIBC=41H.BC=tra, AICA=4rb, AIAB=}7re 
where 7 denotes the radius of the in-circle, hence 

tr(a+b+c)=S, whence we have the formula r = S/s...(3), 
for the radius of the in-circle. 
Also a=BH+ HC=r (cot 4B + cot 40), 
hence r=asingBsin $C secha .........c ccc ee ees (4), 
another expression for 7, which might of course be deduced from (3). 


Combining the formulae (1) and (4) we have the symmetrical 


expression r=4RhsintA sind¢B sin dC...............00. (5). 
Again, since AK + BC=3(BC+CA + AB) 
we have Ak =AL=s— a, 


and similarly BH=BL=s—6b, CH=CK =s~-c¢, 
hence since r=AK tantA = BH tant B= CK tan dC, 
we obtain the expressions 
r=(s— a) tan$dA =(s— b) tan¢B =(s —c) tand...... (6), 
which may also be deduced from (8) or (4). 
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154. Expressions corresponding to those of the last Article, 
may be found for the radii ry, 72, r;, of the escribed circles. 


Let H,, K,,-I,, be the points of contact of the circle whose 
centre is J,, with the sides of the triangle ABC. -Then 


ALAB+ ALAC— AIBC =S, therefore 47, (6 + ¢—a)=S, 


thus we have the formulae 


ne, n=, r= eed Si (7), 
for the radii of the escribed circles. 
Also a= BH,+ H,C =r, (tan $B + tan $0), 
therefore 7, = 2 00S $B cos $C sec $A .......cecceceeves (8), 


A 


yap K, 


whence we obtain the formula 
7, =4R singA cos$B cosh ...........000e08 (9), 
with corresponding expressions for r, and 1. 
Again, since 
BH,=BI,, and CH,=CK,, and AK,=AlL,, 
we find BH,=s-—c, CH,=s—b, AK,=AL,=s, 
thus we obtain the formulae 


r, =stan$A =(s—c) cot 4B =(s — b) cot 40...... (10). 
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EXAMPLES. 


(1) Prove that Mtr, +r,-r=4R 
Pog +Taly+XyrQ =S2/r? 
Megane aoa rete 


(2) Prove the following formulae for the sides and angles of a triangle, 
in terms of the radit of the escribed circles : 


r, (T, +13) ; r 
@) 355 @. sn44——— 
MrorgTgty thre. V(t, +72) (ty+13)” 
(y) sin A=2r, Vrgry +130 1tN Ts | 
(1) +19) (ty, +73) 


(3) Prove that R=} (o+1s) (r3+1) (yrs) 
reV's+T3ry+V Pp 


(4) Prove that 16R2re 113 —azb?c. 
(e ueseie hates ha ae 


(6) Jf the escribed circle which touches a, vs equal to the circum-cirele, prove 
that cos A=cos B+cos C. 


(7) Prove that r, (ry+Yr3) cosec A=r, (r3+1r,) cosee B=rz (r, +12) cosec C. 


(8) Jf a, a, ag, a3, are the distances of the centres of the inscribed and 
escribed circles, from A, and p is the perpendicular from A on BC, prove that 
(a) aayayaz = 4R?p?, 
(b) a®+a,?+a,?+ a,” = 612 
(c) a ?+a,~?+ay?+a,?=4p-, 
(9) Shew that the area of the triangle formed by joining the centres of the 


escribed circles vs ae , or 8R* cos $A cos $B cos $C. 


(10) Shew that the radius of the circle round any of the four triangles 
formed by joining the centres of the inscribed and escribed circles, is double of R. 


(11) Prove that the areas I,I,15, I,[,], I,],1], 1,1, are inversely as 
ite. ashes 
2 2 2 R 
(12) Prove that (a) ils ri vat + Ll, =8—, 
ratty f Ts aie, r 


(b) r3. II, . II,. Il, =1A?. IB?. 102 


(13) Jf d,, dy, ds, be the distances of I from the angular points of a 
ddd, _r 


triangle, shew that — cn a 


(14) Jfa’,b’, c’, are the sides of the triangle formed by joining the points of 


, 5 a®—a/2 b%-b’? c?-c? 
contact H,, H,, Hs, of the escribed circles, shew that ee ee 
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(15) Prove that the sides of the triangle formed by joining the centres of the 
circles BOC, COA, AOB, are as siw2A : sin2B: sin 2C. 


(16) Prove that the circum-circles of the two triangles in the ambiguous 
case, when a, b, B, are given, are equal in magnitude; shew also that the 
distance between their centres is (b* cosec? Ba}, 


(17) In the ambiguous case of the solution of a triangle, prove that the 
distance of the points of contact of the inscribed circles with the greater of the 
two given sides, is equal to half the difference of the values of the third side. 


(18) Jf py; pay pz, be the radit of the circles described about IBC, ICA, IAB, 
prove that 4R3— R (p;?+ pa” +p”) — p1p2p3= 0. 


(19) Prove that the radii of the escribed circles of a triangle, are the roots 
of the cubie x8— x? (4R+r)+xs?— rs?=0. 


The medians. 


155. The lines AD, BE, OF, joining the angular points of a 
triangle to the middle points of the opposite sides, are called the 


A 


B D L cf 


medians. The length of AD is given by the well-known geo- 
metrical theorem AB? + AC? = 2(AD?+ BD®), thus the squares of 
their lengths are given by 


m” = $b? + 4c? —4a®, m2 = 40? + 40? — 4b? 
ms; = 4a? + £0? — 40?......... Ghisy 
Let M, denote the angle ADC, then 
cot M, = DL/AL =4(BL- CL)/AL, 
where AZ is perpendicular to BO, therefore M, is given by 
cot M, = $ (cot B— cot C)........0..cecees (12). 
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The point G, where the medians intersect one another, is called 
the centroid of the triangle. It is well known that G divides each 
of the medians in the ratio 2: 1. 


EXAMPLES. 
(1) Prove that cot AGF +cot BED + cot CGE =cot A +cot B+ cot C. 
(2) Ifa, B, y, are the centres of the circles BGC, CGA, AGB, and A, A’, are 
the areas of the triangles ABC, aBy, prove that 48 AA’ =(a?+b?+c?). 
(3) Jf R,, Ry, Rs, be the radi of the circles BGC, CGA, AGB, prove that 
a2(b2—c2)  b2(c2—a2) _ c? (a2 — b2) 
R2 a ieee Re =0. 
(4) If the angles BAD, CBE, ACF, are a, 8, y, and the angles CAD, ABE, 
BCF, are a’, 8’, y', prove that 
cot a+cot B+cot y=cot a’ +cot B'+cot y’. 


The bisectors of the angles. 


156. Let a and a be the points in which the internal and 
external bisectors of the angle A meet the opposite side BC. Let 
J, 9, h, be the lengths of the internal bisectors Aa, BB, Cy, and 
I’, 7, lV’, the lengths of the external bisectors Aa, BB,, Cy: To 
find the positions of a and a, we have Ba/Ca= BA/CA = Ba/Ca,, 
whence 


ac ab 
pie rege fee 


ac 


Arg eres 


A 


To find the lengths ff’, we have 
AABa+ AACa=S= AAaB- AAaC, 
hence S(6+c)sntA =f (c—b)cos $A = 28, 
vlna 13 
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therefore f and f’ are given by 


fap cost, f= it sl Al aes (13). 


EXAMPLES. 
(1) Jf a, B, y, are the angles that Aa, BB, Cy, make with the sides a, b, ¢, 
shew that a sin 2a+b sim 28+¢ sin 2y=0. 


(2) If f,, 21, hy, are the lengths of the bisectors of the angles, produced to 
meet the curcum-cirele, shew that 
f-lcostA +971 cos $B+h-! cos $C=at+b14+c, 
and f, cos $A +g, cos B+h, cos$}C=at+b-+e. 
(3) Prove that aB cuts Cy in the ratio 2c : a+b. 


The pedal triangle. 


157. The triangle LMN formed by joining the feet of the 
perpendiculars AL, BM, CN, from A, B, C, on the opposite sides, 
is called the pedal triangle of A, B,C. Let P be the orthocentre 


A 


B L C 


of the triangle ABC, then since PMA, PNA are right angles, a 
circle whose diameter is PA circumscribes PMAN, hence MN 
is equal to PA multiplied by the sine of the angle in the 
segment MN, or MN = PA sin A; now if O is the centre of the 
circum-circle, and OD is perpendicular to BO, it is well known 
that AP =20D, and we have shewn in Art. 151, that this is 
equal to 2Rcos A: hence MN =2Rsin A cos A =acosA. Also 
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the angles PLM, PLN, are each the complement of A, or 
MIN =27—2A; the sides and angles of the pedal triangle are 
therefore respectively 


acos A, bcos B, ccosC 
17 —2A, 7r—2B, eat 
It should be remarked that ABC is the pedal triangle of [,/,J,. 


The pedal triangle of ZMN is called the second pedal triangle of 
ABC, and so on. 


We have assumed that the triangle is acute-angled; if the angle A is 
obtuse, it can be easily shewn that the angles of the pedal triangle are 
2A—7, 2B, 20, and that the sides are —acos A, bcos B, ccos 0. 


EXAMPLES. 


(1) Prove that the radius of the circle inscribed in the triangle LMN 7s 
2K cos A cos B cos C. 


(3) Prove that if r’, ry, ro/, r3, are the radii of the inscribed and escribed 
ryTety _ITTels 
Pir he 
(4) Jf AL, BM, CN, meet the circum-circle in L’, M’, N’, shew that 
AL, BM’ , ON’_ 
AL" BM’ CN ~ 


circles of the pedal triangle, then 


The distances between special points. 


158. Let P be the orthocentre, O the centre of the circum- 
circle, J of the in-circle, Z, of one of the escribed circles, G the 
centroid, and U the centre of the nine-point circle of the triangle 
ABC. According to Euler’s well-known theorem, the three points 
O, G, P, lie on a straight line, and PG = 20G; the point U is also 
on OP, at its middle point. Each of the angles [AO, [AP is equal 
to 4(B~C); also AO=R, AP = 2K cos A, 


AI =rcosectA =4RsiniBsin$C, AI, =4Rcos4tBcos $C. 


We can now find expressions for the distances of the points 
O, I, P, I,, U, from one another. 


13—2 
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(1) To find OI=6. 


We have 
& = A0?+ AI?-—2A0. AI cos OAT, 
hence 
= R2(1 + 16 sin? 4Bsin? 40 — 8 sin $B sin $0 cos $B — CO) 
or & = R?(1— 8sin4A sin $Bsin $0), 


A 


ty 


we thus obtain Euler’s formula 
OF Se EO = DET hare poet hat ee (15). 
(2) To find OI,=6,. We have 
5° = R?(1 + 16 cos? $B cos? 40 — 8 cos $B cos $C cos 4B — C) 
or 6) = A? (1 + 8sin $A cos $B cos 4C), 
which gives Of Le AOR rae a ee (16). 
(3) To find OP. 
From the triangle OAP we have 
OP? = 0A?+ AP?-—20A.APcosOAP 
or OP? = R?(1 + 4:cos? A — 4 cos A cos B— C), 
which gives OP? = R?(1 — 8 cosiA cos Beosi@)n (17). 
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(4) To find IP. 
IP? = 4R? cos? A + 16R? sin? $B sin? $0 
— 16’ cos A sn $B sin $C cos $(B — 0), 
hence [P? = 4R? {cos?.A +(1—cos B)(1—cos C)—cos A sin B sin 0 
— cos A (1 — cos B) (1 — cos C)}, 


or IP? = 4R? \(1 — cos A) (1 — cos B) (1 — cos C) 
—cos A cos B cos C}...... (18), 


or IP? = 2r? — 4R? cos A cos Beos C. 


(5) To find IU. 

We have 
IU? =4/P? +470? -—10P? 

hence IW=r+4R— Rr-iP=(4R—-ry 
hence JV =4R—vr; im a similar manner it can be shewn that 
I,U=3R+7; now $8 is the radius of the nine-point circle, 
hence the expressions we have obtained for ZU, J,U, shew that 
the inscribed and escribed circles touch the nine-point circle. We 
have then a trigonometrical proof of Feuerbach’s theorem, of 
which a considerable number of geometrical proofs have been 
given. 


EXAMPLES. 


(1) Zf t,, ty, tz, are the lengths of the tangents from the centres of the 
escribed circles to the circum-circle, prove that 
1 21.1 a+b+e 
tite te abe 


bo 


(2) Prove that the area of the triangle IOP is 


— 2R? sin $ (B—C) sin $ (C— A) sin  (A- B). 

(3) Prove that GI?=18 R2 {3 sin? 3B sin? 4C — 3, 3 sin? A} 
and GI?+4Rr=4 (be+ca+ab) — 4 (a?+b?+c?). 
Sa? (a? — b?) (a? — c?) 

(48)? 

(5) If a, B, y, be the distances of the centre of the nine-point circle from the 

angular points, and g its distance from the orthocentre, shew that 
a? + B24 2+ 92=3R?2, 

(6) Prove that the nine-point circle does not cut the circum-cirele unless the 

triangle is obtuse, and in that case they cut at an angle 
cos! (1+2 cos A cos BcosC), 


(4) Prove that OP?= 
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(7) Shew that, if the distance between the orthocentre and the centre of the 
circum-circle is ta, the triangle is right-angled, or else tan B tan C=9. 
(8) If Q is the centre of the nine-point circle, shew that 
(QI, — QIs) (Qh — QI) =b?— 
(9) If OIP is an equilateral triangle, shew that cos A+ cos B+ cos C=}. 


(10) Jf the centre of the in-circle be equidistant from the centre of the 
circum-circle and the orthocentre, prove that one angle of the triangle is 60°. 


Expressions for the area of a triangle. 


159. A very large number of expressions for the area of a 
triangle, in terms of various lines and angles connected with the 
triangle, have been given. Large collections of such formulae 
will be found in Mathesis, Vol. III. and in the Annals of 
Mathematics, Vol. I. No. 6. 


We give here a few of these expressions, leaving the verification of them 
as an exercise for the student. 

(1) Vrryrer'ss (2) VELp Pops, (3) $Vo (o—m) (6 — mg) (o — ms) 
where 2o =, +My, + Mz. 

(4) 3 5) f cos $(B—C)+gcos$(C— A)+heos$(A—B) 

ScotsA’ 2(fcostA+g tceos$ B+htcos$ CQ) ” 
(6) rcot4Acot4Beot$C, (7) r?cotsA+2Rrsin A, (8) ryrztan$ A, 
(9) rm 3, (10) rye a : 


MT, 


Various properties of trrangles. 


160. If Q be any point in the plane of the triangle ABC, we 
have the identical relation AQBC + AQCA + AQAB=A ABO, 
the areas of the triangles with vertex Q being taken with the 
proper signs; for example, AQBC is negative when Q and A are 
on opposite sides of BC. By taking Q in various positions, we 


obtain various well-known relations between the angles of a 
triangle. 


(1) Let Q be at O, the above relation becomes 
sin2A +sin2B+sin2C =4sin A sin Bsin 0 
since the angles BOC, COA, AOB are 2A, 2B, 20 respectively. 
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(2) Let Q be at J, we obtain the relation 
sindd4 sn }(B+C)+sin4Bsin d(C + A) +sin$Csin$(A + B) 
= 2cos4A cos 4B cos 40, 
(8) Let Q be at U, we get 
sin A cos (B — C0) + sin Bceos(C — A) +sin Ccos(A — B) 
= 4sin A sin Bsin C. 


161. The identical relation which holds between the six 
distances of any four points A, B, CO, Q, in a plane, may be 
expressed in various forms. 


(1) Using the equation AQBC +AQCA +AQAB=AABC, 
and expressing each of the four triangles in terms of its sides, we 
have the required relation in a form involving four radicals. 


(2) To obtain the same relation in a rationalised form, denote 
the angles BQO, CQA, AQB, by a, B, y respectively; then since 
a+ B++= 27, we have 

1 — cos’ a — cos? B — cos? y + 2 cosacos B cosy = 0. 
Now substituting for cos a its value (QB? + QC? — BC)/2QB.QC 
with the corresponding expressions for cos 8, cosy, we have the 
required relation. 


162. Taking any general relation between the sides and 
angles of a triangle, another relation may be deduced, by re- 
placing the sides and angles by the corresponding sides and 
angles of the pedal triangle. The sides and angles of this 
triangle are given in (14), and we may therefore replace a, 8, ¢, 
in the given relation, by acos A, bcos B, ccosC, and the angles 
A, B, C, by 7 — 2A, w— 2B, 7 — 20. 

As an example of this transformation, we obtain from the 
known relation a? = b? + c? — 2bc cos A, the new relation 

a? cos?_A = b? cos’ B + c? cos? C + 2bc cos B cos C'cos 2A. 

This method of transformation may be extended, by taking 

the nth pedal triangle, of which the sides are 
(— 1)" acos A cos 2A cos 4A...cos 2”7A, 
(—)" b cos B cos 2B cos 4B...cos 2” B, 
(— 1)" ccos C'cos 2C...cos 2"-1C, 
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and the angles are 
4(2"4+1)m—2"A, 4(2"41) ar — 2"B, 4(2"4 1) 7 — 20, 
‘when is odd, and 
~1(2"—1) 7 + 2"A, —1(2"—1) 7 + 2A, —1 (2-1) + 2A, 
when 7 is even; 


thus in any relation between the sides and angles of a triangle, we 
are entitled to write, (— 1)" acos A cos 2A...cos2"71A for a, and 
1(2" + 1)mr—2"A or 274 —1(2"—1)7 for A, according as n is odd 
or even, with corresponding expressions for the other sides and 
angles. 


163. In any general relation between the sines and cosines of the angles 
of a triangle, we may substitute pA+qB+r0, q4+rB+pC, rA+pB+q@, for 
A, B, OC, respectively, where p, g, 7, are any quantities such that p+q+7 is of 
one of the forms 6n-—1, 6n+2, where n is a positive integer, provided that 
when p+q-+7 is of the form 67 —1, the signs of all the sines are changed, and 
when »+q+7 is of the form 6n+2, the signs of all the cosines are changed. 


This theorem follows from the facts that in the first case the sum of the 
angles 2nr—(pA+qgB+r0), 2nn —(qA+rB+p0), 2nm -(rA+pB+ 0), is x, 
and in the latter case the sum of the three angles 
(2n+1)2r—(pA+qB+rC), (2n+1) r-(g4+rB+pC%, 

(Q2n+1)a—(rd+pB+qC), is x. 


Properties of Quadrilaterals. 


164, Let ABCD be a convex quadrilateral; denote the sides 
AB, BC, CD, DA, by a, b, ¢, d, respectively, and the diagonals AC 
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BD, by x, y, respectively; also let A +C= 2a, and let ¢ be the 
angle between the diagonals. 


_ We shall find an expression for the area S, of the quadrilateral 
in terms of a, b, c, d, and a. 
We have y?=a?+d?— 2adcos A =0? + & — 2be cos C, 
therefore adcos A —becosC=4(+@?—b?—°), 
also adsin A + besin C= 28; 
square and add the corresponding sides of these equations, we get 

a’d? + b’c? — 2abcd cos 2a = 4S? + 1 (a? + d? — b? — 0), 
hence 16S?=4 (ad + be)?— (a? +d? —b?- c*)?— 16abed cos? a, 
or 168?={(a+dy—(b—c)}{(b+c)?—(a—d)} — 16abcd cos? a; 
hence S? = (s—a)(s —b)(s—c)(s—d) — abcd cos’ a...... (19), 
where 2s=a+b+c+d. 
In the case of a quadrilateral inscribable in a circle we have 


2a = 7, thus, 
S?=(s —a)(s — b)(s—c)(8s—@) oe... eee (20). 
The expression (19) shews that the quadrilateral of which the sides are 


given, has its area greatest when a=47, that is, when the quadrilateral can be 
inscribed in a circle. 


The theorem (20) was discovered by Brahmegupta, al Hindoo Mathema- 
tician of the sixth century. 


165. Expressions for the area of a quadrilateral can be found, 
which involve the lengths of the diagonals and the angle between 
them. 

The area of the quadrilateral is the sum of the areas of the four 
triangles into which the diagonals divide it; the area of each of 
these triangles is half the product of the two segments of the 
diagonals which are sides of it, multiplied by sing; hence by 
addition we have 

Ree MIL Doan es otek phininnn'caisie nat (21). 
Also, 
20A .OBcos ¢ = OA? + OB — a?, 200. OD cos d = 0C? + OD? - & 
20A .OD cos $=d?— OA?—OD*, 20B.0C cos $= b? — OB — OC?, 
hence 2ay cos. & = 6? + d?— HO wivisccsenseass (22), 
therefore. ... S = 4(0? + od? — a? — 0?) tan g......sesceeeee (23), 
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and eliminating ¢, we obtain Bretschneider’s formula 
S =F {dary? — (0? + d? — a? — PL eee eeees (24), 
which expresses the area in terms of the diagonals and the sides, 
If a circle can be inscribed in the quadrilateral, we have a+c=b+d, hence 
the formulae (23), (24), become S=4 (ac— bd) tan d, and 
S=4 {ary — (ac— ba). 


166. An expression may be found for the product of the 
diagonals of a quadrilateral, in terms of the sides and the cosine 
of the sum of two opposite angles. 


Through B and C draw straight lines meeting in LZ, so that: 
the angles CBE, BOE may be equal to the angles ABD, ADB, 
respectively. The triangles HCB, ABD, are similar, hence 


AD BD_AB 
CH. (CRumn Ee 


C 


thus AD.CB=BD.CE. Also since the angles CBD, ABE are 
equal, and AB: BE :: BD: BC, the triangles ABH and CBD are 
similar, therefore AB. CD= BD. AE. 


Since AC? = AE? + EC?—2AE. EC cos(A + 0), 
multiplying by BD*, we have 
xy? = ac? + bd? — 2abcd Cos 2a.........0c0e0s (25). 
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If 2a = 7, we have Ptolemy’s theorem wy =ac + bd, for a quadri- 
lateral inscribed in a circle. 


If 2a=47, we have ay? =a*c? + b’d?, for a quadrilateral in 
which the sum of two opposite angles is a right angle. 


167. In the case of a quadrilateral inscribed in a circle, the 
lengths of the diagonals a, y, and of the third diagonal, formed by 
joining the point of intersections of the sides a and c to that of 
b and d, may be found in terms of the sides. 


F 


Let FG be the third diagonal, and denote the lengths of 
AC, BD, FG, by «, y, 2, respectively. We have 


we=a+bh?—2abcosB 


and a= c+ d? — 2cd cos D, 
pe | Wie Ee Cane 
pu & ss 7 Wy) ee 
hence a = (ac + bd) (ad + be)/(ab + cd)........600. (26), 


and similarly it may be shewn that 
y’ = (ac + bd) (ab + cd)/(ad + be). 


We have also 


Tl SAD sin D da 


sin(A + D)~ ycosD+acos A’ 
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an by 
and similarly BB = 7 cos D 4: ees Wie 
h FAW Sibi ae a 
ie da by by—d«x by—da’ 
abday . 
hence ae eye 
it may be shewn in a similar manner that 
G0 Gia ee 
(ay — ca)? 


Now the square on FG is equal to the sum of the squares of the 
tangents from F and @ to the circle (see McDowell's Geometry, 
p- 92), hence we have 

os abd bac 

= 21 = dap y= a 
Now from the values found above, for a? and y’, we have 


Be eam ee ee 
ad+be ab+cd a(b?—d) b(a-)’ 
therefore substituting in the expression for 2, we obtain 

bd x ac 
(P&P! (@—eyP 


z= (ad + bc) (ab + cd) | 


EXAMPLES. 


(1) Jf the quadrilateral is inscribed in a circle, shew that the radius of the 
circle ws d {ee (ac + bd) peor 


(s—a) (s—b) (s—c) (s—d) 


(2) Shew that the distance between the centre of a circle, of radius r, and the 
intersection of the diagonals of an inscribed quadrilateral is 

a ato fac (b2— 2)? 2_ g2\ 7 

(ab-ped) (adc be) [(ac+ bd) {ac (b? — d?)?-+bd (a2— c?)*t?. 


(3) Shew that the diagonals of a quadrilateral inscribed in a circle meet at 


4 


ppp a ee) A) -1 {8—b) car 
an angle cos} B aod) or 2 tan =a) Cat. and that the 
abed (ac +bd) 


product of the segments of a diagonal is FS RNES ESE 
(4) If S ws the area of a quadrilateral inscribed in a circle, shew that the 
straight lines joining the middle points of the opposite sides meet at an angle 
tan-f 4S _ (ad + be) (ab+ed) 
(b? ~ d?) (a? ~ ¢?)" ac+hbd : 


PROPERTIES OF TRIANGLES AND QUADRILATERALS. 205 


(5) Jf E, F, G, are the intersections of pairs of the diagonals of a quadri- 
lateral inscribed in a circle, shew that the area of the triangle EFG 7s to that of 
the quadrilateral in the ratio a*b?c?d? : (a7b? ~ 02d?) (a2d? ~ b’c?), 

(6) Prove that the area of a quadrilateral in which a circle can be inscribed 
ts /abed sin}(A+C); shew also that /ad sink A =1/be sin 3C. 

(7) With four given straight lines, three distinct quadrilaterals can be 
constructed, each of which is inscribable in a circle; their areas are equal ; the 


sta diagonals which intersect within the circle are equal in pairs; and vf a, B, y 


be the lengths of these lines, S the common area, and R the radius of the circle, 
shew that R=aBy/48. 


(8) The difference of the areas of the triangles whose bases are the sides 
b, d, of a quadrilateral, and whose vertices coincide with the intersection of the 
diagonals, is } \/4a2c? — (x? + y?—b?— d2)?, 


(9) Lf a quadrilateral be such that all rectangles described about it are 
similar, shew that a?+c?=b?+d?. 


(10) A quadrilateral is such that one circle can be described about it, and 


See A ae ; ; . 2/abed 
another inscribed in it ; shew that the radius of the latter is abe: 
(11) Jf the diagonals of a quadrilateral intersect in O, shew that 
area AOB . area ABCD=area ABC. area ABD. 


Properties of regular polygons. 


168. Let O be the centre of the circles circumscribed about, 
and inscribed in a regular polygon of n sides. Let R, r, be the 
radii of the former and the latter circles, and let a be the length 
of a side of the polygon. 
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If AB be a side of the polygon, and D its point of contact 
with the inscribed circle, the angle AOB is 27/n, and the angle 
AOD is w/n; we have 


a= 2R sin S =2r tan = E edaa Seataee eos (28), 


thus the radii of the circles are determined, when the side a is 
given. The area of the triangle OAB is 

De ane, or ioe or rtan— , 

2 n 2 n 
hence the area of the polygon is 


: nR? sin = or nr* tan = er ee (29). 


2 
It should be observed that the problem of inscribing or circum- 
scribing a regular polygon of n sides in, or about a circle, is 
reduced to the determination of the circular functions of the 
angle a/n. 


169. EXAMPLES. 


(1) Circles are described on the sides a, b, c, of a triangle as diameters, prove 
that the diameter D of a circle which touches the three externally, is such that 


ra) oma eyed Bi 
gaa EN gah ON ee ON) ae 


If D, #, F, are the middle points of the sides of the given triangle, and O 
is the centre of circle whose diameter is D, we have 
OD=3(D-a), OLE=}(D-6b), OF =4(D—-o); 


also 3a, $b, $c, are the sides of the triangle DEF, thus expressing the areas of 
the triangles in the relation AOHF'+ AOFD+ aAODE= a DEF, in terms of 
the sides, we obtain the required relation. 


(2) From a point P, perpendiculars PL, PM, PN, are drawn to the sides 
of a triangle ABC ; shew that the area of the triangle LMN is 


4 (R?—d?) sin A sin B sin C, 
where d is the distance of P from the centre of the circum-circle, 


Produce OP to meet the circum-circle in P’, and let PLZ’, PM’, P’N’, be 
drawn perpendicular to the sides, their feet lie on a straight line called the 
pedal line of P’ with respect to the triangle. The perpendicular from a point 
on the side of a triangle, is reckoned as positive or negative according as the 


point is on the same side or the opposite side of that side, as the opposite 
angle of the triangle. 
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PE ODES ORS d 
PL'-0OD OP R 
with similar expressions for PM, PV; now 


22LMN=PM.PNsinA+PN. PLsnB+PL. PM sind 


We have 


, hence PL=(R-d) cos A — LEI. 


; ‘ 
=(R-d)?S sin A cos B cos 0+ 2PM’. P'N' sin A 


+ §(R-d)3 PLsin A; 


also 42 P’ YU’. P’ N'sin A is the area of the triangle L’M'N’, which is zero, and 


1 
v9 


and Ssin A cos Bcos C=sin A sin Bsin @; 
hence 2a L2MN=(R-d)?sin A sin B sin C+ 2d (A-d) sin A sin B sin C 
=(f?—d?) sin A sin B sin C. 


: / peal / pas 
=PL sin A= 5 Sa LL = prdrPBC =p AABe, 


(3) Jf A, B, C, be any three fixed points, and P any point on a circle whose 
centre is O, shew that AP?. A BOC+BP?. ACOA+CP?. A AOB ts constant for 
all positions of P on the circle. 


Denote the angles BOC, COA, AOB, by a, B, y, then a+8+y=2n, and let 
the angle POA be 6. We have AP?=OP?+ 0A?—204 . OP cos 6, and similar 
expressions for BP, CP, hence the expression above is equal to 


OP?. \ABC+30A?,. sBOC-20P3 0A .A BOC. cos 6; 
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the first two terms in this expression are independent of the position of P on 
the circle, and the coefficient of 20P in the last term is 


404. OB. OC {cos 6 sin a+cos (8+) sin B+cos (8 — 8) sin y} 
or 404. OB. OC cos 6 (sin a+sin B cos y+cos B sin y) 
which is zero; thus the theorem is proved. 


Particular cases of this theorem are the following, 

(a2) PA? sin2A4+PB? sin2B+PC?sin2C is constant if P lies on the 
circum-circle ; 

(b) PA*sin A+ PB? sin B+ PC? sin C is constant if P lies on the in- 
circle. 

(c) PA? sin A cos (B- C)+ PB sin B cos (C— A)+ PC? sin Ccos (A— B) is 
constant if P lies on the nine-point circle. 

(4) Shew that the length of the side of the least equilateral triangle that can 
be drawn with its angular points on the sides of a given triangle ABC, is 

2A /2 
Vr+b+e+4 VBA 

where A is the area of ABC. 


Let DEF be such an equilateral triangle, and let the circle round DHF 
cut BC and AC in H and G respectively; the angles /G‘A, FHB are each 60°, 
thus /G, FH are in fixed directions; also the angle H/G@ is 120°-—C@. 


We have, if A/’ be denoted by 2, 


FG@= sin A/sin 60°, MH=(c—x)sin B/sin 60°, 
hence 


HG? =cosec? 60° {x? sin? A +(¢— a)? sin? B— 2x (c—x) sin A sin B cos (120° — 0 ye 


Now the radius of the circle is HG@/2 sin (120° — C), hence the circle is least 
when HG is least. The least value of a quadratic expression Aav?+ Qua +y, 
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2 
in which X is positive, is os for \xv?+2n02+v may be written in the form 


2 2 
r ( o+t) + 4 We find therefore for the least value of HG‘sin 60°, 
\ 


Sey . . = ae 2 3 
{etsin® B- (csin?B+csin A sin B cos 120° — C) } 


sin?4 +sin?B +2 sin A sin B cos (120° — C) 
which is equal to 

esin A sin B sin (120° — C) 

{sin? A +sin? B+2 sin A sin B cos (120° — 0)}? , 
/2 sin A sin B sin (120° — C) 
sin Os +R +2+4+4/3a 
Now the side of the equilateral triangle is H@ sin 60°/sin (120°— @), thus 
QA/2 

Jak +b? +8 +41/30- 


or 


the least value of the side is 


(5) Describe three circles mutually in contact, each of which touches two sides 
of a gwen triangle. 


A 


M 
B 
Let py, pos pz, be the radii of the circles, then MV =2y/pop,, 
hence a=BM+0N+ UN =p, cot1B+p, cot 3C+2V/ pops, 
with similar equations for b and c. 
Let xv? =p, cot+A, y*=p, cot 4B, 22=p, cot4C, 
‘/tan $B tan 3C= — COS a, /tan 4C tan }A = — cos 8, /tan3A tan$B= — COs y; 


we find sin?a=1—taniBtan}C=a/s, and similarly sin?@B=b/s, sin? y=c/s, 
hence we have the equations 


yt+e—2yzcosa_ 2+2*—-QzxcosB_ x? +y?— Qay cos yee 
sin? a oe sin? B 7 sin? y ee 


Bact 14 
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these have been considered in Art. 68, Ex. (12); adopting the first solution 
there found, we have 


x=Ns cos (s—a), y=N8 COS (o — 8), z=A/s cos (o —y), 
where 20=at+Bt+y, 
hence p,=s tan $A cos? (o —«), pyp=s tan 3B cos? (a — 8), pg=s tan $C'cos’ (o — y), 


are the required radii of the circles. The other solutions give the radii of 
three sets of circles which are such that two in each set touch two sides 
of the triangle produced; of one such set, the radii are 


.s tan 3A cos? s, s tan }B cos? (s—y), s tan $C cos? (s — 8). 


There are altogether eight sets of circles which satisfy the conditions of 
the problem. 


This solution is founded on that of Lechmiitz given in the Wouvelles 
Annales, Vol. v. A geometrical solution of this problem, which is known as 
“Malfatti’s Problem” will be found in Casey’s Sequel to Euclid. A history of 
the problem will be found in the Bulletin de ?Academie Royale de Belgique 
for 1874, by M. Simons. 


EXAMPLES ON CHAPTER XII. 


1. If @ be the angle between the diagonals of a parallelogram whose sides 
2absina 


a, b, are inclined at an angle a to each other, shew that tan @=—,—,,- . 
a*— b? 


2. Ifa, B, y be the distances, from the angular points of a triangle, to 
the points of contact of the inscribed circle with the sides, shew that 


r=( fn) 
atBt+y/ ° 

3. The area of a regular inscribed polygon, is to that of the circumscribed 
polygon, of the same number of sides, as 3 : 4; find the number of sides. 


4, From each angle of a parallelogram, a line is drawn making the same 
angle, towards the same parts, with an adjacent side, taken always in the 
same order; shew that these lines will form another parallelogram similar to 
the original one, if a*~b?=2ab cos B, where a, 6, are the sides, and B is an 
angle of the parallelogram. 


5. The straight lines which bisect the angles A, Q, of a triangle, meet the 
circumference of the circum-circle in the points a, y; shew that the straight 
line ay is divided by OB, BA, into three parts which are in the ratio 


sin’? 3A : 2sin}A sind BsiniC : sin?4C. 
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6. If be the centre of the in-circle of a triangle, Ja, Jb, Je perpendiculars 


on the sides, p,, p2, p3 the radii of circles inscribed in the quadrilaterals 
Able, Bela, Calb, prove that 


Otte, Pe reese er Ore 
(eee Uieall te Ua ee: 2r 


J 


7. Prove that the line joining the centres of the circum-circle and the 


Une , : _,(_ sinB~sind 
in-circle of a triangle, makes with BC an angle cot (ea Bioe Cal): 


8. If in a triangle, the feet of the perpendiculars from two angles, on the 
opposite sides, be equally distant from the middle points of those sides, shew 
that the other angle is 60°, or 120°, or else the triangle is isosceles. 


9. If ABC be a triangle having a right-angle at C, and AH, BD drawn 
perpendicularly to AB, meet BC, AC, produced in #, D respectively, prove 
that tan CHD=tan? BAC, and A ECD=A ACB. 


10. If a point be taken within an equilateral triangle, such that its 
distances from the angular points are proportional to the sides, a, b, ¢, of 
another triangle, shew that the angles between these distances will be 


ant+A, 4n4+-B, in +-C. 


1l. The points of contact of each of the four circles touching the three 
sides of a triangle, are joined; prove that, if the area of the triangle thus 
formed from the inscribed circle be subtracted from the sum of the areas of 
those formed from the escribed circles, the remainder will be double of the 
area of the original triangle. 


12. If ABCD is a parallelogram and P is any point within it, prove that 
AAPC.cot APC—A BPD. cot BPD is independent of the position of P. 


13. Three circles touching each other externally, are all touched by a 
fourth circle including them all. If a, 6, ¢, be the radii of the three internal 
circles, and a, B, y, the distances of their centres from that of the external 
circle respectively, prove that 


By ya af ie a2 8? 7 
2(P4+E+E Sh al eS alae 


14. P, Q, R, are points in the sides BC, CA, AB of a triangle, such that 
BP CQ AR. 
PO OA BE 
sides. 


shew that AP?+ BY?+ CR? is least, when P, Q, 2, bisect the 


15. On the sides a, 6, ¢, of a triangle, are described segments of circles 
external to the triangle, containing angles a, B, y, respectively, where 
a+8+y=m7, and a triangle is formed by joining the centres of these circles ; 
shew that the angles of this triangle are a, B, y. 


14—2 


212 EXAMPLES. CHAPTER XII. 


16. Through the middle points of the sides of a triangle, straight lines are 
drawn perpendicular to the bisectors of the opposite angles, and form another 
triangle; prove that its area is a quarter of the rectangle contained by the 
perimeter of the former triangle and the radius of the circle described 
about it. 


17. Pisa point in the plane of a triangle ABC, and L, M, WN, are the feet 
of the perpendiculars from P on the sides; prove that if MV+ VL + ZIM be 
constant and equal to /, the least value of 


PA?+ PB+ PC? is [2/(sin? A+sin? B+ sin? C). 


18. Lines B’C’, C’A’, A’B’, are drawn parallel to the sides BC, CA, AB, 
of a triangle, at distances 7,, 72, 73, respectively ; find the area of the triangle 
ALB’ CO" 

If eight triangles be so formed, the mean of their perimeters is equal to the 
perimeter of the triangle ABC, but the mean of their areas exceeds its area by 


(a?r,? + br? +-071r,”)/4A. 


19. On the sides of a scalene triangle ABC, as bases, similar isosceles 
triangles are described, either all externally or all internally, and their vertices 
are joined so as to form a new triangle A’B’O’; prove that if A’B’C’ be 
equilateral, the angles at the base of the isosceles triangles are each 30°; and 


that if the triangle A’B’C’ be similar to ABC, the angles are each 
4A 
-1 
tan Babe? 
where A is the area of ABC. 


20. A straight line cuts three concentric circles in A, B, C, and passes at 
a distance p from their centre; shew that the area of the triangle formed by 
BC GA. AB 


the tangents at A, B, C, is oF : 


21. If W is the centre of the nine-point circle of a triangle ABC, and 
D, E, F, are the middle points of the sides, prove that 


BC cos NDC + CA cos VHA+ AB cos VFB=0, 
22. On the side BA of a triangle, is measured BD equal to AC; BC and 


AD are bisected in # and /’; # and F are joined; shew that the radius of 
the circle round BEF is 4BC cosec $A. 


23. If A’, B’, C’, be any points on the sides of the triangle ABO, prove 
that AB’. BC. CA 4+BC.0A., A'B=4R. AA'BO. 
24. If x, y, z, denote the distances of the centre of the in-circle of a 
triangle from the angular points, shew that 
ata + Diy + ctA+ (atd+0)2x2y%22=2 (b22y22 + Aarne 4 arb2xry?), 
25. D, EH, F, are the points where the bisectors of the angles of the 
triangle ABC meet the opposite sides; if x, y, z, are the perpendiculars 
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drawn from A, B, C, respectively, to the opposite sides of DEF, p,, po, ps, 
those drawn from 4, B, C, respectively, to the opposite sides of 4 BC, prove 
2 2 2 
that By + += 11+8sin}A sin }Bsin 30. 
26. Shew that the distances of the orthocentre of a triangle from the 
angular points, are the roots of the equation 


8 —2(R+r) a2 + (72-4248?) o—2R {s? — (r+ 2R)}=0. 


27. If each side of a triangle bears to the perimeter a ratio less than 
2 : 5, a triangle can be formed, having its sides equal to the radii of the 
escribed circles. 


28. ABC isa triangle inscribed in a circle, and from D, the middle point 
of BC, a line is drawn at right angles to BC, meeting the circumference in HL 
and f; AH, AF are joined. If triangles be described in the same way by 
bisecting AB, AC, shew that the areas of the three triangles thus formed, are 


as sin(B-C) : sin(C—A) : sin(A-—B). 
29. Three circles whose radii are a, 6, c, touch each other externally ; 
prove that the radii of the two circles which can be drawn to touch the three, 


abe 
(be-+ca+ab)+2n/abe (a+b+c) 


are 


30. ABC is a triangle; on its sides, equilateral triangles A’BC, B’CA, 
C’ AB, are described without the triangle; prove that (1) 44’, BB’, CC’ meet 
in a point 0, (2) OA’=O0B+00C, 
(3) A A’B'C'=S A ABC+ ss (BC? + CA?+ A B?). 
31. A’, B’, are the middle points of the sides a, b, of a triangle; D, £, are 
the feet of the perpendiculars from A, B on the opposite sides; A’D, B’E are 


bisected in P, QY; prove that PY= 3/ a? + b2— 2ab cos 3C. 


32. The perpendiculars from the angular points of an acute-angled 
triangle meet in P, and PA, PB, PO, are taken for sides of a new triangle. 
Find the condition that this is possible, and if it is, and a, 8, y, are the angles 
of the new triangle, prove that 
cosa _cosB cosy 


Lr cpa cos B cos C 


=tsec A sec Bsec C. 


33. Two points A, B, are taken within a circle of radius 7, whose centre 
is C. Prove that the diameters of the circles which can be drawn through 
A and B& to touch the given circle, are the roots of the equation 


a? (r2c2 — a2? sin? C') — Qarc? (r? — ab cos C) +? (r#— 2r? ab cos C+ ab?) =0 


where the symbols refer to the parts of the triangle ABC. 
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34. Ifa triangle be cut out in paper, and doubled over so that the crease 
passes through the centre of the circumscribed circle and one of the angles 4, 
shew that the area of the doubled portion is 


4D? sin? C'cos C cosec (20 — B) sec (C— B), where C> B. 


35. From the feet of the perpendiculars from the angular points 4, B, C, 
of a triangle, on the opposite sides, perpendiculars are drawn to the adjacent 
sides; shew that the feet of these six perpendiculars lie on a circle whose 
radius is 

R (cos? A cos? B cos? C+sin? A sin? B sin? C yh 


36. Prove that if P be a point from which tangents to the three escribed 
circles of the triangle ABC, are equal, the distance of P from the side BC, 
will be 

4 (6+c)sec$A sin $B sin $C. 


37. Ifw,y, z, be the sides of the squares inscribed in the triangle ABC, on 


1 iL 
the sides BO, CA, AB, shew that y eet La A +5+ } +-. 
BUG GO” O° & 


38. AA’, BB’, CC’, are the perpendiculars from A, B, C, on the opposite 
sides of the triangle ABC; 0,, O,, 03, are the orthocentres of the triangles 
AB'C’, BC’A', CA'B’. Prove (1) that the triangles 0,0,0,, A’B'C’ are equal, 
and (2) that 27,k,=R,R,R,, where R,, Ry, R, are the radii of the circles 
0,A’0,, 0,B'0,, 0,005, and 7, is the radius of the circle inscribed in A’B’C’, 
and &, of the circle about A’B’C’. 


39. If x, y, z, are the distances of the centres of the escribed circles of a 
triangle, from the centre of the in-circle, and d is the diameter of the circum- 
circle, shew that 


ayet+d (v+y?+2)=4d%. 
40. The lines joining the centre of the in-circle of a triangle, to the 


angular points, meet that circle in A,, B,, C,; prove that the area of the 
triangle A,B,C, is $7? (cos$-A +cos$B+cos $C). 


41. If each side of a triangle be increased by the same small quantity «, 
shew that the area is increased by Rx (cos A +cos B+cos C), nearly. 


42. AA’, BB’, CC’, are diameters of a circle, D, H, F, are the feet of the 
perpendiculars from A’, B’, C’, on BO, CA, AB, respectively; prove that 
AD, BE, CF, meet in a point, and that the areas ABC, DEF, are in the ratio 


1 : 2cos A cos Bcos C. 
43. If ID, IH, IF, are drawn from the in-centre J of a triangle, perpendi- 


cular to the sides, find the radii of the circles inscribed in JEAF, IFBD, 
IDCE; if they are denoted by p,, pa, ps, respectively, shew that 


(7 —2p,) (7 — 2p) (7 — 2p3) = 79 — 4p, pop. 
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44. Shew that the radii of the circle which touches externally, each of 
three given circles, of radii a, b, c, which touch each other externally, is 
given by 


V Rbe(b+c+R) + Rea (e+a+R) +0 Rab (a+b4+R)=Vabe (a+b +e). 


45. Perpendiculars A4,, BB,, CC,, to the plane of a triangle ABC, are 
erected at its angular points, and their respective lengths are a, b, c; shew 
that if A and A, be the areas of ABC and A,B,C,, then 

Ay — A?=4 {a (a@—y) (w@—2) +B (y—2) (y—#) +2 (2-2) (2-y)} 
= {ay? (@—y) (w— 2) +b? (y—2) (y—a) +0? (2-2) (2—-y)}- 

46. Three circles are described, each touching two sides of a triangle, and 
also the inscribed circle. Shew that the area of the triangle having their 
centres for angular points, bears to the area of the given triangle, the ratio 
4sin $A sin $B sin $C (sin $4 +sin $B+sin $C) 

: cos $4 cos $B cos $C (cos $A +cos$B+cos $0). 


47. If the lines bisecting the angles of a triangle meet the opposite sides 
in D, H, F, prove that the area of the triangle DEF is 


2r? cos $4 cos $B cos $C/cos 4 (B— C) cos $ (C— A) cos $(A— B), 
and that 
(a+6)?(a+c)? EF? + (b+ ¢)?(b+a)? FD? +(c+a)?(c+b) DEH? =16A7?R (11k + 2r), 
where A is the area of ABC. 


48. O is the centre of the circum-circle of a triangle, KX is the orthocentre, 
and OK meets the circle in P and P’, and the pedal lines of P and P’ in 
@ and Q’; prove that OQ . 0@’ =2R? cos A cos B cos C. 


49. WV is the centre of the nine-point circle of a triangle; D, Z, are the 
middle points of CB and C/A, prove that the area of the quadrilateral VDCE 
is $p?(sin 2A +sin2B+42sin 2C), where p is the radius of the nine-point circle. 


50. A triangle is formed by joining the centres of the escribed circles, a 


third from this, and so on; shew that the sides of the mth triangle are 
A n—-A 3r+A (2"-2— 1) 7+(—1)"-24 
@ COSEC F COSC —FF— COSEC 9g vevereverees cosec eal ; 


and similar expressions. 


51. If W is the centre of the nine-point circle of ABC, and AV meets LC 
in D, shew that 
DN : DA :: cos(B-C) : 4sin Bsin 
and that the area of BNC is 4? sin A cos (BC). 


52. Shew that the radius of the circle which touches the three circles 
DCE, EAF, FBD, where D, E, F, are the feet of the perpendiculars from 
A, B, C, on the opposite sides, is 

2R sin A sin B sin C'cos A cos B cos C (sin A +sin B+sin C) 
sin? A sin? B sin? O— 3 sin? A cos? A+2 cos A cos B cos C3 sin B sin C” 
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53. If from any point 0, perpendiculars OD, OF, OF, are drawn to the 
sides BC, C/A, AB, of a triangle, prove that cot ADC+cot BEA + cot CFB=0. 


54. If b, c, B, are given, and there are two triangles with these given 
parts; shew that their inscribed circles touch, if 


c? (cos? B+2 cos B— 3)+2be (1 — cos B)+b?=0. 


55. If ¢,, tg, t3, be the lengths of the tangents drawn from the centres of 
the escribed circles of a triangle to the nine-point see shew that 
Pete ies ty — to? | tt, 


2 
+2=r+7R, and és 


Wa 2r-1LR, 
Ti Sgt iis Tio HN = ry 


56. Prove that the sum of the squares of the distances of the centre of 
the nine-point circle of a triangle, from the angular points, is 


R? (1424+ 2 cos A cos B cos C). 
57. Four similar triangles are described about a given circle, and their 
areas are A, A,, Ay, Aj, shew that 
t 
(a) An angle of the triangles is 2 cot} (=) ‘ 
2: 
(b) at=A?+A,?+4,}, 
(c) the radius of the circle is (AA,A,A3)*. 
58. Through the angles A, B, C, of a triangle, straight lines are drawn 
making angles 6, ¢, y, with the opposite sides of the triangle, in the same 


sense. Prove that the diameter of the circle circumscribing the triangle 
formed by these lines is 


R. sin (24 +4—w) cos 6+sin (2B+W— 6) cos $+sin (204 6- p) cos 
sin(A+—y) sin (B+y-— 6) sin (C+ 6- ¢) 


59. The sides of a triangle subtend angles a, 8, y, at a point 0; prove that 
(1) cos fa+cos 38+ cos Jy=4 cos } (8+) cos} (y+a) cos ¢ (a+), 


(2) OA= / be sin (a— A) 3S 
bc sin a sin (a—A)-+ca sin B sin (8— B)+absin y sin (y— 6)" 


60. Ifd,, d,, d;, be the distances of any point in the plane of an equi- 
lateral triangle whose side is a, from the angular points, prove that 
djids? + dad? + d2d,? +a? (dy? +d,?+d,")=at+d,4+d,4+d4. 
Hence shew that the sum of two equilateral triangles, each of which has 


its vertices at three given distances from a fixed point, is equal to the sum of 
the equilateral triangles described on the distances. 


61. If P be any point within a triangle ABO, and 0,, O,, Oz, are the 
circum-centres of the triangles BPC, CPA, APB respectively, then if p be the 
circum-radius of 0,0,0,, shew that 


4p sin @sin d sin p= sin 6+y sin d+zsin y, 


where «, y, z, are the lengths PA, PB, PC, and 6, ¢, w, are the angles BPC, 
CPA, APB. 
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62. If a, b, ¢, be the radii of three circles touching each other externally, 
and 7,, 7,, be the radii of the two circles that can be drawn to touch these 
2 
three, shew Ae aoe 
Ri Py GO BG 


63. If the bisectors of the angles B, C, of a triangle, meet the opposite 
sides in #, F, prove that HF’ makes with BC an angle 
(b—c)sin A 


—1 
aes (a+b) cos C+(a+c) cos B’ 


64. If J be the centre of the circle inscribed in ABC, J, that of the circle 
inscribed in /BC; J, that of the circle inscribed in J,BC, and so on, shew that 


as 7 is indefinitely increased, J,, J, _, divides BC in the ratio of the measures 
of the angles C and B. 


65. Points D, Z, F, are taken on the sides BC; CA, AB, of a triangle, and 
through D, Z, F, are drawn straight lines B’C’, C’A’, A’B’, equally inclined to 
BC, CA, AB, respectively so as to form a triangle A’B’C’ similar to ABC. 

Prove that the radius of the circumscribed circle of A’B’C’ is 

(ZF cosa+FD cos B+DE cos y)/4 sin A sin Bsin C, 


where a, B, y, are the inclinations of 4A’, BB’, CC’, to BC, CA, AB, respec- 
tively. 


66. If P be a point on the circum-circle whose pedal line passes through 
the centroid, and if the line joining P to the orthocentre cuts the pedal line 
at right angles, prove that 


PA*+ PB + PC?=4R? (1—2.cos A cos B cos C). 


67. D is a point in the side BC of a triangle; if the circles inscribed in 
the triangles ABD, ACD touch AD in the same point, prove that D is the 
point of contact of the in-circle of ABC with BC; but if the radii of the 
circles be equal, then 


CD : BD :: cosec D+cosec C : cosec D+ cosec B. 


68. From a point within a circle of radius 7, three radii vectores of 
lengths 7,, 72, 73, are drawn to the circle, and the angle contained by any 
pair is 27/3; shew that 


Br? (roy trey tTy"2) = (Te +r 3473") (M3? + Tg tI) P+ rye +79"), 
and that the distance of the point from which the radii are drawn, from the 
centre of the circle, is d, where 


(72 — A?) (Poftg + 190 +1 yo) = 0 o's ("1 E12 +15): 


69. Circles are inscribed in the triangles D,/,/,, D,H#,F,, D,E,F,, where 
D,, H,, F,, are the points of contact of the circle escribed to the side BC; 
shew that if p,, py, p3, be the radii of these circles 

as a : pelt dd : l—tan}B : 1-tan3C. 
(A [Pe TRB 
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70. Ina triangle ABC, A’, B’, C', are the centres of the circles described 
each touching two sides and the inscribed circle; shew that the area of the 
triangle A’B’C" is 
tan }(r— A) tan} (m— B) tan} (4— C) 

{cosec } (w — A) cosec } (7 — B) cosec t (mw — C) +4} 7”. 


71. The three tangents to the in-circle of a triangle, which are parallel to 


the sides are drawn; shew that the radii of the circles inscribed in the three 
triangles so cut off from the corners, are given by the equation 


82a3 — 324? — fr? (a2 +b? + 0? — 2be — 2ca — 2ab) x-7°=0. 
72. The perpendiculars from the angular points of a triangle, on the 
straight line joining the orthocentre and the centre of the in-circle are p, 9, 7; 


psin A qgsin B rsin C 
sec B—secC@ secC—secd sec A—sec B’ 


prove that 
a convention being made as to the signs of p, g, 7. 


73. A point is taken within an equilateral triangle, and its distances from 
the angular points are a, 8, y. The internal bisectors of the angles between 
(B, y), (y, a), (a, 8), meet the corresponding sides of the triangle in P, Q, R, 
respectively ; shew that the area of PQR is to that of the equilateral triangle, 
in the ratio 


2aBy : (8+y) (y+a) (a+). 


74. If l,m, n, are the distances of any point in the plane of a triangle 
ABC, from its angular points, and d the distance from the circum-centre, 
prove that 


sin 2A +m? sin 2B+n? sin 20=4 (RL? +d?) sin A sin B sin C. 
75. If G is the centroid of a triangle, shew that 
cot GAB+ cot GBC + cot GCA =8 cot a=cot ABG + cot BOG +cot CAG 


and cot AGB+ cot BGC + cot CGA +cot wo =0, 
where cotw=cot d+cot B+ cot 0. 


Also if K be the symmedian point, that is a point in the triangle, such 
that the angles KAC, GAB are equal, and two similar relations, then 


cot AKB+ cot BKC +cot CKA +4} cotw+3 tan o=0. 


76. Each of three circles, within the area of a triangle, touches the other 
two, touching also two sides of the triangle; if a be the distance between the 
points of contact of one of the sides, and 8, y, be like distances on the other 
two sides, prove that the area of the triangle of which the centres of the 
circles are angular points, is } (6%y? + y2a?+ ap), 


77. If a, 6, c, d, be the perpendiculars from the angles of a quadrilateral 
upon the diagonals d,, d,, shew that the sine of the angle between the 
ero+ay! 


diagonals, is equal to { 
1d 
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78. If ABCD be a quadrilateral, prove in any manner, that the line 
joining the intersection of the bisectors of the angles A and C’ with the 
intersection of the angles B and D, makes with 4D an angle equal to 


eee sin 4 —sin D+sin (4+ B) : 
1+cos 4 +cosD+cos(A+B)}° 


79. ABCDE is a plane pentagon; having given that the areas of the 
triangles HAB, ABC, BCD, CDE, DEA are equal to a, b, ¢, d, e, respectively, 
shew that the area A of the polygon may be found from the equation 


A?—-(a+b+c+d+e)A+(ab+be+cd+de-+ea)=0. 


80. Shew that if a quadrilateral whose sides, taken in order, are a, }, ¢, d, 
be such that a circle can be inscribed in it, the circle is the greatest when the 
quadrilateral can be inscribed in a circle, and that then, the square on the 

: : ; abed , 
radius of th bed circle is ——_——. . 

i e inscribed circle is (a0) (+4) 

81. <A polygon of 2n sides, m of which are equal to a, and x to 8, is 
inscribed in a circle; shew that the radius of the circle is 


3 
3 (o2+.2ab cos = +8) cosec 
\ n n 
82. A quadrilateral whose sides are a, 0, c, d, can be inscribed in a circle; 


its external angles are bisected; prove that the diagonals of the quadrilateral 
formed by these bisecting lines, are at right angles, and that the area of this 


quadrilateral is 4 Hie el) (od 60) = 5 
(a+e) (b+d) V(s— a) (s—b) (s—e) (s—d) 
where 2%=atb+c+d. 


83. A quadrilateral ABCD is inscribed in a circle, and #F is its third 
diagonal, which is opposite to the vertex A; prove that if the perpendiculars 
from A on BC, CD, meet the circles described on AD, AB, respectively as 
diameters, in P, then PQ sin D= HF (sin? A — sin? D), 


84. The power of two circles with regard to one another, is defined to be 
the excess of the square of the distance between their centres, over the sum 
of the squares of the radii. Prove that for a triangle ABC, the power of the 
inscribed circle, and that escribed circle which is opposite A, is $ {a?+(b—c)*}, 
and hence verify that if the inscribed circle touches an escribed circle, the 
triangle must be isosceles. 


85. The sides, taken in order, of a pentagon circumscribed to a circle, are 
a, 6, c, d, e; prove that its area is a root of the equation 


au — xs {¢ 3a? (b+e-—c—d) —4 3a? +4 Sacd} 
+(s—a—e)(s—b—d) (s—c—e) (s-d—a) (s—c—b) s?=0, 


where 2s is the sum of the sides. 
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86. If a, b,c, d, be the distances of any point on the circumference of a 
circle of radius 7, from four consecutive angular points of an inscribed regular 
polygon, find the relation between a, 6, c, and d, and prove that 
ee (ab — ed) (be — ad) (ca — bd) 
~ (a+b—c—d)(b+c—a—d)(c+a—b—d)(a+b+c+d)' 


v2 


87. The perimeter and area of a convex pentagon ABCDE, inscribed in a 


circle, are 2s and S, and the sum of the angles at # and B, at A and C......... 
are denoted by a, f,.........; shew that 
s? (sin 2a+...... +sin 2e)+2S (sina+...... +sin e)?=0. 


88. ABCD is a convex quadrilateral of which the sides touch one circle, 
while the vertices lie on another; tangents are drawn to the circumscribed 
circle at A, B, C, D, so as to form another convex quadrilateral; prove that 
the area of the latter is 

nee (sa — 2abed) (abed)* o 
(o — bed) (ao — eda) (a — dab) (o — abe)’ 
where 7 is the radius of the circle ABCD, 2s=a+b+c+d, 
and 2a = bed + cda+dab+abe. 


CHAPTER XIII. 
COMPLEX QUANTITIES. 


170. IN works on Algebra, quantities of the form «+ wy, 
called complex quantities, are considered, and the application to 
them, of the ordinary laws of algebraical operations, is justified. 
We shall in this Chapter, consider the mode in which such 
complex quantities may be geometrically represented, and in 
which the results of additions and multiplications of such 
quantities may be exhibited. It will appear that circular 
functions present themselves naturally in this connection, and 
indeed that such functions must be introduced in order to give 
conciseness to the results of the multiplication and division of 
complex quantities. 


The geometrical representation of a complex quantity. 


171. A positive or negative real quantity 7, is represented 
geometrically by laying off on a fixed infinite straight line A’OA, 
a length OM =z, to scale, measured from any specified point O in 
one direction or the other, according as # is positive or negative ; 
we may then consider that the quantity # is represented either by 
the position of the point UV, or by the straight line OM. In order 
to represent a purely imaginary quantity wy, take a fixed straight 
line B’OB, in any fixed plane containing A’OA, perpendicular to 
the latter line, then measure from O a length ON=y, in the 
direction OB or OB’, according as y is positive or negative, then 
we shall consider that the imaginary quantity vy is represented by 
the point J, or also by the straight line ON. A circle of radius 
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unity cuts A’A and B’B in the points which represent the 
magnitudes +1, +4 respectively. In order to represent the 
complex quantity «+vy, complete the rectangle OMPN, then 


B’ 


we shall consider that the point P, or also the straight line OP, 
represents «+ uy. We thus suppose that the result of the addition 
of the two quantities # and wy, is represented geometrically by the 
diagonal of the parallelogram of which the two straight lines OM, 
ON, which represent « and vy respectively, are sides. In the 
figure, P, represents a quantity #, + ¢y, in which both a, and y, are 
positive, P, a quantity 7, + vy, in which «, is negative and y, positive, 
and P; a quantity , + vy; in which a, is positive and y, is negative. 
A’OA is called the axis of real quantities, and B’OB the axis of 
imaginary quantities. 


172. Let r denote the absolute length of OP taken positively, 
and @ the angle which OP makes with OA, measured counter- 
clockwise from OA, then 


z=rcos6, y=rsin§, and z=x“+ w=r(cos 6+ sin 8), 


where r=Ver+y?, 6= tan ‘ 
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The essentially positive quantity r= Va? + y? is called the modulus, 
and the angle @ is called the argument of the complex quantity 
“+.y. <A straight line OP measured in any direction from O in 
the plane, is thus capable in virtue of its two qualities of absolute 
length, and of direction, of completely representing a complex 
quantity. The quantity «+ vy may also be represented by any 
straight line in the plane, drawn parallel to OP, and of equal 
length, since such a straight line represents both the modulus and 
the argument of x + vy. 


173. Suppose a point P to describe a circle with centre 0, 
and any radius 7, commencing from A’ and moving in the counter 
clockwise direction, then the modulus of the complex quantity 
represented by P, remains constant and equal to r, whilst the 
argument increases algebraically continually from —7. We may 
suppose the point P to make any number of complete revolutions 
in the circle, then at every passage through any fixed position P,, 
the quantity «+ vy has the same value, or an addition of a multiple 
of 27 to the argument leaves « + vy unaltered. In other words, a 
quantity 

x+y =r (cos 6+ sin 6) 


considered as a function of its modulus r and its argument @, is 
periodic with respect to the argument. 


For any quantity «+vy, that value of @ which lies between 
the values —7 and z, may be called the principal value of the 
argument; and we shall in general, in speaking of the argument 
of such a quantity, mean the principal value. 


It should be observed that the principal value of the argument 
- J 
a 
Art. 38; for a given quantity «+vy, both cos@ and sin@ have 
given values, therefore @ has only one value between — 7 and zr. 


0, is not necessarily the principal value of tan as defined in 


In this sense, the argument of a positive real quantity is 0, that of a 
positive imaginary quantity is 47, and of a negative imaginary quantity — 47. 
The principal value of the argument of a negative real quantity is, as defined 
above, ambiguous, being either 7 or —7; we shall however consider it to be 
x. The conjugate quantities w+, —.w have the same modulus, but their 
arguments are 0 and —6. The modulus of x+vwy is frequently denoted by 
mod, (4+). 
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174. It is of fundamental importance to observe that whilst a 
real quantity « can, whilst increasing continuously from a, to @, 
only pass through one set of values, this is not the case with a 
complex quantity «+ vy. There are an infinite number of ways in 
which such a quantity may change continuously from a, + ty, to 
y+ WY, even supposing that both w and y continually increase, for 
the continuous increase of # from a, to a, is entirely independent of 
the increase of y from y, to y,. This is essentially involved in the 
fact that two distinct units of quantity are contained in a complex 
quantity, and is represented geometrically by the fact that two 
points P, and P, in the diagram, may be joined in an infinite 
number of ways, the representative point moving along any 
arbitrary curve joining P, and P,. Ifa real quantity is to increase 
from 2, to 2», always remaining real, the representative point is 
restricted to remaining in the w axis; if the quantity is not 
restricted to having its intermediate values real, the representative 
point may describe any arbitrary curve drawn joining the two 
points on the # axis. 


We may express this point by saying that a purely real or a 
purely imaginary quantity is essentially one dimensional, whereas 
a complex quantity is two-dimensional, and requires a two-dimen- 
sional space for its geometrical representation. 


The method of representing complex quantities geometrically, was given 
by Argand in a tract published in 1806, but an earlier attempt at their 
representation had been made by Kiihn in 1750. The theory founded on 
this method of representation was developed by Cauchy, Gauss, Riemann, 
and others, and forms the foundation of the modern theory of functions. 


The addition of complex quantities. 


175. Suppose two complex quantities x, + Yi, T, + LYo, are re- 
presented by the points P, Q; complete the parallelogram OPRQ, 
then the projection of OR on either axis is the sum of the 
projections of OP, PR, or of OP, OQ, on that axis, hence the point 
R represents the sum (a; + a) +4 (4 + ys) of the two given complex 
quantities. We see therefore that the sum of two complex quan- 
tities is obtained geometrically by adding the straight lines which 
represent those quantities, according to the parallelogram law. 
We have supposed that equal and parallel straight lines of the 
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same length, and in the same direction, represent the same quantity, 
thus PR drawn from P parallel and equal to OQ represents 


B’ 


Ly + vy, we may therefore express the rule of addition thus; draw 
from O the straight line OP to represent #,+ vy,, and then from P 
draw PR to represent x, + vy,, Jon OR, then OR, or the point R, 
represents the sum #,+ 2, +6 (y+ Y2) 


176. The mode of extension of the rule for addition, to any 
number of quantities, is now obvious. 


Draw OP, in the first figure on page 226, to represent x, +1, 
then from P, draw P,P, to represent 7+ vy., from P, draw P,P, 
to represent #,+ vy;, and so on; then join OP,, the sum of the n 
quantities a+ ly, LZ + WYo,... + Yn, 18 represented by the 
straight line OP,,, or by the point P,. 

Since the length OP,, cannot be greater than the sum of the lengths OP,, 


P,Py,...Pn—1Pn, it follows that the modulus of the sum of a number of com- 
plex quantities is less than, or equal to, the suin of their moduli. 


Sa 15 
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B 


TE 


177. In order to subtract #,+.y, from a#,+y,, a line PR, 
must be drawn from P to represent — (#,+ sy2), this will be equal 
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to PR, and in the opposite direction, then the difference is repre- 
sented by OR,, or by the point R,. 


The multiplication of complex quantities. 


178. The product of the two quantities 
Ly + UY, Ly + UWYs, IS (Hy Hy —Y,Yo) + b(HYo+ Y,), 
and if we replace the quantities by 
7, (cos @,+ esin 6), 7. (cos 6,+ sin 8,), 


their product may be written 7,7, {cos (6, + 6.) + sin (0, + 4.)}; 
this expression shews that the modulus of a product is equal to the 
product of the moduli, and the argument of the product is equal to 
the sum of the arguments of the two quantities. 


We can now obtain a geometrical construction for the product 
of two quantities; let A, P, Q, represent the three quantities +1, 


2, + WY, + vy; jom AP, on OQ describe a triangle QOR similar 
to AOP, and so that the angle QOR is equal to +9,, then 
ROA = 6,+ 6,, and also OR: OQ:: OP : OA, hence the length of 
OR is equal to the product of the lengths of OP and OQ; it 
follows that the point R represents the product (a + vy:) (+ WY). 


15—2 
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If we now introduce a third factor x; + eys;=7; (cos 8, + 4 sin 0); 
we have 
(a, + UY) (@2 + Uys) (Ws + Uys) 
= 119"; {cos (0, + 82) + sin (A, + O,)} {cos A; + ¢ sin O;} 
= 1,121"; {cos (0, + 0, + 83) + sin (A, + A, + 4;)}, 
and we obtain, in a similar manner, the product of four or more 
complex quantities. In the case of n such quantities, we obtain 
the formula 
(% + U4) (@2 + LY) «++ (Zn + Yn) 
= 1,12... Tn {COS (A, +O, +... + On) + 6 8in (A, + A, +... +On)} ... CL). 
Or the modulus of the product of any number of complex quantities 
as the product of their moduli, and the argument of their product ws 
the sum of thewr arguments. The product may be obtained geo- 
metrically, by a repeated application of the construction we have 
given for the product of two quantities. 


Division of one complex quantity by another. 
179. The quotient (a, + w%;:)/(a@ + vy2) is equal to 
Ly ly + Yr Yo— b(L,Yo—Hay,)} or 2 {cos (8, - 8) +e sin (8, — .)}, 


Nee 
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thus the modulus of the quotient is the quotient of the moduli, 
and the argument of the quotient is the difference of the argu- 
ments of the two quantities. 


To construct the quotient geometrically, join the point Q 
(&2 + LY2), to the point A (+ 1), and draw a triangle ORP similar to 
the triangle OAQ, the angle ROP being measured equal to — 6, ; 
then the angle ROA is 0,—0,, and OR=OP/OQ, therefore the 
point & represents the quotient. 


The powers of complex quantities. 


180. If in equation (1), we put all the factors on the left- 
hand side of the equation equal to «+ vy, we obtain the formula 


(a + ty)” =r" (cos nO + o sin n9) ; 


thus the modulus of the nth power of a complex quantity is the 
nth power of the modulus, and the argument is n times that of the 
given quantity. 


To construct such a power geometrically, let P, («+ wy), be 
jomed to A(+1); on OP, draw the triangle OP,P, similar to 
OAP,, on OP, draw OP.,P,; similar to the same triangle, 
and so on, then the lengths of OP,, OP,,...OP, are 7, 7°,...17", 
respectively, and the angles P,OA, P.OA,...P,OA are 0, 20,...n0 
respectively, therefore the points P,, P,...P, represent the quan- 
tities (~ + vy), (@ + Ly)’,...(@+ vy)” 


In the particular case r= 1, we have 
(cos 8 +c sin 0)" =cos nO + sin n8, 


and if Q, represent cos 8+ .sin 0, then the points Q,, Q.,... Qn, which 
represent the different powers of cos@+ sin @, are all on the 
circle of radius unity, and so that the are between any two 
consecutive points of the series, subtends an angle @ at the 
centre O. 


181. In accordance with the theory of indices, supposing n to 
1 


be a positive integer, the expression (#+ wy)” denotes a quantity 
of which the nth power is «+sy. Now since the nth power 
of the modulus of a quantity is the modulus of its nth power, 
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and since the modulus of any quantity is real and positive, the 
1 
modulus of (« + w)" is ¢/r, where {/r is the real positive nth root 


1 
of r. Suppose that 7/7 (cos ¢ + esin P) is a value of (w+ wy)", then 
we have 

r(cos@ +esin pd)” =7 (cos 6+ 7sin A), 
or cosn@ +usin nd = cos 6+ 1sin 8, therefore cos np = cos 8, and 
sin np = sin 0, or np = 6 + 2s, where s is any positive or negative 
integer including zero, hence a value of 


1 
Bite W/e debe Cat rnin Cae 
(a+ uy)” is V7 es a +esin 


since the nth power of this expression is equal to «+ uy; the 
1 


above reasoning shews that every value of (#+ vy)” must be of this 
form. 


If we give s the values 0, 1, 2,...n—1, the expression 


0 + 2s in 0 + 28m 
‘ 2 


COS +81 


has a different value for each of these values of s, for in order that 
it may have equal values for two values s,, s, of s, we must have 


, and sin 


? 


6+ 2s. @ + 28a 64+2s707 . 0425.7 
Por C08 a ae “gpa ee ME 


n 
0 + 2s. 
+ Yeeeah , or (8, — 8) = nk, 
n 
where & is some integer ; this cannot be the case if s, and s, are both 
less than n, and unequal, therefore the values are all different. 


If we give s other values not lying between 0 and n—1, we 
1 
shall obtain no more values of (cos 6+ sin 6)”, for if s, be such a 
value of s, it is always possible to find a number s, lying between 
0 and ~—1, such that s,—s, is a multiple of n, and therefore 
the value of the expression for s = s,, is the same as for s=s). 


1 
We see then that all the values of (w+vy)" are given by the 
series of n quantities 
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Vr (cos + sin), Vr (coe T2™ 4.ssin 472), teeees 
n n n n 


Vr feos @*2@ = 4. sin si ee aad 


where {/r is real and positive. 


182. If @ be the principal value of the argument of w + wy, that 
is, that value of the argument which lies between —7 and 7, we 


i 
may regard W/r (cos : +esin | as the principal value of (a + vy)”. 
We may consider 


Le a0 6+ 20 
COS 1-1) SIM COS ae 
n n 


. 0420 6 + 4ar . O04 4a 
+ssin——— , cos ———-+e sin — 


as the principal values of the nth roots of 


cosO+csin@, cos(@+27)+csin(@+27), cos(O+47) +¢sin (0 + 47) 
1 

respectively. The different values of (@+uy)” are then the 

principal values of the corresponding expression in 7+ and @ when 


n different values of the argument @ are taken, the principal value 
1 
of (c+.y)” being considered as that expression in which @ has 


its principal value. 


The two values of a’, where a is a positive real quantity, are 
/a(cos0+1s8in0) and /a(cosm+cesinm), that is a and —/a, where Ja is 
the positive square root of a. The values of (—a)*, in which case 6=7, 
are /a (cost +usin}r), fa (cos $m +esin 37), or e/a, —e/a. The principal 
value of a? is a, and of (—a)! is t/a. 

183. The nth roots of unity are obtained from the expressions 
in Art. 181, by putting r=1, 0=0, they are therefore 
4r 


Qa . oF Avr ; 
1, cos——+esm—, cos—-+vesin—, 
n n n n 


Pee th ah roe 
n n 


eee eereee 


If we denote by , the root cos pa +csin = the whole of the 


roots are given by the series 1, w, w?... a”. 
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Since 


6 + 2rer 
cos ———— 
n 


: 2, . Qa 
+esin Ost ar Si = (cos +.esin )) (cos ae +esin “7 : 
n n n n n 


1 
it follows that if Wa+vy denote the principal value of («+vwy)”, 
then all the values are given by the series 


Vary, oVaEt yy, OVEEY, 00 wr V @ + vy. 


EXAMPLES. 


(1) Find all the values of (- 1) and of (- 1)*. 
(2) Find the values of (1++/ = 


184, We shall now shew how to represent geometrically the 
nth roots of a complex quantity; the method will give an 
intuitive proof of the existence of n different values of the nth 
root. Without any loss of generality we may take the modulus 
to be unity, so that we have to represent the values of 


1 
(cos 8+ usin 6)”. 


Let a point P describe the circle of radius unity starting 
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from A, at which 6=0, then in any position of P for which the 
angle POA described by OP, is 6, the point P represents the 
expression cos@+zcsin @. Let another point p start from A at 
the same time as P, and let its angular velocity be always equal 
to 1/n of that of P, so that the angle pOA is always equal 


to @/n, then p represents cos © > isin 2 When 2 reaches any 


position P, for the first time, let p be at p,, then the angle 
P,OA is n times the angle p,O0A, therefore P, represents the nth 
power of the quantity represented by p,, or conversely p, repre- 
sents an nth root of cos@,+zsin@,. Now let P move round 
the circle until it again reaches P,, so that it has described the 
. 2 
angle 0, + 27, then p will be at p,, where p,0A is equal to ior PG 
if P proceeds to make another complete revolution, when it again 
reaches the position P,, p will be at p;, where p,0.A = —- and 
soon. The points p,, ps, -- - Pn, are the angular points of a regular 
polygon of m sides inscribed in the circle. When P makes more 
than complete revolutions round O, the point p will again reach 
the positions p,, p...... Each of the points p,, p.... Pn represents a 
1 


value of (cos 6,+ vsin 6,)", since the nth power of the expressions 

represented by any one of these points, is the expression repre- 

sented by the pomt P. The point p, represents the value 

for the smallest argument @,. We have thus obtained the 
1 


n values of (cos 6,+ sin 6,)”, and we see that these values are the 


s O42 
different values of cos — Be Ese. cal Bey eines aoe when s=O.1 2... 


n—1. 

185. To obtain graphically the nth roots of any expression 
x+y, we must be able (1) to divide an angle into n equal parts, 
and (2) to inscribe a regular polygon of n sides in a circle, and (3) 
in order to construct the modulus, we must be able to construct a 
straight line whose length is the nth root of the length of a given 
line. In order to obtain all the nth roots of unity, it is only 
necessary to solve the second of these geometrical problems, since 
in this case the angle to be divided into n parts is zero. The 
problem of inscribing a regular polygon of n sides in a given circle, 
is therefore equivalent to that of obtaining the numerical values 
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of the roots of the equation «”—1=0. This geometrical problem 
can be solved by the use of the rule and compasses, in the following 
cases : 

(1) When n is a power of 2; for example n = 4, 8, 16, 32. 

(2) When n is a prime number of the form 2”+1; for 
example, when n = 3, 5, 17,257. This was proved by Gauss in his 
Disquisitiones arithmeticae. 

(3) When n is the product of different prime numbers of 
the form 2” +1, and of any power of 2; for example, when n=15, 
85, 255. 

The proof of Gauss’ theorem would lead us too far into the 
theory of numbers; we have however considered the special case 


n=17, in Art. 85, Ex. (4), where sinz/17 is found in a form 
involving radicals. 


De Mowres Theorem. 


186. For all real values of m, cos m@ + 4 sin mé is a value of 
(cos 9+ 4 sin 0)”. 


This theorem, known as De Moivre’s theorem, has been proved 
in Arts. 180 and 181, in the two cases m =n, and m= 1/n, where 
n is a positive integer. To complete the proof, we have to consider 
the cases when m= p/q,a positive fraction, and when m is negative. 


p 1 
It is clear that (cos @ + «sin @)% = (cos p@ +e sin p@)7, and one value 


of this is cos +esin pe 
If m=—k we have 
(cos + esin 0)” = 


~ (cos6+esin 6)’ 


and one value of this is always or coskO — «sin kO, 


cos k@ +c sin k@’ 
which is equal to cos m@ + sin m. 


P 
It should be remarked that all the values of (cos @+ usin 6)4 
are given by the expression 


where s=0, 1, 2...qg—1, when p is prime to q. 
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If p is not prime tog, let p’/q’ be their ratio in its lowest terms, 
then the expression just found is equal to 
, / 
cos pet) as a) + sin pal Cele 25) a id) ; 
fe Y 
and this will only give q’ different roots; the whole of the g values 
can be obtained from the expression 


cos koe eie) +¢sin ae) 7 20) : 


by letting s=0, 1, 2,...q—1. 


187. The theorem 
(cos 8, +4 sin 6,) (cos 6, + ¢ sin 8.) ... (cos A, + 6 sin On) 
= cos (0,+ 0,+ ...+9,) +¢sin (0, + O,+... + On) 


used in the proof of De Moivre’s theorem, affords a proof of the 
theorems (28), (29), (30) of Art. 49. We may write the left-hand 
side of this identity, in the form 


cos 8, cos 8, ... cos 8, (1 +4 tan 6,) (1 +¢ tan 6)... (1 +2 tan 6), 


hence equating the real and imaginary parts on both sides of the 
identity, we have 


cos (6, + 6, +... + On) = cos 8; cos 8, ... coS On (1 — tf +t, — «..), 
sin (0, + 0,+ ... + 6,) =cos 0, cos 8, ... CoS On (4 — ts +5 —...), 


where ¢; denotes the sum of the products of the n tangent taken s 
at a time. 


The theorems (39), (40), (43), of Art. 51, are obtained at once 
from the theorem cos n@ + s sin n@ = (cos 8 + 4 sin @)”, by expanding 
the right-hand side of the equation, by the Binomial theorem, and 
equating the real and imaginary parts on both sides of the 
equation. 


When 7x is a positive integer, we have (cos 6+ csin 6)”"=cos n6+csin 20, 
and therefore also (cos é—«sin 6)"=cos n6—.sinn6, thence we obtain the 
formulae 

cos nO = (cos 6+. sin 6)" +4 (cos @—« sin 6)” 

«sin 26 =4 (cos 6+. sin 6)”—4 (cos @— «sin 6)”. 
The first of these equations is really an expression of the fact mentioned in 
Art. 51, that 1+ cos 6+ 2? cos 26+...+2" cos 26 is a recurring series of which 
1-2 cos 6+? is the scale of relation; denoting cosn@ by w,, we have 
Un — 2 COS O. Up —-4+Un—2=0}; to solve this equation assume, as usual in such 
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cases, U,= Ak", then we obtain for & the quadratic /?- 2h cos 6+1=0, of 
which the roots are £=cos 6+ sin 6, hence 

Un =A (cos 6+ sin 6)”+B (cos @— «sin 6)” 
is the complete solution of the equation for w,. Putting »=1, and n=2, we 


find 4=B=4, and thus obtain the expression given above for cosv@. The 
expression for sin76é may be found in a similar manner. 


Factorization. 


188. We are now in a position to resolve a” —(a++b) into 


n factors linear with respect to x. The expression vanishes if w is 
af 


equal to-any one'of the values of (a+cb)”; if 4, qo--» Gn» denote 
the n values of this expression, we shall have 


a” — (a + 0b) = (a — Gy) (@ — qs) .+.(@— An) 
for since #”—(a+ub) vanishes when #—q,=0,«—qs must be a 
factor without remainder, thus we obtain » different factors and 
there can obviously be “no more. Put a=rcos 6, b=rsin O, then 
the expression for 2 — (a+ sb) in factors, becomes 


TT {e i 6 + 2s . O+ ==) 
n 


— pj cos ————_+7eslM 
s=0 p \ n 


where p=r/r=(a?+ 6), 


From this result several of the factorizations already obtained in 
Chap. VII. may be deduced. 


(1) Let a=1, b=0, we then obtain 
s=n—-1 
= i (2 — cos ““™ — «sin *&") 
s=0 v0 nN 


2sqr us 2(n—s)7 ii 
n n 


and since 


2c, 
this gives us, if is odd, 
; 8=3(a—1) 2sar wes as 
e"—l=(@—-1) II (#— cos ———esin =") (2 - cos alias ihb 
ea n n n n 


8=}(n-1) 
=(#-1) II (2° — 27 cos soa 1) 
s=1 v7 


s=}(n-2) 


and “*—l=(e-1)(#+1) (a? — 20 cos °™ 41), 
s=1 


if 2 is even. 
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(2) Let a=—1, b =0, then we obtain the formulae, 


=3(n- 
w@+l= (eet) a ” (a = 2e een 1) , (n odd), 
s=0 
s8=3(n-2) 29 4 
e+tl= I (2 — 2% cos fake) re 1) , (n even). 
s=0 


(3) #”—2a"cos 841 
= (a — cos 8 —csin 0) (a — cos 0+ csin 0) 


s=n-1 0 + 2sr . O42%sr 6 + 2sar . 04 2ser 
= (2 Sees 2 eh (2—cos—— = +.s9in ). 


s=n-1 
= II (? -22008 © * =" 4.1), 


s=0 


or writing w/y for x, and multiplying both sides by y?”, we have 


s=n—-1 fa) T 
ge" — 2ey” cos G+" = II G — 2axy cos + r) § 
s=0 
(4) From the last result we have 
s=n-1 
e+ a"—2cosd= II (« + a7! — 2 cos etter) 
s=0 


Put sw=cosd+esing, then w1t=cosd—ssin , 
and z=cosnd+esinnd, #”=cosnd— sin nd, 
therefore, changing @ into 70, 

s=n—1 WAS 
cos np —cosn@= 2” TI Joos 4 — cos (+=)! 


s=0 


Properties of the circle. 


189. Certain well-known properties of the circle may be ob- 
tained by means of the factorization formulae of the last Article. 
Let A,A,A;...A, be a regular polygon of n sides inscribed in a circle 
of radius a, and let P be any point in the plane of the circle, its 
distance from O the centre of the circle, being denoted by c. Let 
the angle POA, be denoted by @, then the angles POA,, POAs... 
are 0+ 27/n, 0+ 4c/n... respectively. Then 


=7—1 
PA? PAPPA?... PA ett Jat — 2ac cos (0+° aaa = +¢ e 


s=0 
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hence we have the theorem 
PA}. PAZyPAP A PAP HO" 20 copper, 
which is known as De Moivre’s property of the circle. 


In the case when P is on the circumference, the theorem 
becomes 


PA,.PA,. PA;... PAn = 2a" sin $n8. 


In the case when P is on the radius 0.4,, we have @= 0, and 
the theorem becomes 
PA, PAs. PAG = OH CE 
Again if P lies on the bisector of the angle A,OA,, we have 
6 =7r/n, and the theorem becomes 


PA; PAs PAG SO ee 


The last two cases are known as Cotes’ properties of the circle. 


190. EXAMPLES. 


(1) Eapress x™~1/(1+x") in partial fractions, m being an integer less than n. 


If a be a root of the equation z"+1=0, the partial fraction corresponding 


q@—1 1 ik ane n 
or {3 taking the two fractions cor- 


to the factor x—a, is 
na" g—a? =n GZ 


2; 
} a, together, 


, : DE 1 ; 
responding to the conjugate values of a, cos a m+csin 
11) 


we obtain the fraction 


lls Wt) 
1 2x COS - ra (n—m) m7 —2 cos cs (n—m+1) 7 
‘ — 2 cos Lee 
g, 008 (27 +"? m — 37 COs (27 +1) > Pe 
or -. : 


27 
x? — 9 COs 


1 
ar+l 


if 2 is odd, we have the additional fraction i ate 


ae) 5 hence when z is odd 


m—1 m 
aml (nm gr=¥in=2) cos (27 +1) TT — # 08 (27+ 1), 7 


14a" n(a@t+1)'n 0 ; +1 
— 2% cos - 5 


w+l 
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and when 7 is even 
m—1 m 
m1 grabw cos (27 +1) a #608 (27+ 1) et 
l+2” nn 42 1 
+z nN r=0 at 20c0s tn 41 


(2) Express x™~1/(x"—1) in partial fractions, m being less than n. 
(3) Prove that 


X—acos / yfitanl2 
x”— a” cos n6 Wy eran et n 


x2" _ Ox” 9% Cos né+a2 a nx?-1 say 


eS A 
x? — 2xa cos (0 +8) +a? 


is resolved into 


n GS — ata) 
The denominator of the fraction — 
a" — Qa an cos nb + a2” 


factors, and the fraction corresponding to each factor can then be determined 
as in Example (1). 


(4) Prove that 


(a) n siz nd 1 at oe 1 y 
“sin * cosnO—cosnd — r=0 cos —cos(p+2m/n)’ 
(b) n? si né sin np 1 aS! stn (p+2m/n) _ 
sin 0 “(cosn@—cosnd)? —x=0 {cos 8@—cos (p+ 27/n)}?" 


The expression on the left-hand side in (a), is an algebraical function of 
cos 6, and can therefore be resolved into partial fractions, as in Ex. (1); the 
equation (0) is obtained by differentiating both sides of (a) with respect to ¢, 
or what amounts to the same thing, by changing @ into @+/ and equating 
the coefficients of 4, on both sides of the equation. 


(5) Shew that of 
cos6+cos p+cosp=0, and sinO+singpt+siny=0, 
then cos 36 +cos 3p +co0s 3 — 3 cos (0+ h+W)=0, 
and sin 30+ sin 3p + sin 38 — 3 sin (0+ 64+)=0. 

This is an example of the general method of deducing Trigonometrical 
theorems from Algebraical ones, by substituting complex values for the 
letters. If a+b+c=0, we have a*+b?+c'?—3abc=0; let a=cos 6+ sin 8, 
b=cos p+ sin dp, c=cos p+csin py, then we have given that if 

(cos 8+cos f+cos v)+u(sin 6+sin P+sin y)=0, 


(cos 30-+cos 3 + cos 3p) +¢ (sin 34-+sin 34 + sin 3) 
—3 {cos (6+h+W)+esin (6+h6+W)} =0; 


equating to zero the real and imaginary parts separately in each equation, the 
theorem follows. 
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EXAMPLES ON CHAPTER XIII. 


Proven (CAEN YB ara en 


2. Evaluate 
{cos @—cos +4 (sin 6—sin )}"+ {cos 6 — cos @ — «(sin 6— sin @)}". 
3. Prove that 
m1 — 7\e 2 f 
is i) me =A | x?+tan? 7) ( 22 +tan? meh ey ts a? + tan? ie 5 
Qu nv nN Nn 


where 7=4 (2-1) or $n—1, and A is 1 or n, according as n is odd or even. 


4, Prove that 
4sin}(8—y)sin}(y—a) sin} (a—8) Ssin (pat+gB+ry) 
=sin {(n+1)a—}(B+y)} sin} (B—y)+... 
where = denotes the sum taken for all positive integral values of p, g, 7, 
(including zero), such that p+q+r=n. 


5. If p is a positive integer and a, B, y... are the roots of the equation 


v® =1, and 7 is any numerical quantity greater than unity, shew that the only 
ppm lls | 
real value of a®+B"+y"+...18 tan = / tan Als 


pn 

Gs Mie (L+ 2)" = p+ pitt pov +...... 
prove that Po Pot P4— seve =2" cos dn, 
Pix Pet Bem ure =2)" sin din. 


7. If 2, 7...%,, be the corresponding roots selected from the conjugate 
pairs of roots of the equation xv” — 227" cos n8+1=0, and if 


rn v8 
Sf (a)= = 4, cos ( at"), prove that 


T=1 


Fe) Fa) (m= Gay] F EF iatat..ta)p |, 


8. If a, B, y, 6, «, be any five angles such that the sum of their cosines 
and also the sum of their sines is zero, shew that 


= cos 4a=4$ (3 cos 2a)?— 3 (3 sin 2a)? 


> sin 4a=3 sin 2a. 5 cos 2a. 


OM liaGie Comers t,, be the sum of the products of the » quantities tan wv, 
tan 2%, tan 22z7,...... tan 2”~ly, taken 1, 2, 3...7 together, prove that 
1—t,+¢,—t+...=2" sin 7 cos (2"—1) a cosec 2x 


t, -tg+¢,—...=2" sin x sin (2"— 1) & cosec 2". 
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10. If cos(@—y)+cos (y—a)+cos (a— B)= shew that 


COS Na+ COS NB + COS Ny 
is equal to zero unless 7 is a multiple of 3, and if 2 is a multiple of 3, it is 
equal to 3 cosin(a+B+y). 
11. Prove that the values of w which satisfy the equation 
n(n —1) (n—2) 


nm (w= 1. : 1 
1—ne— - i ) w+ 31 O+...+(- (yee) x" =0, 
4r+1 : ; 
are «=tan i ) 7, where r is any integer. 
FEE p21 Sin47a COS? = 7a (Q2n+1) x 
12s 4 P —1jr-1 = — 
ss a —) av? +tan? ra (1+ a@)Prtl— (1 — went? 
7 
where baa ra ] . 


13. If ,P, denotes the sum of the products taken s together of the 
quantities 
tan? m/(2n +1), tan? 2n/(2n +1), ...... tan? nx/(2n +1), 
the quantity tan?77/(2n+1) being omitted, and if 
A,=(-1)""1 sin? rr/(2n +1) . cos??—3 rr/(2n+ 1), 
prove that 34,.,P,=0, the summation extending to all values of 7 from 1 to 
n, and s having any value from 1 to n. 


14. A regular polygon of n sides is inscribed in a circle, and from any 
point on the circumference chords are drawn to the angular points; if these 
chords are denoted by ¢,, ¢y,... ¢,, (beginning with the chord drawn to the 
nearest angular point and taking the rest in order), prove that the quantity 
C1 Cg + C9€3+ +60 +Cn—10nt+CnG i8 independent of the position of the point from 
which the chords are drawn. 


15. If A, Ay... Aogn41, are the angular points of a regular polygon inscribed 
in a circle, and O is any point on the circumference between A, and Ag, ,4, 
prove that the sum of the lengths OA,, OA3, ... OAgn 4, 18 equal to the sum of 
OA,, OA,... OAgn- 


16. If p,, py... pn are the distances of a point P in the plane of a regular 
polygon from the vertices, prove that 
rn] n yen _ gin 
= p” ~ 72 — G2 pn — 27mg" cos nO +a”? 


where a is the radius of the circle round the polygon, 7 is the distance of P 
from 0, and 6 the angle OP makes with the radius to any vertex of the 
polygon. 

17. Straight lines whose lengths are successively proportional to 1, 2,3...2, 
form a rectilineal figure whose exterior angles are each equal to 27/n; if a 
polygon be formed by joining the extremities of the first and last lines, shew 
that its area is 

n(n+1) (2n+1) 
pe 


aw 16 1. 7 
cot — + — cot — cosec? —. 
nn n n 
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18. The regular polygon A,A,A3... dom has 2m sides; shew that the 
product of the perpendiculars fron Bares eon of the circumscribed circle on 
A, Az, Ay Ago AAs 18 GOP EN 

19. Shew that if A, A... Agr, B, By... Bon, be two concentric and similarly 
situated regular polygons of 2n sides, then 

PAS OPA,? PA 1 SP Ot Bee ad 
PAG. PA LAR OBA PE Bele 
where P is anywhere on the concentric circle whose radius is a mean propor- 
tional between the radii of the circles circumscribing the polygons. 


20. A point O is taken within a circle of radius a, at a distance 6 from 
the centre, and points P,, P,, ... Py, are taken on the circumference so that 
P,P, P,P, ... P,P,, subtend equal angles at 0; prove that 


OP, + OP, +1..+ OP, =(a2—?) (OP{-7+ 0P,-44 ct OP). 


21. Prove that if is a positive integer 


: te 20. 6+n inl). suas 
cos né = 1+ 2n sin 5 cos Se BO Ta sin ae 
2-1) (2) 99 5109 gg 3 OR) 
31 2) 9 sin eos 3 


22. Shew that the number m of distinct regular polygons of x sides which 
can be inscribed in a given circle of radius 7, is equal to half the number of 
integers less than n and prime to it. 


Shew also that the product of their sides is equal to 7%/n//n—2m, or 
r™, according as 7 1s, or is not, the power of a prime number. 


23. A regular polygon of m sides AjA,A,... An_, is inscribed in a circle 
of radius a and centre 0, and from a point P on OAp, lines PA,,... PAn_, 
are drawn making angles 6,, 62,...0,-,, with PO. Prove that the continued 


r=n=1 
product r (PA,*"—2PA,"a” cos mO+a?") is equal to the continued pro- 
= 


(ee | 
duct 1 (PA,?"—2PA,"a" cosn6+a?"), where the latter expression refers 


r=0 
to a polygon of m sides inscribed in the circle in a similar manner, the position 
of P being unaltered. 


CHAPTER XIV. 


THE THEORY OF INFINITE SERIES. 


191. WE shall, in this Chapter, give some propositions con- 
cerning the convergency of infinite series in which the terms are 
real or complex quantities. Anything like a complete account of 
the theory of such series would be beyond the limits of this work ; 
we shall therefore confine ourselves to what is absolutely necessary 
for the purpose of discussing the nature and properties of trigono- 
metrical series. 


The convergence of real series. 


1 A i are es mat aR lo RP oe be a series of real quantities 
formed according to any law, and let S, =a +a.+ as+...... + An, 
then if S, has a definite finite limit S, when n is indefinitely 
increased, the infinite series a, +a+d,+...... is said to be 
convergent. 

We shall, in this Chapter, use the notation LS, to denote the 
limiting value of S;, when v is infinite. 

If the limit of S,, is infinite, or if it is finite but not definite, 
the series is not convergent. In the former case the series is 
divergent, and in the latter case in which the limit of S, depends 
on the form of n, the series is said to oscillate. Oscillating series 
are frequently included under the name divergent series. 

The series 1+4+4+}+4...... is divergent since ZS, = ; the series 
1+1-24+1+41-2+4...... 
oscillates, since ZS, is equal to 1, 2, or 0, according as 7 is of the forms 
3r+1, 37r+2, or 37. 
16—2 
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193. Supposing none of the quantities a), Ms, Ms ...++- to be 
infinite, the necessary and sufficient condition for the convergency 


es . o,f 
of the series Sa, is that, corresponding to any finite positive 
1 


quantity « as small as we please, a number m can be found such 
that the arithmetical value of Ansa + Ante + ..+0e + an4, 1s less than e, 
whatever number r is, if n is equal to, or greater than m. 

To shew that the condition is sufficient, denote by R, the 
infinite serleS Anyi + Anse + --eeee , Which is the remainder after n 
terms in the given series, then by making 7 infinite, we see that 
R,, is numerically less than e, if n S m, hence S has a value between 
S, +e and S, —e where e may be made as small as we please; also 
S, being the sum of a number of finite quantities is finite, hence 
S is finite. 


Also Spy, — Sp = Ghar F Ogg Pe. + An+>, thus Sp+.— Sy can be 
made as small as we please by making n large enough, therefore 
LS, = L8n+,, hence the value of S is definite, being independent of 
the form of n. 


The condition has been stated so as to exclude the case of an 
oscillating series, 

If we take r=1, the condition includes that a,4, may be 
made as small as we please by taking n large enough, thus 
La, = 0. 

The rapidity of the convergence of a series may be measured 
by the least value of m corresponding to a given value of e, that 
is to say, by the number of terms which it is necessary to take in 
order that the remainder may be less than an assigned quantity. 


In the case of the geometrical series 1-+-#7+?...... which converges to the 
value 1/(1—~), when is less than unity, we see that 
a” (1— a) 


Ant ptr F Ong r= ’ 


Sep 
nm 

and this will be less than e, if Be ides in this case, supposing x to be 
l-# 


log e+log (1-2) 

log x ; 
value of m increases as # increases, thus the rapidity of convergence of the 
series diminishes as # increases; when x approaches unity, and becomes 
ultimately indefinitely near it, m increases indefinitely, thus the convergence 
of the series becomes infinitely slow; when w=1, the series is, of course, 
divergent. 


positive, the value of m is the integer next greater than The 
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194. Let us next consider the case of a series in which there 
are both positive and negative terms; in such a series there will 
be one or more positive terms followed by one or more negative 
terms, and we may, without altering the series, add together the 
consecutive positive terms, and also the consecutive negative 
terms, so that without loss of generality, we may consider a series 
Qh, — Ag + As — Ag to... iri whichis § O28 cc uur are all positive quan- 
tities. Suppose such a series to be convergent, then if the series 
A + Ag + Ag +...... in which all the signs are made positive, is also 
convergent, the series a@,—d,4+ 4; ...... is said to be absolutely 
convergent, whereas if the series a, +a,+4;+...... is divergent, 
the series @,—Q,+Q,;—...... is said to be semi-convergent or 
conditionally convergent, or accidentally convergent. 

The series 1~2—2-243-+4...... is absolutely convergent, since the series 


5 eas eae Se el iS convergent, but the series 1—!—-2-1437-1-.,..... is 
semi-convergent, since the series 1~1+2-143-1+....., is divergent. 


A series @,—d,+ds...... is always convergent if each term is numerically 
greater than the next following, and if a, is indefinitely small when 7» is 
infinitely great; for the sum of any number of terms is obviously positive 
and less than @,, hence the limit of the sum is finite, and it cannot oscillate 
since 


LS) +r — LSn= £ (Gn 41 - Gn 42+ ob900c LM +r); 


which is ultimately zero, as it is numerically less than a, ,,. 


195. In a semi-convergent series, the order of the terms 
cannot in general be deranged without altering the sum; let S, 
be the sum of the first p positive terms, and S’, the sum of the 
first g negative terms with their signs changed, then if the series 
be re-arranged so that the sequence of the positive terms is 
unaltered, and also that of the negative terms, but so that of 
the first p + q terms, p are positive and q are negative, the sum of 
the series so re-arranged is the limit of S, — S’,, when p and q are 
infinite. Now the two series S,, S’, each consists of positive 
terms, hence the limits of S, and of S’, are each either finite and 
definite or else infinite, by hypothesis they are not both finite and 
definite as the given series is not absolutely convergent, hence 
either one or both of the limits S,, 8’, is infinite; if both are 
infinite the value of LZ (iS, — 8’) will depend on the ratio in which 
p and gq become infinite. If one only of the limits S,, Sq is 
infinite, L(S,— 8’) is infinite and the original series was not 
convergent. In the original order a,—d,+4;... of the series, p 
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and q become infinite in a ratio of equality, but if, for example, 
we write the series a,+d3;—@.+Q;+@,—a+...,p and g become 
infinite in the ratio 2:1, and the limits of 8,,—’g, and S,—S', 
when q is infinite, are in general not equal. 


As an example, consider the semi-convergent series 1—-3+4—3+...; denote 
its sum by S, then. 
1 
Syn=1—$+4-Et+ 00 ae 


ed aera | aac ) 
=2\ 77s anal ane ea) 
Let 8’ denote the sum of the series 1—-4-—4+4+4-+...... in which the 
order of terms in the series S’ has been altered, we have 


eT eee 
Be 4 = 3" 41 Wan? 


n VV 1 
hence Son — San= 2 ( - ) 


n al Ih 4 
=12 (5-5 - in) 78 Sow 


1 


when 7 becomes indefinitely great, we have therefore S’=3 8. This example 
was given by Dirichlet, who first pointed out that the sum of a semi-con- 
vergent series depends on the order of the terms. 


196. Riemann has shewn that the terms in a semi-convergent 
series may be so arranged that the sum may have any given 
value a. 


Suppose @ is positive, take first p positive terms, p being such 
that S,.<a and S,>a; then take q negative terms, g being so 
chosen that S,—S’,,>a, and S,—8’,<a; next take p’ positive 
terms such that Spi,. -S,<a, and Sp,,,—S, >a, then q’ negative 
terms such that S19 — S49 < 4, and Sp —S 49-1 >a, and so on. 
Proceeding in this way, we obtain a series such that its sum 
differs from a, by less than its last term, hence when we make 
the number of terms infinite its sum will ultimately be a. 


The convergence of complex series. 


197. Suppose z,+2).+...... enh ark to be an infinite series, in 
which each term 2, is a complex quantity + wn; the series Ez is 


n 
convergent only when each of the two sums Xa, Sy has a definite 
1 1 


finite limit when x is infinitely great; denoting these limits by X, 
Y respectively, we consider X ++Y to be the sum of the infinite 
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series =z. In case the limiting value of either of the sums =a, Ly 
is either not finite, or is an oscillating quantity, the series Xz is 
not convergent. 


Suppose Z,= 7, (cos 6,+2sin 6,), then we shall shew that 
the series }z is convergent provided the series =r, in which each 
term r, 1s the modulus of the corresponding term 2;,, is convergent. 
The given series 7, (cos 6, + «sin 8,) is convergent provided each 
of the series =r, cos 0,, 27, sin O,, 18 convergent ; now each of the 
quantities r, cos @,, 7, sin 6, lies between the quantities + 7p, 
therefore the sum of each of the series =r, cos 6,, rp sin Oy is less 
than =r,; also the quantity S,,,—S, is for either of the series 
=r cos 6, Xr sin 6, numerically less than for the series =r; if then 
the latter series is convergent, so is each of the former ones, hence 
the series }z, 1s convergent. 

The converse is not necessarily true, thus the series 

=7rn (Cos On + 6 Sin Op) 
may be convergent, whilst 2, is divergent. 

If the series 7, formed by the sum of the moduli is convergent, 
then the series 47, (cos 6, + sin 6,) is said to be absolutely con- 
vergent. . 

For example, the series of which the general term is ~? (cos 78 +. sin 76), is 
absolutely convergent, since the series 5 n~? converges, whereas the convergent 


series of which the general term is n1(cosn@+ sin 26), (27 >6>0), is not 
absolutely convergent, since the series 5 7 is divergent. 


Continuous functions. 


198. Suppose f(z) to be a function of the quantity z=w#+ wy, 
which has a single finite value for every value of z which lies with- 
in any given limits; this function will then have a single value for 
every point in the diagram, which lies within a certain area; this 
area may be any finite portion of the plane, or the whole of the 
plane. 

Such a function is said to be continuous at the pomt z=4%, 
if a finite quantity n can always be found such that the modulus of 
f(z) —f(z,) ws less than an assigned finite quantity ¢, taken as small 
as we please, for all values of z which are such that the modulus of 
Z — z, 18 less than 7. 

A function which satisfies this condition at every point within 
any given area, is said to be continuous over that area. 
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Uniform convergence. 


199. Let f,(z) be a function of z or #+vy, which is con- 
tinuous over any area; then if the series 


Si (2) +fa(2) + veces thaieyte ees 


is convergent, we may denote its sum by F(z). Suppose 


AAAS + vee +fn (2); 

where n is any fixed number, is equal to S,, then the quantity 
Sivel2) + Save (eit wos is called the remainder after n terms and 
may be denoted by R,; we have therefore /(z)=S,+ Rp. Now 
suppose that corresponding to any given finite quantity e, however 
small, a finite value of n, independent of z, can be found, such 
that for all values of z represented by points lying within any 
given area, the modulus of R,, is less than e, where m is equal 
to or greater than n, the series is said to converge uniformly for 
all values of z represented by points within that area. 


If as z approaches indefinitely near any fixed value z,, in order 
that the moduli of all the remainders R,, may be less than e, 
it is necessary to suppose n indefinitely great, then in the neigh- 
bourhood of the point z,, the series does not converge uniformly 
and is said to converge infinitely slowly. For any space including 
a point near which the series converges infinitely slowly, it is 
impossible to assign any finite fixed value of n, such that for 
all values of z within that space, the moduli of R,, are less than 
the fixed finite quantity e, and thus the series does not converge 
uniformly throughout that space. When z is absolutely equal 
to z, the series may be either convergent or divergent. 


We may state the matter as follows :— 


Suppose that as z approaches some fixed value z,, the number 
of terms » of the series f,(z)+f,(z)+... which must be taken, 
in order that mod. R,,<e, where m is equal to or greater than n, 
depends on the modulus of z—z, in such a way that » continually 
increases as mod. (z—4,) diminishes, and then n becomes indefi- 
nitely great when mod. (z—z,) becomes indefinitely small, the 


series is said to converge non-uniformly in the neighbourhood 
of 2. 
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In the neighbourhood of such a point, the rate of convergence 
of the series varies infinitely rapidly, and when mod. (z— 4%) is 
infinitely small, the series converges infinitely slowly. 

It should be observed that a convergent numerical series 
cannot converge infinitely slowly; thus when z is absolutely equal 
to 2, the convergence of the series fi(%)+f2.(a@)+..., if it is 
convergent, is no longer infinitely slow; it is only when z is a 
variable quantity such that mod. (z—4,) is infinitely small, that 
the series f\(z)+f,(z)+... converges infinitely slowly. It is 
consequently more exact to speak of the non-uniform convergence 
of a series in the neighbourhood of a point, than at the point 
itself. The number of terms n that must be taken in order that 
the modulus of the remainder R, (z) may be less than a fixed 
quantity ¢, increases as z approaches the value z,, becomes 
indefinitely great when mod. (z—z,) becomes infinitely small, 
and then, if the series is convergent at the point z,, suddenly 
changes to a finite value; this number n is therefore itself 
discontinuous in the neighbourhood of such a point. 

By some writers, a series is defined to be uniformly convergent over a 
given area, when a number 7 can be found such that for all values of z, the 
modulus of the remainder #, is less than e. The definition given in the text 
is more stringent than the one here mentioned; it is possible to construct 


series which converge uniformly according to the latter but not according to 
the former definition. 


200. If the functions f,(z), fi(Z)...... are continuous for all 
values of z represented by points lying within a given area A, 
then the function F(z) which represents the sum of a conver- 
gent series =f(z), is a continuous function for all values of z 
represented by points lying within the area A, provided the series 
=f (z) converges uniformly over the whole area A. 

For we have #(z)=S,+R,, n being such that for all values 
of z to be considered, the modulus of R,, is less than ¢; let z 
receive an increment 6z, and let 6F(z), 6S,, dR, be the corre- 
sponding increments of F(z), S,,and R,,, then since by supposition 
the moduli of R, and Rk, + é6R, are both less than e, the modulus 
of dR, is less than 2e. Also since S, is a continuous function 
of z, we may by choosing 6z small enough, make the modulus 
of 5S, less than e; hence, provided 8z is less than a certain 
value, the modulus of 5S, + 6R, or of dF (z) is less than 3¢, since 
the modulus of 6S,+ 6, is not greater than the sum of the 
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moduli of 8S, and &R,. Now 3¢ can be made as small as we 
please, therefore mod. 8F'(z) can be made as small as we please 
by making &z small enough, that is to say the function F(z) is 
continuous. 


It will be observed that for this proof, the less stringent definition of 
uniform convergence, given in the note to Art. 199, is sufficient. 


201. For values of 2, for which the series converges non- 
uniformly in the neighbourhood, the sum of the series is not 
necessarily continuous; in this case the reasoning of the last 
Article fails. The limiting value of the function f;, (z), when z= 4, 


if fn(@), but it does not follow that > { Fn (2) —fn (&)}, becomes 
1 


zero. We may denote the sum > {f(2)—f(a)} by F(n, 2-4), a> 
1 


function of n and of z— 4; now the limiting value of F(n, z— 2) 
when z is first made equal to z,, and then n is afterwards made 
infinite, is zero; but if n is first made infinite, and afterwards 
Z—2, is made zero, the limiting value of F(n, z—4%) is not 
necessarily zero. 
As an example of this phenomenon, Stokes considers the real series 
1+5xz x(e+2)W +a (4-2) n+1—2e 
DEC eae n(m+1) {((m—1) 2 +1} (ne+1) 
when 7=0, this series becomes 


, fee ee 
1.2 “ee eeee n(n+1) eeecee 


Now the general term is 


com ao 
nm(m+1) {(n-1)a#+1}(ne+1)’ 


x. 1 eee 
nm (n—1)e+1 M+1  ne+1)’ 


therefore the sum of the series is 3, whatever # may be; the sum of the series 


i 1 : ; oo erate : F 
Qt is however unity, thus the series is discontinuous in the 


neighbourhood of the value of «=0. 
The remainder after n terms is pilin + bees 
Maal we eel 
find n= {e+2—¢(wt1)+W fe (+1) — (@+2)}? — 4en (e —3)} /2em, 
which increases indefinitely as 2 becomes indefinitely small, thus the series 


converges infinitely slowly when z is infinitely small; this is the reason of the 
discontinuity in the sum of the series. 


putting this equal to «, we 
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The discovery of the distinction between uniform and non-uniform conver- 
gence of series has usually been attributed to Sezde/, who published his “Note 
iiber eine Eigenschaft der Reihen welche discontinuirliche Functionen dar- 
stellen” in the Transactions of the Bavarian Academy for 1848; the theory 
had, however, been previously published by Stokes, in a paper “On the Critical 
Values of the sums of Periodic Series!,” read on Dec. 6, 1847, before the 
Cambridge Philosophical Society. Although the theory is in some respects 
stated more fully by Seidel than by Stokes, the latter must be considered to 
have the priority in the discovery of the true cause of discontinuity in the 
functions represented by infinite series. The distinction between uniform 
and non-uniform convergency has played a very important part in the modern 
developments of the subject. 

The matter is summed up by Seidel in the following theorem :—Having 
given a convergent series, of which the single terms are continuous functions 
of a variable z, and which represents a discontinuous function of z: one must 
be able, in the immediate neighbourhood of a point where the function is 
discontinuous, to assign values of z for which the series converges with any 
arbitrary degree of slowness. 


The geometrical series. 


202. Consider the geometrical series 1+2+42+...... + 221 
where z=a2+vy=r(cos@+ sin 8). We have for the sum of this 
series the value 


Wie: a 1— 7 (cos n@ + esin n@) | 

l-z 1l—r(cos@+esin@) ’ 
put l—rcos@?=pcos¢, rsné=psin ¢, 
then p=+NV1—2rcos04+Pr, 


the sum then becomes 
; (cos o+csin d)— . Jcos (nO + ) + ¢sin (nO + 6)| : 


and when n is made indefinitely great, the second term in this sum 
becomes indefinitely small, if r< 1, but if 7 > 1, it becomes infinite. 
Thus the infinite series 1 + 24+22+...... es ss converges if 
the modulus of z is less than unity, and its sum is then 


—rcosO+e.rsin 6d. 
1—2rcosO@+7? ’ 


7 (008 b+ 4sin g) =" 


if the modulus of z is greater than unity, the series is divergent, 
and if equal to unity also not convergent, since the sums of the 


1 See Stokes’ collected works, Vol. 1. 


2 On the history of this discovery see Reiff’s ‘‘Geschichte der unendlichen 
Reihen.” 
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two series S cosn6, S sin nO, which have been found in Art. 74, do 
not approach a definite value when n is indefinitely great. 


We have, by equating the real and imaginary parts of the 
series and the sum, 


1—rcos 6 
[oSrson pas 1 +7 e086 +74 00s 28 + Lee +r” cos nO +...... : 
eeu 6 =rsinO+r2sin 20+...... +7 gin nO 4 vsceee 


1—2rcos 64+ 7° 
these series hold for all values of r lying between +1, excluding 
r=1 and r=—1, for which the series are divergent. To see that 
this is the case, we need only write — z for z in the original series. 


The geometrical series is uniformly convergent for all values of 


z of which the modulus is less than unity by a finite quantity how- 


ever small; for the remainder after the first n terms is i , and 


the modulus of this less than we h? where / is any fixed real quan- 


tity less than unity, but as near it as we please, and greater than 
the modulus of z; the series will then be uniformly convergent for 
all values of z of which the modulus is less than A, if 


he ; loge+log(1—h). 

in4<% ees aaa ; 
hence since it is possible to choose n so that for all values of z of 
which the moduli are less than h, the remainders after n terms are 


less than ¢, the series converges uniformly for all such values. 


Series of ascending integral powers. 


203. We shall now consider the more general series 


Uy + Ae + Mp2 + ...... at ne act neiere ote 
WhEYE: Wy, 77) Optiesee are complex quantities independent of the 
complex variable z. Let r be the modulus of z, and a, a, a, ...... 
Cerin those. Of Un vou. Ons aenen The series of moduli is 

A tart ar+...... abe Ofertas arciee : 


this series is convergent provided the limiting value of ra@n4,/an, 
when » is indefinitely great, is less than unity by a finite 
quantity, however small, that is provided r< La,/a,.,. Denote this 
limiting value by p, then if p=0, the series is never convergent, 


THE THEORY OF INFINITE SERIES. We 


if p=, the series is always convergent, but if p is finite, the 
series 1s convergent provided <p, and divergent if 7>p, since 
the modulus of the general term increases without limit when n 
becomes indefinitely great. When r=p, we must apply some 
further test to ascertain whether the series is convergent or not. 

About the point z=0, describe a circle of radius p, this 
circle is called the circle of convergency, and p is called the 
radius of convergency ; for all values of z represented by points 
within this circle, the series a+ az+...+@,2"+... is convergent, 
and for points outside, the series is divergent. The convergency 
for points on the circumference of the circle, requires special 
examination in each particular case. 


In the case of the geometric series 1+z2+2?+... the radius of convergency 
is unity. 


204. In the last Article, we have assumed that ap/an4, has a 
definite limit p, when n is made infinite; this is however not 
always the case, but we can shew that if the series converges for 
values of z of which the modulus is any quantity p,, it converges 
for all values of z for which the modulus 1s less than p,. 


We have for the series of moduli 
Yr r 2 
Ay tart a9? +.6. + Anr™ +... = HH F) Pit e prt... 
1 1 
now if r<p,, each term of the series on the left-hand side is less 
than the corresponding term of the convergent series 
A+ pi + Qprt+..., 
hence the series a4 + a4r+a r+... is convergent, and therefore 
Ay + 2 + az?+... converges if mod. z< py. 


205. We shall next shew that the series converges uniformly 
for all values of z for which the modulus of z is less than the radius 
of convergency p, by a finite quantity which we may make as 
small as we please. 


Suppose p — k to be this value of the modulus and let p, be a 
fixed quantity lying between p and p — k, also let p—k=p,—h; 
the sum of the series of moduli of all terms after the nth is 


Cte Pidp ate A ae 


r n YT n+l 
or On pr” (=) + Onys pi? () at avevere shal 
Pi Pi 
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now the quantities @p1”, &n4pipr"'? ..... are all finite or zero, since 
the series is convergent when r= p,; suppose the greatest of these 
quantities to be K, then 


r\r r n+1 
Ant” + Ang + real.) + (=) + ral 
Pi Pi 


n TN | n 
<K(*)"(1-7) <x (1-2) 
Pi Pi Pi h 
hence we shall have a7” + Op4,7"t? +... <6, 
n 
provided K(1 - | ee e; 


the smallest value of n which satisfies this condition is independ- 
ent of 7, hence the series converges uniformly for all values of r 
which are less than p—, when k is a finite quantity as small as 
we please. 


Denoting by F(z) the sum of the series 
A taeZ+...+Gn2" +... 


for values of z of which the moduli are less than the radius of 
convergency, it follows from Article 200, that F(z) is a con- 
tinuous function of z, for all points lying inside the circle of 
convergency. If the radius of convergency is infinite, F(z) is con- 
tinuous all over the plane. 


206. The convergence of the series on the circle of conver- 
gency itself, has not yet been considered; we may without loss of 
generality take the radius of convergency to be unity. 


It can be shewn that the series a, +a,z+a,.2°+..., when the 
coefficients are real, converges for points on the circle of conver- 
gency, with the exception of the point z = 1, if the coefficients are 
all positive, and of the point z=—1, when the coefficients are 
alternately positive and negative, provided the coefficients a), a,, 
d,... are in descending order of absolute magnitude, and provided 
the limit of a,, when n is infinite, is zero. 


Let Sn = Ay + az + aye? +... + An 27 
and suppose the coefficients all positive, then 


Sp (1 — 2) = dy — An 2" — 2 {(dy —G,) + (Q, — a) 2+ (dy— 3) 2+... 
ae (GOMES = On—1) ies) ) 
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now the series (@)— a,)+(a@ — dz) +(ad,—a;)+... is convergent, 
therefore the two series 


(@y — @,) + (a, — a.) Cos O + (A, — a3) cos 20+... 
(@ — a) + (@, — a) Sin 6 + (ay — az) Sin 20 +... 


are also convergent, since the cosines and sines all lie between 
+ 1, thus the series 


(@) — %) + (Q, — Ga) 2+ (Ay — 3) PF +... 
is convergent when mod. z=1; since a,_,2” becomes zero when 


m is infinite, we see that ZS, (1 — 2) is finite when mod. z=1, 
hence unless z=1, LS, is finite. 


If the coefficients in the series are of alternate signs, change 
z into — z, then this case is reduced to the last. 


Whether the series is convergent when z=1, or in the case of 
coefficients of alternate signs, when z=—1, has not been determined, 
and depends upon the particular series. The series may be only 
semi-convergent on the circle of convergency. 


If the coefficients of the series are complex, we can divide the 
series into two, in one of which the coefficients are real and in 
the other imaginary; the two series can then be considered 
separately. 


207. Suppose F(x) is the continuous function of 2, which 
represents the sum of the series a) +a, + du? +...... with real 
coefficients which converges for real values of w, less than unity, 
and suppose also that the series converges when #=1; we shall 
shew that the sum of the series a +@,+ G)+...... is the limit of 
F(1—h) when the positive quantity h is indefinitely diminished, 
that is to say, the continuous function /’(x) continues to repre- 
sent the sum of the series, when =1. This theorem was given 
by Abel’. 


Let Sn, = Dy + Oy + gt .eceee + Qn, 
then F (&) = 8 + (8, — 8) & + (Sg — 81) 2+ wees. 
or EF (a) = (1 — &) (8p + 85% +S8e0? + ..0.. dy 
since the series is absolutely convergent, therefore 
F(-hA)=h {s+ 5,(1 —h)+...... + Sn_-,(1—A)"} 


ei yee tee ln) toe 


1 In Crelle’s Journal, Vol. 1. 
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The number n may be taken so large that Sp, Snii, Sno) +++: 
are all as near s as we please, suppose they all lie between s — 8 
and s +a; suppose also that h is so small that nh is ultimately 
indefinitely small, then since s,+s,(1—h)+...... + 8,_,(1 —h)* is 
a finite quantity, when it is multiplied by h, it becomes a quantity 
which ultimately vanishes. Also 

h (1 —h)" {Sn + Sn4i (1 — bh) + Sngg(1 — A)? + ...... } 
hes between 
hd—h)*(s—f){1+(1-A)+ 0 —hpPt...... } 
and AA-Ay* (s+ @1+0A-A+0—AyP t+... be 
or between (1 —h)" (s — 8) and (1 —h)" (s+); 
now (1 —h)" lies between 1 and 1 — nh, thus (1 ~ h)” is ultimately 
equal to unity. 

Since a and 8 are indefinitely small when n becomes indefi- 
nitely great, we see that LF(1 —h) =s. 

TP Oy aveeaeee are complex quantities, we may divide the 
series (x) into two parts, one real and the other imaginary, and 
the theorem applies to each separately, hence it holds for the 
whole series. 

Next let #’(z) be the continuous function, which represents, 
when mod. z <1, the sum of the series a) + a,z+ ae?+...... where 
zis a complex quantity 7 (cos 8+. sin 8), then 


F {A—h)(cos +c sin @)} = {ay + a, (1—h) cosé + a,(1—h) cos 20+...} 


+e{a(1-h)siné+a,(1 —h) sin 20+...... } 
and the theorem holds for each of the series on the right-hand 
side; hence if the series a) + a,2+ d2?+4 ...... is convergent when 


mod. z=1, the sum of the series, when z=cos@+ sin @, is 
F(cos@+ sin @); thus the function represented by the series is 
continuous on to the circle of convergency. 


In order that the necessity for the investigation in this Article may be 
seen, we remark that a similar theorem would not hold for the series 
obtained by altering the order of the terms in the series a)+a@,v+@ 47+... 
For example, consider the two real series 


v— sa? +403 —fat+,.. and +403 —$a2+4195 4127 -—Jat+...; 
as long as w<1, the series are absolutely convergent, and their sum is the 
same; when however «=1, the sums of the series are not equal, as has 


been shewn in Art. 195. The sum of the first series is continuous up to the 
value v=1, of x, but that of the second is not so. 
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208. Suppose that 
Ay + 42 + ApS? + ...... = by + 0,2 + Boe? + ee. 


when the modulus of z is less than any finite quantity p, the series 
being convergent when mod. z< p, then a,=by, a,=b,, a2=b, 


eeeeee 


Since the series are equal for all points within a circle of 
radius p, we may put z= 0, hence a, = by, therefore 


G2 Fiat ecess = 0,2 + b,2? +....005 : 
since this equality holds for values of z differing from zero, we can 
divide by z, hence a+ @2+...... = b,+ 0,2 + ...... , and as before, 


since the series are still convergent, we can shew that aq,=6,. If 
we proceed in this way, we can shew that all the coefficients are 
equal, thus the two series are identical. 


Convergency of the product of two series. 
209. Let S, S’ denote the sums of two absolutely convergent 
series 
OPE a trale ocne Tel 4 ee ee 
b, + by + by +... + On + eseees 
then it can be shewn that the series 
ayb, + (a,b, + eb.) + 00... + (aybn + debra +... + Gnd) +o... 
obtained by multiplying together the given series, is convergent, 
and that its sum is SS’. 
Denote by s, the sum of n terms of the product series, and let 
a, B be the moduli of a and b respectively. Since the series S, 8’, 


are absolutely convergent, the series of moduli are convergent; 
denote their sums by =, >’, and let 


On = OB, + (482 + %B1) +... He CO Qa perealas dee +5 + any). 
We have S,Sn’ — Sn = Gebn + Agdn_y + 0000s + Andn 
hence mod. (SpSp’ — Sn) < Gn + asBn—1 + +00 + ann 
oe i ons 


Now on< 2n=n' < Tm, because oy, contains more terms than the 
product 2,2n’, whereas o, contains fewer ; hence the limit of oy, 
when n is infinite, is finite, and therefore since the limits of 
Tn, Tm Must be the same, each is equal to Y>’; thus the limit of 
mod. (SnSn’— Sn) is zero, or s= SS’, 

Der. 17 
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The convergency of double series. 


210. Let a+tata,+...... + An trees. be a convergent series 
of positive real quantities whose sum is S; suppose also that each 
term a, is expressed as the sum of a convergent series of positive 
quantities, say 


Oy = Ay + Ayo + ..00e. PF Ong te case ; 
so that the given series may be written 
(1+ Got Gist oes ) + (42,1 + Oo,2 + M%,3 + seeees ) 
+ (45, ++... kh amas ; 


then we shall shew that the given series may be rearranged in the 
form 


(4,1 + 1 + O31 +... + Ona + + 2t Got Aso+.. st Onot oveeee ) 


tan SF Nee ERR ae 
without altering its sum. We have 
S = a, + Gy +e... +a,+R 
Oy Fe Ogeg Te Opry te eeneees +OamtR, 
== Oy, oly & teense +Anm+ Rn 
where Ry Rigs R,, may be made as small as we please by making 


n and m respectively, large enough, hence 


q=m p= 
cS See tee + Rn, 
g=1 p=1 
now each of the quantities R,, R,...... R, may be made less than 


e/n, by making m large enough, e being any quantity as small as 
we please, thus A, + R,+...... + R,<e, therefore the limit of 


q=e2 p=n 


= yg is equal to S. Also the series 
q=1 p=1 
p=n pH=n =e 
Oye Be oats + 2 Gyn 
p= p= p= 


q=0 p=” ; 

differs from % & a), by a quantity less than R+ R,+ R,4+...Ry, 
q=1 p=1 

hence the limiting value of this last series when n is made infinite, 


is also S. We may write the result thus :— 


q=e (p=n ) p= (q=n 
= 3% 1 as) s =i: nay 
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Next let a,,, be the modulus of a complex quantity a,,;, then 
we have the following theorem :—If a,+a,.+...... +n+... be an 
absolutely convergent series, and if each term a, be expressed as the 
sum of an absolutely convergent series dy; +0,.+Ay,3+..00- , then the 


=c0 


: . _ p=n Dp 
given series may be replaced by the series 2 dpi + % pot... 
=1 


p=1 P 
without altering its sum. This theorem follows from the above, as 


all the series certainly converge if the series of moduli do so. 


An important case of this theorem, of which we shall afterwards 
make use, is the following: 
If Fy, 2) = dy + 2 + a2? + a2? +...... be an absolutely con- 
vergent series, and if 
A =byot boi yt doy + bdosy + eoseve 
AZ a bie + bes Mv] + Bis y? + bi, y + deceee 
Ae" = bs, 0 =f bs Tar bo oy” = bs, 5 POP ek sacs 


where each of the series in powers of y, is absolutely convergent, 

then 

F (y, 2) = (boo +0102 + 02,9 2+... )+ (014+ 6,12+0,:2+...... dy 
+ (Dot bo Z+ by o2+ 0000. ye Limes, 


2,2 


a series arranged in powers of y, 


The Binomial Theorem. 


211. A very important case of series in ascending integral 
powers of a variable, is the series 
m (m — 1) m (m — 1) (m—2) | 
aoe a Aka a a+... 

In the particular case in which m is a positive integer, the 
series is finite, and its sum is (1 +2)”, the ordinary proof of this 
being applicable to a complex value of z. 


l+mz+ 


We shall suppose z to be a complex quantity, but shall confine . 
ourselves to the case in which m is real. In this case a,/a,4, 1s 
equal to Lae , the limiting value of which is unity; the series 
therefore converges absolutely and uniformly within’ a circle of 
radius unity. Denoting the sum of the series by f(m), and 


17—2 
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applying the theorem of Art. 209, we find for points within the 
circle of convergence, as in the ordinary form of Euler’s proof, 


S(m) x f(m) =f (1m + M2), 
and thence f(m,) f(m.)... f (mg) =f (1m + my, +... + Mg). 


First suppose m to be a positive fraction p/q in its lowest 
terms, then putting m,=m,=...= m= >p/q, we have 


(S (p/Di =f (Pp), 


therefore f(p/q) is a gth root of f(p), that is of (1+z)?. Let 
1+rcos0=7, cos ¢, rsin@=7,sin d, then 


(1 + 2)? = 1? (cos ph + esin pd), 
and the values of the gth roots of this are 
) 
74 cos BOS ee aa +esin’ | 


where s has the values 0, 1, 2...¢—13; we have 


mr =+V1+42r cos 6+ 7, 
and we may suppose ¢ to be that value of tan a which 
1+rcos@ 
is acute (positive or negative); such a value exists, for cos¢ is 


positive for all points within the circle of convergency. We see 


then that f(p/q) is a value of Wr? cos a +4 eyeeE 2 
q 


> 


and s must always have the same value, since we know that 
J (p/@ is a continuous function for all points within the circle of 
convergency. 


To find the value of s, put ¢ = 0, then f(p/q) is real, and must 
therefore be equal to a real value of 


Ure Joos ao +vsin =r ; 
g g 
and therefore s = 0, or s= 3q in case q is even; if r is sufficiently 
small f a is certainly positive, hence s cannot be equal to dq and 


must therefore be zero. 


We have thus proved that the sum of the series, when m = pla, 
is the principal value of (1 + z)?/2, that is 


qd + 2r cos @ + 7?) Pq (coat +4 sin BO) ; 
q 
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where the expression (1 + 27 cos 0 + 7°)? has its real positive value, 
and ¢ is the numerically smallest value of tan. A Al , where 
1+rcos 6 


z=r(cos@+csin 6), 
Next let m=— p/q; putting m,=— p/q, m.=+p/¢, we have 
F(- plo x f(p/M =F) =1, 


hence JS (-—p/D= Faia 


or f(—p/q) 1s the reciprocal of the principal value of (1+ 2)#/4, 
that is the principal value of (1+ 2)-#/%. We may state the 
complete result as follows :— 


The swm of the series 


m (m — 1) 


2! 


m(m—1)...(m— aed dee 
n! 


1l+mz+ Vn 


for all values of z of which the modulus is less than umity, is the 
principal value of (1 + 2), which rs 

(1 + 2r cos 6 + r?)* (cos mg + «sin mg), 
when m is any real quantity, r being the modulus and @ the argu- 


rsin@ 


1+rcos0 which lies 


ment of z, and > being that value of tan 


between +47 


This result was obtained PY, Cauchy, and will be found in his 
Analyse Algébrique. 


212. It now remains for us to consider the case when mod. 
gel. 

Denoting the terms of the series 
m (m — 1) m (m —1)(m— 2) 

ye 3! 
BY: dy,.0z, Ua, »030+- , we have Aniy/dn =(m —n)/(n+1); when n>m 
this ratio is negative, therefore the terms of the series are altern- 
ately positive and negative, after a fixed term; the series is, 
by Art. 194, convergent if the terms diminish in absolute magni- 
tude and become ultimately indefinitely small. This will be the 
case ifn —m<n-+1, that is, if m >—1; thus the series is a semi- 
convergent one, if m>-— 1, whereas if m+ —1, it is divergent, 
since the absolute magnitudes of the terms increase indefinitely. 


1l+m+ 
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From the proposition in Art. 197, it follows that the series 


Gane ra Abe 1) 2 2+... converges when mod. z=1, provided 
m>—1,and z+—-1. 
When z=-— 1, all the terms of the series are, after a certain 


term, of the same sign; applying the known test 
In (1 + @n/an-) > 1, 
the series will be convergent if 
In {1 —(n—m—1)/n} >1, or if m>0. 
According to the theorem in Art. 207, whenever the series 
m (m — -)) 
2! 
converges on the circle of convergency, its sum is the value of 
(1 + 2r cos 6 + 7°)?” (cos mb + esin md) 
at the point. We may state the complete result as follows :— 


1+mz+ - 


The series 


n > 
Ll+mz+ ONE ees Sette 4 


converges when mod. z=1, if m is positive, for all values of 2; also 
if m is between 0 and —1, for all values of z except z=—1, in 
which case the argument of zis m. The series diverges when 
m=-—1, and when m<—1. For all values of z for which the 
series converges, its sum is (2+2 cos)” (cos $mO+z sin 4m), where 
6 has w vaiue between + 7. 


The Binomial Theorem has been considered generally, for complex values 
of m, by Abel, in a memoir published in Orelle’s Journal, Vol. 1. 


The circular functions of multiple angles. 


213. An important application of the Binomial Theorem in its 
generalized form, is the expansion of (cos @ + csin 0)”, of which, by 
De Moivre’s Theorem, the principal value is cos m6 +csin 0, 
if @ les between +7. Writing (cos@+.csin0)” in the form 
cos” 6 (1+ tan 6)”, we have 


te XL tan? O+-.. ; 


+46 \m tan 0 — ee tan? 6 + +] , 


cos m6 + vsin m6 = cos” |{i- 
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provided the series is convergent; this condition will be satisfied 
if @ lies between the limits + 47, whatever be the value of m, 
and also when 6 = + 42, provided m > — 1. 


(1) Suppose m positive, then we have 


cos m0 = cos” 6 . _ i = y) tan?6 
+ Bn tanto —... ee «h); 
sin m0 = cos™6 im tan @—”” Wipe ate =A) tan? 0 + an. (2), 


for all values of m, provided @ lies between + 47, and they hold 
for 0=+47. These results are an extension of those obtained 
in Art. 51, for the case of m a positive integer, in which case 
there is no convergency condition. 


(2) Suppose m negative, then changing m into — m we have 


cos m@ cos” @ = 1 — ee 1) tan? 6 
nee ee » mt zt Mic) tant‘ @—...... (3), 
sin m6 cos” @ =m tan 6 — ES) tan? @ + ...... (4), 


3! 
which hold for all positive values of m, provided @ lies between 


+4. These results hold for 0=+ 47, only if m les between 1 
and 0. 


2147, The formulae (1) and (2) of the last Article, have in the 
case when m is a positive integer, been applied in Chapter VII. to 
obtain expressions for cos m@, sin md, in series of ascending powers 
of sind. We proceed now to find similar expressions, when m 
is not a positive integer. 

We have proved that when m is an even positive integer 
m? (m? — 2?) 

4! 
m? (m> — 2?) (m? — 4). 
ao 


Ne. F 
cosmo = 1 — 1 sin’ + sint d 


1 This Article is taken substantially from Serret’s Trigonometry. 
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and that when m is an odd positive integer 
2 2 
sin md = m sin d — ae sin® 
re Es aa ey BIN? Dc <snaeementoe tO) 

These series were obtained from the expressions for cosmd@, 
sin mq, in powers of cos¢ and sing, by substituting for powers 
of cos, powers of 1—sin?¢, expanding each of these by the 
Binomial Theorem for a positive integral index, and arranging 
the result in powers of sing. The same series will be obtained 
when m is any positive integer, not limited as to evenness or 
oddness, provided cos ¢@ is positive, which will be the case if 
lies between +47; the powers of 1—sin?¢ will no longer 
necessarily be integral, but the Binomial Theorem is still applicable 
since all the series will be convergent. Since all the series of 
powers of sin’¢ are absolutely convergent, by Art. 210, we may 
arrange the result of the expansions, in a series of powers of 
sin?d¢. Thus we see that if m is any positive integer, each of 
the series (5), (6) holds, provided ¢ lies between +47r; the first 
series does not consist of a finite number of terms unless m be 
even, and the second not unless m be odd. 


Let 
2 
J (m) = 1 + um sin $ — 5 sin’ p —« 


m (m? — 1?) 
3! 
where the series on the right-hand side is obtained by adding the 
series (5) to the series (6) multiplied by «. When m is a positive 
integer, we have f(m)=cosmpd+.usin md, if d les between 

+ 47. Now when m and m, are positive integers, we have 
Ft (m) x f (mz) = (cos mo + sin MP) (cos Mop +4 Sin MP) 

= cos (mM, + M) +e sin (mM, + mM) b 

=f (m+ m,). 
The product of the two series f(m), f(m.) will be of the same 
form, whatever m,, m, may be, thus as in the proof of the Binomial 
Theorem, we conclude that the equation 

J (amy) x f (ams) =f (m, + ms) 
holds for all values of m, and m,, provided the series are convergent, 
We have consequently 


S (1m) f (m2) of (Mg) =f (mM +1 +... + Mo) 5 


sin® dpi. 
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let m,=m,...=m,=p/q, where p and gq are positive integers, 


we get then 
(Ff (p/M}? =f (p), 


1 
hence f (p/q) is a value of { f(p)}4, and is therefore of the form 


og LP + 287 ph + 2s Ak sin Pt 28 ea, 


where s is some integer. Now when ¢=0, we have f(p/q)=1, 
hence since the series f(p/q) varies continuously as ¢@ increases 
from —47 to +47, we must have s=0, if @ lies between these 
limits, hence in that case 


Ft (p/D = cos PE 4 l sin PE 
Again f(— m) x f(m) =f (0) = 1, gta 
f (=m) = pi = 008mg — Lsin mg = 008 (—m) b+ esin(—™) ¢. 


We have shewn thus that the two series 


2 2 2_ 92 
cos mp = 1 — ai shops sin* —.....- (5), 
2 
sin m@ = msin g — "= ¥) sin? h 


= 


m (m2 — ee Be he (6), 


hold for all values of ¢ lying between + $7, whatever real quantity 
m may be, as the series are convergent & all values of m. 


A similar proof will shew that the two series 


1 
sin’ 


1 
2—]2 ae 5) 
ois (mi yee Dea Dim vaeNanet ede saus (7), 


sin md/cos $ = m sin d — ne sin? h 


Mm? — 
cos m¢/cos ¢ = 1 — tk 


p m (m? Fe: a 4? ) sin® 0) sere tS OWE ay aravaleretesaXe (8), 


hold for all real values of m, provided ¢ lies between + $7. 


The series (7) terminates only when m is an odd integer, and 
(8) only when m is an even integer. 
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215. If we take the series for cosmd +esin md, from (5) and (6), 
and put z=csin ¢, we have since (cos $ + esin 6)” = (Jl +242)", 
the expansion 


nr a. (m= 1’) 33 mm (m? — 2 


(VI Fat 2m=1+me4 52 3 7 a+. 
ie LP)... (mm 2s — 3]*) apt 
(2s—1)! 
m? (m? — 2?) ... (m? — 2s — 2|?) a 
+ Qs) e+, 
Tn a similar manner we have it ge and (8) 
a age —s 12 Pi OY, 
(VIF e+e" VIF 2=14 mz +— a1 ve 
m (m? — 27)... (m? — 2s — Pes) Degpe 
bg (2s—1)! 
Be pe Pe 2 tae Ygeee = 2 
4m 1?) (m? — 3?) ... (m? — 2s ieee 
(2s)! 


It can be shewn that these expansions hold for all real values 
of m, provided the modulus of z is less than unity. By some 
writers, these expansions are investigated directly, and then the 
series (5), (6), (7), (8) are deduced. It is however not easy to 
investigate these series by elementary methods, except when the 
modulus of z/V¥1+z® is less than unity; we should, with that 
restriction, obtain the series for cos md, sin m@, only when ¢ lies 


between + 47, which is the same restriction which applies to the 
series (1) and (2). 


216. If in the series (5) and (6), we change ¢ into 4 — ¢, we 
obtain the following series which hold for values of ¢ between 0: 
and sr, 


cos m @ - ) = uD eod+ ee cos‘ d — ...(9), 
: 1 m (m? — 1? ‘ 
sin m (F-4) =™M COS d — => Ge COS) Dat iee, anes (10). 


We can now find series which express cos md, sin md, when 
¢ has any value. If = r7+ ¢,, where ¢, lies between + 47, and r 
is an integer, we have 
cos mp = cos mrm Cos mp, — sin MI Sin Mg ; 


1 The formulae (11), (12), (13), (14) were given by D. F. Gregory in the: 
Cambridge Mathematical Journal, Vol. tv. 
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also sin # =(— 1)"sin ¢,, thus we have, if ¢ lies between (r + 4) x, 


cos mh = COs Mra (1 - ar sin? d + 55) 


—sin(m—1) rar c sin d — ae sink ph +. et eee); 
Similarly 
sin md = sin mrar (1-5 - = ; sin? o+. 0 

+ cos (m —1) rar hn sin d — a sin’ d + va C12 


From (9) and (10), we obtain in a similar manner 


cos mp = cos m (2r + 1) aie - 51 cos b+ 


+ cos(m—1)(2r+ 1) 5 {moos p— OE ee cos’ @ + sf (13), 
sin mg = sin m (2r + 1) F)1 — Br cost +. ; 
+ sin (m—1)(2r+1)= 5 {cos p= cost b+. J (14), 


where ¢ lies between rm and (r + 1) 7. 


217. Series of some interest may be derived from (5) and (6), 
(7) and (8), by giving m particular values’. Let ¢ = 432, we have 
then, writing « for m, 

et (#—2) 


cos gmr@=1 — 95 + Blo ese (15), 
sin 47a = 0 — é aS H) gel al = ee =e (16). 

Again letting m = 2x, @ = 47, in (5) and (8), we have 
cos rx =1 — 21 a eos — al dy rate os (LE): 
sin jo = 8 {o— oS . eee! Ee 2) 2 ...f..08). 


Various series may be found for powers of m, by expanding cos $7, 
sin}... in powers of x, and equating the coefficients of the powers of x to 


1 The series in this Article were obtained by Shellbach, see Crelle’s Journal, 
Vol. 48; they have also been discussed by Glaisher in the Messenger of Mathematics, 
Vols. m. and vit. Series equivalent to (15) and (16) are given by M. David in the 
Bulletin de la Soc. Math. de France, Vol. x1. 
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those picked out from the above series; for example from (16), we have by 
equating the coefficients of 2°, 


reo 1 1 (1 187: ye ae ee 
ae 9° 2762, a (143 ea sag (lta i) + 


Expansion of the circular measure of an angle in powers 
of its sine. 


218. If in the expansions (5) and (6), for cos m@, sin mq, in 
powers of sing, we arrange the series as series of ascending 
powers of m, as we are, by Art. 210, entitled to do, we may equate 
the coefficients of the various powers of m, to the corresponding 
coefficients in the expansions of cos m¢, sin md, in powers of ¢; 
we thus obtain from (6) 


z: lsn?'¢ 1.3sm’¢ 

o= sin 6 + 5 gS Td 5 
1 3.5, (2h 1) sia 
aia Me SCRE aa ane oS 


and from (5) 
iz sin‘ 7 OL Ak sin’ | 
— 2 
: RSE 2 St as 3 
2. 4...(2r — 2) sin” 
Se 5...(2r — 1) pe BP BOR eine fs 


these hold for values of g between +47. We may also write 
them 


+ 


Li ahha Oy 

a eee 
sin B= LA yt OE BT ccetteceteneee (19), 

: Dig ene ig ae 
(sin a) =a + 5.5 +5 5% Se ener ee (4) 


where sin in either equation, is the positive or negative acute 
angle whose sine is equal to z. 


The series (19) was discovered by Newton; the method of 
proof is that of Cauchy. 


219. By changing « into x+h in the series (20), and equating 
the coefficients of h on both sides of the equation, which process 


is equivalent to a differentiation with respect to #, we obtain 
the series 


is rere yesars G4 I 
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or putting sin ¢ for 2, 
$/sin ¢ cos $6 = 1+ : sin? d + a SID? Ohi totecde as (22), 
or writing 26 = 6 
: 1 hing: : 
Gisin @ = 1 +4(1 — cos 0) +355 (1 —cos 6) +... 
which may be written 


8 cosec = 1 + : vers 6 + : : : VGESSU. He sean tonsa (23), 


Again, in (22), put tan d= y, and we obtain the series 


- y Ye 7 a a 
GE ee ee RN | 
are a lt ae ee 4) 


Expression of powers of sines and cosines in sines and cosines 
of multiple angles. 


220. We shall now shew how expressions of the form 
cos” @ sin” 6, may be conveniently expressed in cosines or sines 
of multiples of 6. We shall in the first instance confine our- 
selves to the case of positive integral values of m and n. Let 
z=cos@+zsin 0, then z= cos @—zsin 0, hence 2 cos0=z+27, 
2.sn@0=z—2-, and 

(2 cos 0)” (2¢ sin 6)" = (2+ 271)™ (¢— 271)"; 
if we expand the expression in z, in powers of z and z71, we can 
arrange the result in a series of terms of one of the two forms 
k (2 +27), k (2 — 2) where k is a multiplier depending on m, n, 
and r; now 2 =cosr6+cesinr@, and z2”=cosr@—«csinré, by 
De Moivre’s Theorem, hence 


k (2 +27)=2kcosr0, 2k (2 — 2) = 2k sin v8, 


thus we have the required expression for cos” @ sin” @ in a series of 
cosines or sines of multiples of 6. 


EXAMPLE. 
Express sin® 8 cos® 0 in series of multiples of 0. 
We have (2: sin 6)° (2 cos 6)®=(z—271)§ (2+271)6=(2—2~7)5 (24271) 
which is equal to (2!9— 52+ 102? -—10z—?+52-8—z-) (g+z71), 
or gl 4-29-52? —525 +1028 + 10z— 102-1 — 102-2 +5275 +5277 — 2-9 — gM, 
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which is equal to 2 (sin 116+sin 96 — 5 sin 76 —5 sin 56 +10 sin 36+ 10 sin 6), 


therefore sin® 6 cos® 6 is equal to = (sin 116 + sin 96-5 sin 76-5 sin 56 


+10 sin 36+ 10 sin 6). 


This process may also be arranged thus, writing ¢ for cos 6, s for sin 6, 
(2c)S=14+64154+20+15+ 6+ 1, 
(21s) (2c)6=1+5+ 94+ 5— 5- 9—- G- I, 
(2is)?(Qc)B=1+44+ 4— 4-10- 44 44 441, 
(2:s)8 (2c)8=14+3+ O- 8— 6+ 6+ 8— 0-3-1, 
(Qus)#(2c)8=14+2— 3— 8+ 2412+ 2Q— 8—-34+2+41, 
(21s) (2c)6=14+1- 5— 54+10+10-10—-104+5+4+5-1-1; 
here the powers of z are omitted on the right-hand side, and a figure in any 
line is obtained by subtracting from the figure just above it the one that 
precedes the latter. 


This very convenient mode of carrying out the numerical calculation is 
given by De Morgan in his Double Algebra and Trigonometry. 


221. We can obtain formulae for (2 cos @)” and (2sin 6)", 
when m is a positive integer, in cosines or sines of multiples of 8, 
by the method we have employed in the last Article. We have 


(2 cos 0)" = (2-1 21) = 2” gn? 4 a Zt te ge 


hence 


m(m—1 


2” cos” 9 = cos mO + m cos (m— 2) 0+ om Messi 0 oe 


where the last term is 


“ & or ites = COs 0 
2 (4m)! (gm)! (4m—1)! (4m +1)! 


according as m is even or odd. 


From 
: i egerran (mL) jo 
(20 sin Gy*=(z 55 ye = ZM— mgm? + al bts ole (—1)" 2 
we obtain similarly 
2m) (— 1)? sin” 6 = cos mO — m cos (m — 2) 0 


ae 
2 


m! 


m(m—1) 
2(4m)! (4m)! 


21 
when m is even, 


+ cos(m—4)0—...+(—1) 
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m—1 


or 2"-1(— 1) ® sin” 6 = sin m0 — msin(m—2) 6 


nS ae oe. See — sin 0 
2! (4m—1)! (m+4+1)! 


when m is odd. 


+ 


These formulae have already been obtained in Chapter VIL. 


222. We shall next consider the expansions of cos” 6, sin™ 6, 
in cosines and sines of multiples of 0, when m is any real quantity 
greater than —1. We have from Art. 212, 


2™ (+ cose)” cos m (4 — kr) 


=1+ meosg + RD cos ag 4 MMI =?) cos 3g .. 
2” (+ cos $h)" sin m (46 — krr) 
: 1 (m—1 —2). 
=msing +h ae in 26 +} a d site Beha ied 


where ¢ lies between (2k —1)m and (2k+1)7. Multiplying the 
first series by cos a, and the second by sin a and adding, we get 
2™ (+ cos $p)” cos (a — 4m + mkrr) = cosa+m cos (a — ) 
m(m—1)(m—2 
3! 
where ¢ lies between (2k —1)7 and (2k+1)7. Let d= 286, then 
corresponding to the two cases of & even (= 2s), and k odd (= 2s + 1), 
we have 


2” cos™ @ cos (a — mO + 2mszr) 


m(m—1) 
! 


~ cos (a — 26) + Lita wees eee 


m(m— 1) 
2! 


where @ lies between 2s7 — 4a and 2s7 + $7, and 


= cos a+m cos (a — 20) + cos (a—40)+... 


2 (— cos 0)" cos (a — m0 +m 2s + 177) 


(m— 1) 
2! 


where 6 lies between 2sm + 4a and 2sm + $a. 


= cos a 4.40, con (a — 20) + — cos (a— 40) +.. 


In these results, put a= m0, then we have 


2™ cos” 6 cos 2msir 


1 s 
= cos m0 + m cos (m — 2) 9+ MED cos (m— 4) O+...(25), 
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where @ lies between 2sa — 42 and 2s7 + 47r; also 
2” (— cos 0)” cos (2s + 1) ma 
m (m— 1) 


=cos m0 +m cos (m — 2) 8+ ot ee (m—4)0 +... (26), 


where @ lies between 2s7 + 47 and 2sz7 + 3r. 
Again, put a = m@ +47, then we have 


2” cos” 8 sin 2msar 

m (m—1) 
2! 

where @ lies between 2s7 —4m and 2s7 +47. Also 


2™ (— cos 0)” sin (2s + 1) ma 


= sin mO + msin (m— 2) 0+ sin (m—4)0+... (27), 


= sin m0 +msin (m—2) 0+ MaD gin (m — 4) 0+... (28), 


where @ lies between 2sm +4 and 2sa + 3c. 


Next change @ into @ — $7, and then put a= m0, we then have 
2” sin™ 6 cos m (2s + 4) 
=cos m0 —m cos (m— 2) 6 ge ie cos (m — 4) 0 —... (29), 


where @ lies between 2s7 and (2s + 1)7; also 


2” (— sin 8)" cos m (2s + 3) a 


‘ae cos (m — 4)@ — ... (30), 


where @ lies between (2s + 1) and (2s + 2)r. 


= cos m0 — m cos (m — 2)0 + 


Lastly, put «= m0 + $7, and change @ into 6 — 47, we have then 
2” sin™ @ sin m (2s + 4) 7 


as sin (m— 4) @—... (31), 


where @ lies between 2s7 and (2s +1); also 
(— 2 sin 0)™ sin m (2s + 3)ar 


= sin m0 — m sin (m—2)0+ 


= sin m@? —msin (m—2)9 4" =) 


where @ lies between (2s + 1)a and (2s + 2)z. 
These series are convergent for all values of 0, if m is positive. 
If m lies between 0 and — 1, the extreme values of 0, 2sa + 4a or 


2sar, (2s + 1)7 must be excluded, as the series cease to be conver- 
gent for those values of 6. 


sin (m — 4)0 —... (32), 


The eight formulae of this Article were given by Abel, in his memoir 
on the Binomial Theorem, and appear to have been overlooked by subsequent 
writers. 


CHAPTER XV. 


THE EXPONENTIAL FUNCTION. LOGARITHMS. 


The exponential serves. 


223. LET us consider the infinite series 


1 tet = ee += vt 
which we shall denote by H(z), where z is a complex quantity 
a+u.y. If r is the modulus of z, the series 1 treat. . 18 


convergent for all finite values of r, since the ratio of the (n+ 1)th 
term to the nth is r/n, which diminishes continually as n increases ; 
consequently the series H(z) is absolutely convergent for all finite 
values of z. ‘This series is called the exponential series. 


224. If we multiply together the two expressions #(z,) and 
E (z), the term of the mth degree in z, and 2, is 
zm ZA", “ra? zm 


Si (ayia tl 


which is equal to > (6; + 2)”, by the Binomial Theorem for a 
positive integral index. We have therefore for the product of 
FE (z,) and £(z,), the series 
(4 ar +) (2 + 25)” ar Zo)" cm 

a, AP bc aren are 
which is #'(z,+ 2). Now by the theorem in Art. 209, since the 


series H(z), H(z), are both absolutely convergent, the product 
of their sums is equal to their product as above formed, therefore 


El Aiea Bes ei (Be eee eine dh dasviaaletaidtlons (1). 


1+(4.+4)+— 
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From this fundamental equation, we deduce at once 
E (2) x E(&)... x E (én) = B (& + 2o+ «-» + Zn) 
and thence {Ei (2)}? = LA (n2) soesdvesnvererenveres (2), 


where n is any positive integer’, 
225. Ifin the equation (2), we put z=1, we have 
E(n) ={E£(1)}", where #(1)=14+1+4 Shas +5 


it is shewn in works on Algebra, that the quantity (1) is an 
incommensurable quantity equal to 2°718281828459..., and it is 
usually denoted by e. We have therefore when n is a positive 
integer, (n) =e”. 

Again in (2), let z=p/q, where p and q are prime to one 
another, and let n=q, we have then {H(p/q)}?=H(p), hence 


E(p/q) must be a gth root of H(p) or e?; since E'(p/q) is real 
and positive, it follows that H(p/q) is the real positive value 


of Je”, which we call the principal value of e?/9, 
Again in (1), put z,=n, 2 =—, then since # (0)=1, we have 
E(—n)=1/E(n) = principal value of e~”. 
We have thus proved that for any real quantity n, the sum of 
the series E(n)=1+n+ a +..., 7 the principal value of e*, 


where e 1s defined by E(1)=e. This is the exponential theorem 
for a real exponent. 


226. We shall now shew that whatever z is, the series H(z) 
is equal to the limiting value of (1+ 2/m)™, where m is a positive 
integer, when m is indefinitely increased. We have 


(1 + 2/m)™ 


— 2 ut = 
alam © ph DE ae 4 Ee ee 
= s} més 
1 Vi ls 2 | 2 
=l+z (=p )eit ee (Ls Fe Mesh 
5 m/ 2! +( a m 1 m tetas 


* This investigation is due to Cauchy, see his Analyse Algébrique. 
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Now if a, b, ¢... be any positive real quantities less than 
unity, we have 


(i=) (1 — 6) > h—{a +6) 
(l-—a)(1-b)(1-—c) > -a-—b)(1—-c) 
>1l-(a+b+4+c) 


CeCe eee ereeesereeeeeroeeseses 


(1—a)(1—6)(1-c)..., <1, and >1-(a+b4+¢c4...) 
say =1-@(a+b+c+...) 
where @ is some proper fraction, hence we have 


(1-=)(1-3)...(1-4)= -0,(5-+=+...45) 


, s(s+1) 
er nee tC 2m 
where @,; is some proper fraction. 
2 z 
LA te/mma tet ate tat seein Sa +R 
where R is the limiting value of 
a 
ae b+ 8. 3 = + 05.5; + st ans St enh 


The series in the Bore ae a modulus less than that of 


the convergent series 1 pe it 91 - a , and when m is indefinitely 


increased, z?/2m becomes zero, therefore the limiting value of 
(1+z/m)™, when m is indefinitely great, is the function E(z). The 
quantity e is the limiting value of (1 + 1/m)™. 

227. The theorem proved in the last Article, gives us the 
means of finding the value of H(z), where z=a+ vy, a complex 
quantity. We have 


EH (a+) = L(1+"2u)" ; put 1+a/m=pcos¢, y/m=psin ¢, 
av + vy é : 
then (i+° + —_“ al =p (cosh + esind)”= p™(cos mp + usin mp), by 


ree 
De Moivre’s theorem. Also p= ee ees eo ee 


, and ¢ is the 


principal value of tan™ oa . The limiting value of p™ is that of 


m 2 ym 
(2 + =) 14 acme 
MN ( 


(a+ my 


13—2 
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; E it y Ion 
or 0 ax + — : 
ie m (Vim + a/my) ” 


now suppose that r is a fixed finite quantity less than Vim + x//m, 
then the limit of 


f e yf \ 
m (Vm + a/x/mP 
is between unity and that of 
anit 
it = a : 


or between 1 and e3?”"; now r may be made as great as we please, 
subject only to the condition r < Vm + 2//m, hence the limit of 


y? 3m 
: + @+ 7 


is unity, and therefore that of p” is (x), which is the principal 


value of e. The limiting value of m tan™ J __ig that of > 
a+ m L+m 


ety 


which is y, hence we have L (1 - =a = e* (cosy +esin y), 
where e* has its principal value; thus 


E (a + wy) =e (cos y + esin y). 


Expansions of the circular functions. 


228. If in the last result we put «= 0, we have 
E (wy) = cosy +esin y, 


' 2 3 
hence cosy +esiny=1+uy— 5 — 1d + 
or equating the real and imaginary parts on both sides of the 
i a pete yee 
equation, we have cos y = 1 Sy ie oe t(-—1y (asyit sae) 


siny=y-F4+8.. ab (= 1) (4), 


yet 
3! Geant 


the series for cosy and siny expanded in powers of the circular 
measure ¥; these series have already been obtained in Art. 99. 
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We may also write these results in the form 
cosy = 4 (2 (wy) + B(- y)} 
; 1 
sin y= 9 (E(w) — #(—y)} 


The exponential values of the circular functions. 


229. If zis a real quantity, the function e* as defined in 
Algebra, is a multiple-valued function except when z is a positive 
integer ; if z is a fraction p/q in its lowest terms, e?/% has q values, 
the gth roots of e?; of these values, that one which is real 
and positive is called the principal value of ¢%, and is equal to 
E(z). We shall in general understand e? to have its principal 
value H(z). 

When z is not a real quantity, no definition of e* has as yet 
been gwen, and it is so far a meaningless symbol. 

It is convenient however to give by definition a meaning to 
the symbol ¢ or e**¥, At present we give only a partial defi- 
nition of the meaning we shall attach to e?; we define only what 
may be called its principal value, and shall shortly proceed to a 
more general definition. 


The principal value of the function e*, we define to be the series 
E (z), or!, what amounts to the same thing, the limit, when m 1s an 
indefinitely great positive integer, of (1 + z/m)™. 

It should be observed that this definition of the principal value 
of e**, is such that the function satisfies the ordinary indicial law 
EMT x EhatYys = EMitertul~tya) : 
this follows from the theorem (1) of Art. 224. We shall in 
general when we use the symbol e¢, understand it to have its 

principal value H(z) as just defined. 


230. With this understanding as to the meaning of the symbol 
ety, we have, by Art. 227, 
er+v = e* (cos y + vSin Y) 
and putting «= 0, ev = cosy + esin y. 


1 The latter form of the definition is that introduced by Schlémilch, see 
Zeitschrift fiir Math. Vol. v1. 
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The theorem (5) may now be written 


cos y =4(e¥ +e) 
: i 
sin Y = 5 (ev —e-¥) 


These are called the exponential values of the cosine and sine. 
The student should bear in mind that these theorems (6) are 
nothing more than a symbolical mode of writing the equations 
(3) and (4) which have also been written as in (5). 


The only advantage of the symbol e” over the symbol (wy), is that the 
former one reminds us more readily of the law of combination given in 
Art. 224. The theorem (1) is of the same form as that for the multiplication 
of real exponentials; we therefore find it convenient to introduce exponentials 
with imaginary indices, for which the law of combination shall be that 
expressed by (1). 


Periodicity of the exponential and circular functions. 


231. We have shewn that H(z) =e* (cos y+csin y); now cos y, 
sin y are unaltered if 2k7 be added to y, k being any positive or 
negative integer, consequently H(z)=H (z+ 2k), or H(z) is a 
periodic function, of period 2u7. Since e? = e*+**", the exponential 
e’ is periodic, with the imaginary period 2u7; also e@ = e@+%n), 
or e as before defined, is a periodic function of z, with a real period 
2. 


We have thus seen that each of the two functions é, e%, is 
singly periodic, the first having an imaginary period 2z7r, and the 
latter a real period 27. The student who is acquainted with the 
elements of Elliptic Functions will know that it is possible to 
construct functions which have both a real and an imaginary 
period; such functions are called doubly periodic. 


232. The circular functions cos y, sin y, were first introduced 
by means of a geometrical definition, and we have regarded them, in 
the earlier part of this work, as functions of an angular magnitude 
measured in circular measure. We can however drop the idea of 
the angular magnitude, and regard them as functions of a variable 
quantity; that quantity is of course equal in magnitude to the 
circular measure of the angle by means of which they were defined. 
The main importance of these functions in Analysis, is derived 
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from their property of single periodicity ; it was shewn by Fourier 
and others, that all functions having a real period can, under 
certain limitations, be represented by means of a series of these 
circular functions. It would however be beyond the scope of the 
present work, to enter into this most important branch of 
Analysis. 


Analytical definition of the circular functions. 


233. It is possible to give purely analytical definitions of the 
circular functions, and to deduce from these definitions their 
fundamental analytical properties, so that the calculus of circular 
functions can be placed upon a basis independent of all geometrical 
considerations ; these definitions will include the circular functions 
of a complex quantity. 


We can define the cosine and sine of z, by means of the 


equations 
cos = 4 {H(uz) + E(-1z)} | 


: i eg La i. Mer aestei scan: C); 
sin z= 5 {£ (uz) — B(- i2)}| 
where H(z) denotes the series 1+ 2+ ss +.... In other words, we 


2 
define cos z as the sum of the series 1 — 7. fe ., and sin z as the 


cpl licks 


3 5 
sum of the series z— 2 + ee We may regard this then as the 
SLon 
generalised definition of the cosine and sine functions, and it 
includes the case of a complex argument, which was not included 


in the earlier geometrical definitions. 


For real values of z, the functions cos z, sin z, are in accordance 
with the earlier geometrical definitions, because the series which 
they represent, agree with those obtained in Art. 99, from the 
geometrical definitions. 


234, From these definitions, we can now deduce the funda- 
mental properties of the two functions. We have 
cosz+esinz= (uz), and cosz—cesinz = E (— 12), 


hence cos’z + sin’z = EH (uz) H(— iz) = H(0)=1. 
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Also 
Cos (2, + 2) =4 {EH (uz, + 0%) + E (— 2, — 02)} 
=4 {HF (uz) E(z,)+ E(—%) LE (—%)} 
=} {HF (iz) + E(— oa)} {HB (ua) + L (— 1z)} + $ {E (cm) 
— E(—1%)} {BE (tm) — B{— %)} 
or COs (2, + 2) = COS 2, COS 2, — SIN 2, SiN Zp. 
Similarly sin (2, + 2) = Sin 4 COs Z + COS 2, SiN Zp. 


Thus the addition theorems follow from our definition. 


235. Next consider the equation H(z)=1. This equation 
has no real roots except z= 0, for we have F(z) =e’, which cannot 
equal unity, for any real value of z except z=0, since e is not 
equal to unity. Also #(z)=1 can have no root of the form 
a+.f, for if #(a+18)=1, then also H(a—1+8)=1 and therefore 
E (2a) = EF (a+.8) x H(a—18)=1, which is impossible unless 
a=0(. Hence the roots of #(z)=1 must be imaginary; suppose 
the numerically smallest to be denoted by 2u7r, so that # (2u7r) = 1, 
m denoting some quantity not yet determined, then we have 


E (2kem) = {FE (2ur)}* = 


where & is any integer, therefore 2kum is also a root of H(z)=1; 
also there can be no root 2pum lying between 2kum and 2 (k + 1) ex, 
for in that case we should have 


E (2pim — 2kur) = EB (2per) x EH (— 2kur) =1 
and 2(p—k) um which is less than 2e7, would be a root of H(z) =1, 
contrary to the supposition that 2v7 was the numerically least root. 
Therefore all the roots of #(z)=1, are of the form + 2ku7, where 
2um is the numerically least root. The quantity a being thus 
introduced into the analytical theory, we have for any value of z 


Ei (z+ 2m) = E(z) x E (Qu) = F(z) 
or £'(z) is periodic, and of period 2crr. 


It follows from the definitions of cosz and sin z that they are 
also periodic, their period being 27; hence cos 277 = cos0 = 1 and 
sin 27 =sin0=0. We have of course not verified the identity of 
a as here defined, with the ratio of the circumference of a circle to 
its diameter. This may however be done, by considering the case 
of a real angle, for which the period of the cosine or sine is 27, 
according to either definition of the quantity 7. 
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236. We have also, # (ur) x E (ur) = E (ur) = 1, hence E (ur) 
must equal —1, since it cannot equal +1, as im is not a root of 


E(z)=1; also E (— em) =—1, hence we have cos 7 = —1, sin7 = 0. 
Again E (ter) x E (ger) = E (er) =— 1, 

and E (her) x E(— ger) = 1, 

hence E (gor) = +0 and E(— hur) = F 1, 


therefore cos$7 = 0, and sinda7 =+1; to remove the ambiguity, 
we remark that if z is real, sin z cannot vanish between the values 
z=0 and z=7, for if H(sz) — H(—1z)=0, we have H(2uz)=1, 
which is not the case for any values of z between 0 and 7, also for 
a very small positive real value of z, sin z is positive, and therefore 
it must be positive for all real values of z between 0 and 7, as it 
cannot change sign between those values, therefore siné7=+1. 
Having now obtained the values of the cosine and sine of 0, 
4, 17, 27, we can, by means of the addition theorems, prove all 
the ordinary properties of the cosine and sine functions. 


The functions tan z, cot z, sec z, cosec z will now be defined by 
means of the equations tanz=sinz/cosz, cot z=cosz/sin z, 
sec z=1/cosz, cosecz=1/sin z, and we can then investigate the 
properties of these functions in the usual way. 

All the properties of the circular functions investigated in Chapters Iv., 
v., and vil., are deduced from the addition formulae and the property of 


periodicity ; it follows that all the properties which are there proved for real 
arguments, hold also for complex arguments. 


237. A very important case is that in which the quantity z is 
entirely imaginary, and equal to vy, we have then 
ev —e-¥ 
ev + ev 


° b 
cos vy =4 (e+e), sin wy = 5 (ev —e-¥), tanwy=6 , 
eyv—e Y 


ey ey 


are called the 


the expressions 4 (e¥ + e-¥), $(e&—e”), 


hyperbolic cosine, sine and tangent of y, and are written cosh y, 
sinh y, tanh y respectively ; thus we have 


cosh y = coswy, sinhy = —vsinwy, tanhy = —» tan vy. 


We shall consider these functions in a special Chapter. 
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Natural logarithms. 


238. If w= (z) which is a single-valued function of the 
complex quantity z, we may define z= H-(u) to be the logarithm 
of u to the base e; this system of logarithms is called the natural 
system of logarithms. Since #(z) is periodic with respect to z, 
the inverse function H(z) will be multiple-valued to an infinite 
extent; if logu is one value of z, the general value Logw will 
be given by Log w= log u + 2uk7, since H(z) = EH (z+ 2ck7), where 
k is any positive or negative integer. In particular, the logarithms 
of a real positive quantity w will be loga+2cks, where logs 
denotes its ordinary real logarithm. 


239. Letu,= (4), u.= H(z), then sinee 
E(4,) x E (2) = £ (&% + 22) 


the logarithms of the product u,u, are the logarithms of H(z, + 2), 
that is z,+ 2, + 2ck7, or we have 


Log uy, + Log u, = Log (uu) + 2uk7. 
We may suppose the quantity 2vkm included in Log (u,u,), hence 
we may write this equation 
Log u, + Log u, = Log (uu) 
in which the particular value of one of the logarithms is deter- 
mined when those of the other two are given. 


Now let w=p(cosd+csin d) where p is real, then by the 
result just proved, we have Log wu = Log p + Log (cos ¢ + esing), and 
since L’(1b) = cos f +csin g, vp is a value of Log (cos @ +4 sin d), 
and log p+ 2uk7 is the general value of Log p, we have therefore 
Logu = logp +4(¢+ 2k) for the general value of Log wu, where 
by log p, we mean the real value of Log p. 


If 6 1 restricted to being between the values —m and 7m, 
we shall call logp+.p the principal value of Logu and shall 
denote it by logu; we have then the general value Log u given by 
Log u=logu+ uk, where logu is tts principal value, and k is 
any positive or negative integer. 


We may write this result 


Log (a + wy) = $ log (a? + y*) +6 (tan> - + Qa) cece. (7). 


THE EXPONENTIAL FUNCTION, LOGARITHMS. 283 


The principal value of the logarithm of a real negative quantity 
—« has not been sufficiently defined, since the argument of such 
a quantity may be either 7 or — 7; we shall however suppose, for 
convenience, that for its principal value the argument is 7, so 
that its principal value is logw+um, and the general value of 
its logarithm is log #+(2k+ 1) er. 

The general value of the logarithm of a real positive quantity 
“ is given by Log #=log a+ Log 1=log w+ 2skz, the principal 
value being log a. 

The principal value of Logs is $7, hence Log 4 = (2k + 4) err; 
the principal value of Log (— +) is —47re, hence Log (—1)=(2k—4) uz. 

It is also possible to consider the logarithm of w as a single-valued function 
of the modulus p and the argument ¢, the latter being supposed to go through 
all values from — to +, not being restricted as above to lying between 
and —7; the logarithm of w is then the single-valued function of p and ¢, 
log p+uid, and every time ¢ increases by 27, the logarithm increases by 2u7, 
and the numerical value of the quantity w becomes the same as before. The 
student who is acquainted with the theory of Riemann’s surfaces, will appre- 


ciate the full force of this mode of considering a multiple-valued function as 
converted into a single-valued one. 


The general exponential function. 


240. If a be any quantity, real or complex, the symbol a* may 
be defined to mean E (z Log a), where Log a has any of its infinite 
number of values; when Log a has its principal value log a, we 
shall call E (z log a) the principal value of a’. 
zLoga , (zLogay 
= 5% = SS SE -+- 


Since E (z Log a) =1+ x 


+ 
we have the general exponential theorem 


aw=1+ 


zLoga 2 (Loga)’ 
I tg Crh Fac 
and the principal value of a7 is given by 
3 zloga . 2 (log a? 
Oatilit reoegert tact gibt 


In the case in which a and z are both real, we have the 
ordinary form of the exponential theorem 


vloga «(log a)? 
1! te a1 “1p Oc 
which gives the principal value of a’. 


a®=1+ 
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241. In the particular case a =e, we have 
Log e = log e + 2uka = 1 + Qkr, 
and the general meaning of the symbol e is H(z Loge) or 
E(z+2ukrz); the principal value of e is #(z), and this is in 
accordance with the definition of the principal value of e” given in 
Art. 229, The general value of é is therefore 


E (z) (cos 2karz + ¢ sin 2k7z). 


We shall still continue to use the symbol e? for its principal value. 


242. The general value of a? as above defined, is equivalent 
to E {z (log r+ 6 + Qukir)}, where a=r (cos 0+ csin 0)=a+ 0B, 0 
being between — 7 and 77; writing z= «+ vy, we thus have for the 
general value of (a + «8)**” the expression 
E {a log r — Oy — 2kry + ¢(y log r + «0 + 2rkx)} 
which is equal to 
ev logr-by-2kry feos (y log r + £0 + 2rkw) + esin (y logr+ 26 + 2rka)}. 
The principal value of (a + «8)*t” is therefore 
er losr-y {cos (y log r+ #6) +e sin (y logr + «6)}, 
where r=Ve+ 6, 0=tan— B/a. 
The value of tan @/a, to be taken, is not necessarily its 
principal value as defined in Art. 38. 


If r=1, we have for the principal value of (cos @+«sin 6)**, the function 
£40 (a@+vy)} which may be written cos (#+.y)6+sin(#+vy) 6; this is the 
extension of De Moivre’s theorem to the case of a complex index. 

243. In order that the equation a* x a= a%t%, may hold, 
we must suppose that the values of a*, a, a**%, are those 
corresponding to the same value of Log a; in that case we have 

a x a= E {z, (log a+ 2uk7)} x EF {z, (log a + 2ukar)} 
= EF {(4, + 2) (log a + 2ckz)} 
pat antes, 
but this will not hold if we take different values of k in the two 
functions a*, a* In particular, the equation a* x a= ant is 
true of the principal values of the functions. 


244, The expression (a*)* is not necessarily a value of a4, 
but every value of a is a value of (a*)*, for 


ara = H (22, Log a) = E {z2, (log a + 2ukr)} 
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and = (a%)# = E' {z, Log a*} = E {z, (2, Log a + 2ck’r)} 
= E {z,2,(log a + 2ekar) + 20. k’r2,}, 

hence the values of a?” are only those of (a*:)* in the case k’ =0. 
If in every case we take the principal values, then the equation 
a2 = (a*)* holds. 

If we use the symbols a’, e as equivalent to their principal 
values H'(zloga), H(z), as is usually done in practice, then we 
may, as we have just shewn, perform operations in expressions in 


which these symbols occur, according to the ordinary rules for 
indices, as in common Algebra. 


EXAMPLE. 


If A, B, C, D... be the angular points of a regular polygon of n sides, 
inscribed in a circle of radius a and centre O, prove that the sum of the angles 


that AP, BP, CP... make with OP is tan Rennes, where OP=r, and 
a" cos nd — 1" 
the angle AOP=8. 


: 5s (6487) 
We have gm — ne = Hie ane ae’ } 


hence taking logarithms, 


log (7 — a” cos nO — ca” sin nO) 


s=n-1 
= lke |[r—a0os (0+ =") —1a sin (o+=")} A 
s=0 


and equating the coefficient of « on both sides of the equation, 


asin {6+ Aas 
Ane a” sin nd ene antl n 
a” cosnO—7 ~— 50 2Qsor 3 
a cos { 6+ an eds 


corresponding values of the inverse functions being taken; the expression on 
the right-hand side is the sum of the angles OP makes with AP, BP. 
a” sin n6 


hence this sum is tan~} —————_——__, 
a” cos nO — 7” 


Logarithms to any base. 


245. If the principal value of a? is equal to u, then z is called a 
logarithm of u to the base a, and may be written Log, u. Now the 
principal value of a? is H(zlog,a), where log,a is the principal 
logarithm of a to the base e, and if #(zlog,a)=u, we have 
zlog, a= Log, u= log, u + 2ukr, therefore 


Log, u = Log, u/log, a = (log, u + 2uk7)/log, a 
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The principal value of Log, w, we regard as log, u/log, a, and can 
denote by logy u, hence the general value 

Log, u=loga u + 2ukz/log. a, 
a multiple-valued function in which the different values differ by 
multiples of 2u/log,a. In the particular case a=e, the above 
definition accords with that in Art. 238, giving log, w+ 2ukm for 
the general value of Log, wu. 


Generalized logarithms. 


246. We may give the following definition of a logarithm, 
which is more general than that given in the last Article. 

If any value of a? is equal to u, then z is a logarithm of w to the 
base a, and may be written [Log, w] to distinguish it from Log, u 
as used in the last Article. The most general value of a? is 
E (z Log, a), and if this is equal to w, we have 

2 Log. a = Log, u, or 2 (log, a + 2k’) = log, u + ker, 
where & and k’ are integers, hence the general value of [Log, w] is 
Log, u/Log, a or (log. w+ 2ek7r)/(log, a + 2uk’sr), which is multiple- 
valued to an infinite extent, in two ways. The logarithms Log, wu 
are therefore included as the particular set of values of [Log, w] 
obtained by putting k’=0. We may call [Log, u] the generalized 
logarithm of u to the base a. 


247. If a=e, we have [Log, u] = (log, u + Qekm)/(1 + Qck'ar) 
which is the expression for the generalized logarithm of u to the 
base e. In the more restricted logarithm Log, u, we have defined 
z to be a value of Log, uw when the principal value of & is equal 
to u, but in the generalized logarithm [Log, wu], we consider z to 
be a value of [Log. uw] when any value of e? is equal to wu. 


The generalized value of [Log, 1] is 2ukm/(1 + 2uk'zr), and of 
[Log, (— 1)] is (2h +1) o/(1 + 2uk’xr). 


The expression (log, w+ 2ukm)/(1+ 2k’) may be considered from another 

log w+ 2ukm 
point of view; the principal value of {£(1+42ck’m)} 1424" is by the theorem 
(2), Blog w+ 2ukm) which is equal to uw, hence (log u+2ukm)/(1+2uk'm) may 
be regarded as the logarithm according to the definition in Art. 238, of w to 
the base #(1+2uk'sr) which is the principal value not of e but of et PHRE® a5 


that we have in fact [Log] equal to the values of Lognng +-2u0'n) % for 
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different values of /’. Thus we may regard the generalized logarithms to the 


base ¢, as ordinary logarithms to the base not e but e!+2"™, which though 
numerically equal to e, has different arguments according to the value of #’. 


248. The question was at one time frequently discussed, whether a 
negative real quantity can have a real logarithm; thus for example whether 
4 can be regarded as the logarithm of —,/e, the fact being borne in mind 


that ¢* has the values +,/e. The answer to this question depends on the 
definition we take of a logarithm ; if we take the ordinary definition in Art. 
238, that zis a logarithm of w when the principal value of e* is equal to wu, 
then a negative real quantity can never have a real logarithm; but if we 
define a logarithm as in Art. 246, that z is a logarithm of uw, when any value 
of e? is equal to w, then a negative real quantity may have a real logarithm. 
If r be a positive real quantity, we have 
logr+(2k+1) Cae flog r+2h' (2k+1) r+ {(2k+1) nr —2k' log r} 
14+-2k ir = L+4h 27? ° 
and this is real if logr=(2h+1)/2k’. If therefore 7 be such that logs is of the 
form (2k+1)/2k’ where & and #’ are integers, a value of [Log(—7)] is real; if 
logr is not of this form, we can always find a quantity 7, differing as little as 
we please from 7, such that [Log(—7,)] has a real value ; for a fraction p/q 
in its lowest terms can always be found which differs by as little as we please 


from logr; let log7’=p/q, if g be even then [Log (—7")] has a real value, and 
2p eT cal 

7 =r,, but if g be odd, we have 7’=e 287 xe 24, and e %% can be made as 

near unity as we please by taking s large enough, or log 7” can be made to differ 


2sp +1 Qsp+1 _ 
Qgq 


{Log —7]= 


by as little as we please from , therefore a quantity log 7, 


can be found, which differs by as small a quantity as we please from log7, 
and then a value of [Log(—7,)] is real. We conclude then that although 
there is not for every value of 7, a value of [Log(—7)] which is real, we can 
always find a quantity 7, such that 7,—7 is as small as we please, and such 
that a value of [Log (—7,)] is real. 


The Logarithmic series. 


249. The principal value of (1+z)™ is # {m log, (1 +2z)}, but 
by Art. 211, the principal value of (1 + 2) is the sum of the series 


(m—1) 


—1)...(m— i 
Bayete PO Ge Janaki UE pie 


2! s! 


provided this series is convergent, which is the case if the modulus 
of z is less than unity, and also if it is equal to unity, except in 
certain cases. Now it has been shewn in Art. 210, that we are 
entitled to arrange this series in powers of m, provided the series 
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m(m—1)...m—s +1) 

s! 
absolutely convergent for all values of s; this condition is satisfied, 
if mod. (z) < 1, since the series obtained by changing the negative 
signs in the series, and replacing z by its modulus 1, has for its 
m(m+1)(m+ 2)...m+s— 1) io. 
s! é 


z° in powers of m, is 


obtained by arranging 


this sum 


sum the expression 
is zero when s is infinite, if r < 1. 

Since # {m log, (1 + z)} stands for the series 
da A +2)}? ie 


ae) 


1+m log, (1+z)+ 


we are, by Art. 208, entitled to equate the coefficients of powers of 
m, in the two series, hence 


log. (1+2)=2-—42+128—-...4(- iy tay ANd (8). 


This series which gives the principal value of Log, (1 +2), is called 
the logarithmic series; it has been proved to hold when mod. 
z<1; also according to Art. 207, the series has still log, (1 + 2) 
for its sum, when mod. z= 1, provided the series is convergent, 
which is the case unless the argument of z is 7. 


250. Writing z=r (cos 6+ csin 0), we have 
log, (1+ 2) =log, (1+ rcos 6 + ur sin 6), 
and this is equal to 
$ log. (1 + 2r cos @+7*)+0tan™r sin 6/(1 + r cos 8), 


where the inverse tangent has its principal value; we have then 
the two series 


$ log. (1 + 2r cos 0+ r*) =r cos 0 — $7* cos 20 + 41° cos 36 — ...(9), 
tan r sin 6/(1 +7 cos 8) =r sin 6 — $7 sin 26 + 47° sin 30 —...(10), 
where r< 1. 
If we put r = 1, we have 
log, (2 cos 40) = cos 6 — $ cos 20 +1008 30-...... (11), 
$0 =sin 0—4sin 20414 sin 30-...... (12), 
where @ lies between + 7, and cannot equal +7. 
If in (11) we change 6 into 20, we have the theorem 


log cos = — log 2+cos 26 —4.cos 46+} cos66-... 
which holds if 6 lies between +37. 
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Changing 6 into $7— 6, we have 
log sin 6= — log 2 — cos 26—4} cos 46-4 cos 60-... 
which holds if 6 lies between 0 and z. 


The series (12) furnishes an example of discontinuity, owing to the series 
becoming infinitely slowly convergent as 6 approaches the value 7; when 
6=n, the sum of the series is zero, but when @ is less than 7 by a finite 
quantity as small as we please, the sum of the series is $6. 


Gregory's serves. 


251. We have log (cos @+ sin @) = 16, where @ lies between 

+ 2, hence log cos @ + log (1 +. tan 6) = 18, or 
log cos @+ 4 (tan 6—4tan?@+1tan’@...)- 
+(} tan? @—1tanté+...)=00, 
provided tan @ lies between + 1, which is the case if @ lies between 
+47, and may equal + $77; hence we have, since cos @ is positive, 
log cos = —4 tan?6+}4 tan‘d—-... 

and 0=tan 6—} tan? 0+L tan®O— oe. (13). 

The latter series is called Gregory’s series, and holds if 6 lies 
between + $7, both limits being included. 

Change 6 into $7 — @ then we have 

da —0=cot 0—Lcot?A+4c0t0-... 
which holds when @ lies between 47 and 37. The general expres- 
sions for any angle @ are 
O6=nr+tan @—Atan?@+... 

or 0=(n+4)r—cot d+ 1cot?d—... 
where in the first series m is an integer such that @—mn7 lies 
between +47, and in the second such that @—nz lies between 
dor and 27. 

Gregory’s theorem may be also written in the form 

tant ev=2—-—4e+40°-... 

where a lies between + 1, and tan has its principal value. 


The series for sin! w in powers of w, obtained in Art. 218, may be deduced 
from Gregory’s series. Let @=sin~1, then we have 


sin7la= ud ;—-} wo 5 +t a Pome ougeat: 
(1-2) “(1-28 “a-2))} 
1 get 
+(-1)" aeaishete 


r+1 (1 ~ erty 
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if w is less than unity, the series obtained by expanding 
1 girth 
arti ahereD 
in powers of , is absolutely convergent; we are therefore entitled to arrange 
the series in powers of 2 We find for the coefficient of (—1)"#*"*1, the 
expression 
i ae eu ri oR pay lhe i, 
2r+1 2.4 T4600. or 
the expression in the brackets is the sum of the first +1 coefficients in the 
expansion of (1 — yy erty in powers of y, and this is equal to the coefficient of 
y in (l-y) (1 — perry) or (1-4 eas which is equal to 


eeceee 


hence the coefficient of 7?"*! in the ne of sin~! wv, is 


pigs). fr si) 
Vea POG 


therefore 
1 Lee 1.é aeen ips 
oie Been i) ate » a nad Ww Ww +1 


this proof only shews that this series holds for values of v between +1/,/2. 


eeeeee 


sin-!¢=r+- 


The quadrature of the circle. 


252. The problem of the quadrature of the circle, which is 
equivalent to the determination of 7, can be solved to any required 
degree of approximation, by taking a sufficient number of terms 
in any one of a large number of series which have been given for 
m. The simplest series which we can obtain, is got by putting 
@ =1n,, in Gregory’s series; we have then 


gm=1—441-F4 eee 
which however converges much too slowly to be of any practical 


use for the calculation of 7. 


253. IPfwe use the identity }r=tan}+tan—4, and substitute 
for tan 4, tan” 4, their values from Gregory’s series, we have 


Hsayeaay- 


This is called Euler’s series. 
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Another series may be obtained from the same identity by 
substituting for tan? 4 and tan 4, their values from the series 


Poe ane iE ee a? 42-4 ie y 
Mises ST ee sel aes 


which we have obtained in Art. 219. We have then 
ei 2 ee eee e 
fo 101s. 3 10 3-3 (i0) t+ 
3 a 1 12 =) 

OTS 16 or slight 

254. Other series obtained in a similar manner have been 
used by various calculators. Clausen! obtained his series from the 
identity $7 =2 tan1+tan+, using Gregory's series; Machin’s 
series is obtained from 


47 =4tan74— tan 54, ; 
Dase used the identity 
dm =tan1$+tan71+4 tan}. 
A more convenient form of Machin’s series was used by Rutherford, 
who used the identity 17 = 4 tan74— tan“, + tan“ J,. Hutton? 
gave the series 


+ 364142 ease = cia 
3 3°100 55 (100) wet) 


this is obtained from the expansion of # tan— # in powers of Tae’ 


2 


by putting #=4 and w=}, and using Clausen’s identity. 


Euler has given the series 


7 1 +3 ( ‘ )+55 2 J+} 


~ 40 3 \100/ “ 3.5 100 
30336 (, 2/144 peed (aes re 
+ 550000 aa ann 3.5 (100000) **"$? 


which can be deduced from the identity 
a= 20 tan 1}+8 tan” 4. 


1 See a paper “On the calculation of 7” by Edgar Frisby in the Messenger 
of Math., Vol. u. 
SPR. Danse, Lito. 
19—2 
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The value of a has been calculated by W. Shanks to 707 


decimal places’. 

ie ee Ge 
1+ 2+ 2+ 2+... 

Lord Brouncker, the first president of the Royal Society. It is obtained by 

transforming Gregory’s series 1—}+1-—4+... according to the usual rule. 


WER PRO Bi 3G! 
2h: i i ion 47= SS eS Ss 
Stern? has given the continued fraction $7=1+ i 1 eee 


The continued fraction =n was given in 1658 A.D. by 


An interesting account of the history of the subject of the quadrature of 
the circle will be found in the article “Squaring the Circle ” in the Hncyclo- 
pedia Britannica. See also an article by Glaisher in the Messenger of 
Mathematics, Vol. 11. “On the quadrature of the circle a.D. 1580—1630.” 


We shall give Lambert’s proof that the quantity 7 is irrational, that is, 
that it is incapable of being expressed exactly in the form m/n, where m and 2 
are positive integers. Lindemann has shewn? that m cannot be a root of any 
algebraical equation, of any degree, with rational coefficients; this is a 
demonstration of the impossibility of “squaring the circle” by means of the 
ruler and compasses; his method is founded on that which has been applied 
by Hermite to prove a similar theorem for the quantity e. A simple proof of 
Lindemann’s theorem has been given by Hilbert‘. 


Trigonometrical identities. 


255. It can be shewn as in Art. 190, Ex. (5), that any identical 
algebraical relation f(a, b, c...) = 0, between any number of quan- 
tities a, b, c... will lead to two corresponding trigonometrical 
identities. These will be obtained by giving a, b, c... the complex 
values 

cosa+cesina, cosR@+cesin§, cosy+esiny... 


and reducing the given identity to the form 
(4, B, y...) + wh (a, B, x...) = 90, 
whence we obtain the trigonometrical identities 
d (4, Bitynss) 210; br (4, B, ry.--) = 0, 


which will involve the sines and cosines of a, 8, ¥.... 


The works of reduction will usually be shortened by using the 
symbolical forms e’, e*... instead of cosa+uesin a, cos 8 +esin Bae 


EXAMPLE. 


(xb) ae) GS sa) GaG 


Brom the Wienhly 73) (aera DEC Kae aN Aa eS) ae 


1 See Proc. Royal Soc., Vols, xx1, xx11. 
? Crelle’s Journal, Vol. x. See also a note by Sylvester, Phil. Mag., 1869. 
3 Math. Annalen for 1882, 4 Math. Annalen, Vol. 43, 1893. 


THE EXPONENTIAL FUNCTION. LOGARITHMS. 293 


deduce the identity 
sin (0 —B) sin (6 — y) 
sin (a—B) sin (a—y) 


sin (8 —y) sin (O—a) 
sin (B=) sin (B=a) 
sin (8 —a) sin (8-8) 
sin (y — a) sin (y — B) 


Let =e, a=e**, b=e*, c=", then we have 


sin 2(O8—a)+ sin 2 (8-8) 


sin 2 (8 — y)=0. 


(w—b) (wc) i< (e9 — 8) (ee ett) a Ce as (or a gaa) 0-2) 
(a—b) (a—c) (ee) Ce) CP ah als) Came er aes at) 

sin (6 — 8) sin (6—y) 
Oe oe 

sin (a— 8) sin (a—y) 
in this manner and equating the coefficient of « to zero, we obtain the identity 
to be proved. 


{cos 2 (6 —a)+sin 2 (6—a)}; transforming each fraction 


The summation of series. 


256. When the sum of a finite or an infinite series 
Ay + Ov + Apt? +... 
is known, we may deduce the sums S, and S, of the series 
My COS & + A,” COS (4 + A) + a,x? cos (a+ 20)4+... 
asin a+ av sin (a+ 0) + av? sin (a+20)+4+.... 


For suppose /f(#)=a,+ae¢+ae?+... 


then eof (ge") = 8, + OS, 

and also e 7 (xe Ol = Sp — Wy, 

therefore S, = 4 je f we") + ef (ae—*) 
il! 

and o = 2; je" f (xe®) — e— f (ze), 


the values of S,, S, thus obtained, can now be reduced to a real 
form. 


EXAMPLES. 
(1) Sum the series 
cos a +X 08 (a+) +x? cos (a+28)+...... +x"-1¢os fa+(n—1) Bi. 
We have vel + O+ A+ ee fam, 


Change « into xe’? and multiply by e’”; we have then 
g ply by > 


mB 
1 ae = et 4 pet@th) 4 29 (+28) 4 + ym-1¢ 
1—wze 


ta 


Z «(a+n—1p) 
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and similarly we have 
Lona 2 ~(atn=ip) 
ee EE Foe Pct eae) ee + gr—le7 harm 
1—xe~? 
therefore the sum of the given series is 
3 {e* = eet Ha, 1 ana 
1—2e'? 1—axe—8 


ee an gE (lee Sour re = are 8) (1 — we'P) 
(1—ae'*) (1 — ae “*) 


or 


which is equal to 


cos a—2# cos (a—)— 2” cos (a+n2B)+2"*1 cos (at+n—1 18) 
1—2z cos B+ 2? 


(2) Sum the infinite series 


rN a9’. 
stra+x sin (a+B)+— ee AARC ee he 
m2 al 
We have Bene ee nace 5 hagas sae ae 
2! n! 


put we'® for x, and multiply by e'*, we have then 
Geb tea 04 geileth) ge ef (a+28) 4 
and similarly 


ee OB ie, 


= td 4 ag (aFB) 4% 4 e(a+28) 
é@ + xe Voge + 


hence the sum of the given series is 


1 out HIRES 
—¢C an} 
oT 


or dials fe ORE 2) gn Ce eee 
t 
which is equal to 
6% 0O8B gin (a+ sin B). 


257. We shall now give some examples of the application of 
the exponential expressions for the circular functions, to the 
expansion of expressions in series. 


(1) ‘To expand (1 — 2x cos @ + x) in a series of powers of 2, 
where « is less than unity; we have 


(1 — 2a cos 6 + 2%) = (1 — we) (1 — we-#)>, 


which expressed in partial fractions is equal to 


il e e-8 
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expanding each fraction in powers of 2, we have 


1 
a) 2.0 129300 N—1 pnd 
asin 9 & te EMO heh? i erat ee ts, .) 
az —0 —2.0 2-1 p—M8 
dan 6 © LE an te ae eee be oes) 
which is equal to 
cosec 6 (sin 6 + w sin 26 + a? sin 304+... +a" sin nO + ...). 


It may be shewn, in a similar manner that 

1—# 
SS SS SS SS eS 9) 2. e sh: 1 wae 
i oar ee 1 + 2x cos 0 + 2x7 cos 20+... + 2x” cos n@ + 


(2) To expand log, (1 + 2x cos @ +?) in powers of x, where x 
is less than unity; we have 


log. (1 + 2a cos @ + x) = log, (1 + xe’) + log, (1 + we) ; 
hence expanding each logarithm on the right-hand side, we obtain 
the formula (9), of Art. 250, 
(3) To expand e” sin (bv +c) in powers of #, we may write 
the expression 


1 {er F @ (Ute) a Se, pre kay 


If we expand e@+*, e(¢—)« in powers of x, we find the coefficient 


of xz” to be 


= fe (a + ob)” — ee” (a — ob)"} ; 


let b/a = tan a, then the expression becomes 


2 a (a + b)3n Gi (c+na) __ sasiae| 
Zen! 


1 : 
or = (a? + b?)?" sin (c + na); 
this is the coefficient of x” in the required expansion. 


(4) Having given sin = sin (7 + a), to expand # in powers 
of n, when n < 1. 


We have et — g- = 9 fetlata) _ g-tieta)} 
or exe — | = nee jeere) 2 ie 
1—ne“* 
therefore ent — 
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taking logarithms and expanding the eas side, we have 
20 (a +k) =n (e% — e*) aged 5 (ee —e-*4) +4, 


hence “e+kr=nsina+$n?sin 2a+4n'sin 344+. 
where & is an integer. 


If B be the angle of a triangle and be less than A, we can 
expand the circular measure of B in powers of b/a; since 


sin B= : sin (B + C), 
we have, since in this case k =0, 


B="sin@+4 vE pon 20 + 3 42 8in 80-4... 


EXAMPLES ON CHAPTER XV. 


1 Prove that the general term in the expansion of hele es in 
1—2zcos +2" 
powers of z, is fee SS mea da) 2, and that the general term in the 
: A+ Bz : 
expansion of ,——_—_—_—_.. 1s 


(1-22 cos f+2*)? “ 
(n+3) sin(n+1)¢- (n+ 1)sin @t3)0 a (n+2) sin np —nsin(n+2) Re 


4 sin? 4 sin’ p 
(Huler.) 
n sin a : é ae 
2. Iftan v= foatong ee that v= sin a+ $n’ sin 2a+4n sin 8at+... 


n being less than unity. 


3. If coty=cot #+cosec a cosec x, shew that 


y=sin # sina+4sin 2e sin?a+4sin 37 sin? a+ 


eeeeee 


l+a\? 
4, Iftan$é= (4) tan $q, shew that 


; Qn? . its 
O=P+2Asin p+» sin 26+ sin 3p+ 


3 5 7 
her OT ¢ & 
where r s+(5) +2 é +5 3 igeceas 


5. Iftan@=%+tana, prove that 


6=a+2z cos a— $2" cos? asin 2a— 4.23 cos? a cos 3a+ ja cost asin 4a+.. 
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6. If(1+m) tan @=(1—m) tan d, when 6 and ¢ are positive acute angles, 
shew that 6=h—msin 2h + 4m? sin 4 — din sin 6G +...... 
7. If tan a=cos 2 tan A, shew that 
A\—a=tan? w sin 2a+4 tan‘ sin 4a+4 tan’ o sin 6Ga+...... 


8. Ifsinw=ncos(#+a), expand w in ascending powers of 7. 


9. Shew that the coefficient of 7? in the expansion of (1—2v cos 6+x?)~” 
is 2 {ay COS PO + Ay Ay _1 COS (P— 2) 0+ igty_9 cos (p—4)O+...... te 


where a, is the coefficient of x” in the expansion of (1 —.)-”. 


‘ie. CR yee 
° rove at 7 = ooh Qn+2)!" 


11. Prove that in any triangle 
log c=lo se C ia eon 2 = cos 30 
g c=log a—~ cosC— a, 3q3 C8 BO wees 
supposing 6 to be less than a. 


12. If the roots of the equation axv?+bxv+c=0 be imaginary, shew that 
the coefficient of ” in the development of (az?+bx#+c)~1 in powers of 2, is 
a” sin (n+1) 
aM tlsing ” 
where 6 is given by bsec 6+ 2/ac=0. 


(1+2)! cos? 6+ (1 —2)* sin? 8 
~ (142)? cos? 6+(1 — 7)? sin? 6 
of even multiples of 6. 


135 lf p? , expand log, p in a series of cosines 


14. Expand log, cos (+47) in a series of sines and cosines of multiples 
of 6. 
15. Prove that 


« 17 713 (—1)"41 
B= oy Sieg RT Sn 1 


2 
pote Tian peanin 


16. Prove that 


lbeiietionng I) ol ao I 2+1 
tam —aqtogree BAUS 


1~e+57I57 17 33+ 35 


17. Find all the values of (/—1)¥~}. 


18. Prove that (a+as/—1 tan f)!%e (7 see 9-4 V-1 is a real quantity, and 
find its value. 


19. If acos6+bsin 6=c, where ¢>/a?+6*, shew that 


vis 


6=(4n+1) 2 


+clog, - 
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20. From the expression for #”+1 in factors, deduce that 


ace sin n6 
. 1+cos 76 
; 2 
sin 26 (1 —20cos =) sin 26 (1 —2cos =) 
=tan~ ! 3 ud A i eamearemer ee arse Whee 
1 +008 26 (1-2 cos) 1-+c08 6 (1-2.008 5" ) 
1 a—b 


: 5 1 
21. From the identity Pn alerat = G2) 
deduce cos (8+) sin (@—8) — cos (+8) sin (6 —a)=sin (a— 8) cos 26, 
sin (@+a) sin (@— 8) —sin (6+) sin (8 — a)=sin (a—) sin 26. 
22. Prove that 
tanta. ten 18 tan ly, 9 Alea Corea oe ee ey 
ae tae 7 ot 7 SEs 7 18 ine 
where a, 8, y are the three cube roots of unity. 


23. Express the logarithms of e+d: to the base a+ lu, in the form 4d +B. 
24. If tan” (4r+4y)=tan” (47+4¢), 
shew that mtan~!} ny =ntan71 a é 
t 


25. In any triangle, shew that 


a” cos 2B + b" cos nA =" — nabe"-? cos (A — B) 


age u at a2b2c"- 4 cos 2(A — B)— «0. 
n being a positive integer. , 
26. If log, log, log, (a+.8)=p +, 
Pp 
then e 84 cos (e” sin g) =} log, (a? +), 
and ef 807 gin (2 sin g)=tan7} e 
a 


27. Shew that the coefficient of z* in the expansion of e cos w in as- 
dn 


: 5 ur 
cending powers of «, is ra cos a 
28. Prove that 
1 
= 43 ES \nic 3 ‘ ~, 
(-+ecos 8? sec? 2A +...... +(— 1)" 2 sec? 2d tan A (1 +7 cos 2A) cos NO+....04- 


where 2) is the least positive value of sin-1e. 


29. Prove that the series 


i 1 
1.3.5...(2m+1) — 3.5.7...(2m+3)* neepe 


: A, w+ B, 
can be expressed in the form ‘ cars er. where A,,, By, Cn, are Whole numbers, 
mm 
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(2m) ! 


Qm-2 ? 


By = (2m —-1) By 1-2 (m—1)!. 


and Ayal... 20-1), C= 


30. Prove that 
sin” 6 cos 2p =sin” > cos n6+7sin"~! g cos (n— 1) 6 sin (8- ) 


. oe Beh cog Gray Pa (Ob) sass eat (0-9), 


n being a positive integer. 


31. Prove the identity 
cos 2a 


= Vane 

SS See omen IC 8sin $(a+B+y+8) 
Q¢ 1 uF if i. a ; 
32. Prove that esa wm ie un 


33. Reduce tan~!(cos 6+ sin @) to the form a+, and hence shew that 
il 1 7 
cos 6 +3 00838 + = cos 56 — Roch yl 
the upper or lower sign being taken, according as cos @ is positive or negative. 


34. Prove that one value of Log, (1+cos 26+ sin 26) is log, (2 cos 6) +16, 
when @ lies between —4n and 4m. Deduce Gregory’s series. 
Prove that one value of sin~!(cos 6+ csin 6) is 
cos~14/sin 6+: log, (sin 6+/1+sin 6), 
when 6 lies between 0 and $z. 


35. Find the sum of the series 3 A,,¢'2"*))” sin (2n-+1) y in which 
0 


=a Pe 1 1 3 
~Im+1 %Ww-1 W%W+3" 


An 


36. In any triangle, shew that if a<c 


‘ 1) @ 
pad mA fe 1+n~cosB+~ ntl) ph cos 2B 
br Ge ¢ 2 ce 
n(n+1)(m+2) a? 
ue ( ok ) oa 008 BB+... } é 
37. Prove that 
(tan! 2)?= a? -—4$ (1+4) a*4+4 (14444) a-...... 
(et Wipe oe 1 ern 4 
Se eee gt vse wap) es 
where x lies between +1. 
oon ete u=log, tan G + te) =LbAgh +A: 0° + 0.600 
prove that L=U— Ail? + AsW? — ...00 


39. Rationalize tan {e log, “aa ; 
t 
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40. Prove that 

cos @ cos 2x7 A cos meee am aU +cos 7)” 1 
@—Ii@+I* @oDineey <* Gayh == en)! 2 (m 12 


41. Ifnisa positive integer, and 


(n+7r—2)! si % 
= 2 4+ —_______ 5" ¢—1)O+...... 
S=1+7n cos? 6+...... ( Ti Tyo 6cos (4 )O+ 


prove that 
28 sin" 6={1-+(—1)"}(—1)* cosn6+{1 —(—1)}(- 1)? sin n6. 


42. Prove that the expansion of tan tan tan...tan 2, (n tangents) is 
2G? oe 8 ‘ ay 
i —1)5+—> 2 I) SAP seas 
e+ on. +4n (bn Net 3 (175n? — 84n +1 dant 
43. If tan (ta—¢)=tan* fa, then shew that 


Lae Ik oe ge Ih 
o=— 8iN a— 5-59 SIN Za + 3.3390 Ba ...05- 


13 2.3? 
44, Shew that, if tanéd<1 
tan? d—4tan*é+4tan®6-...... =sin?6+4sin'é+4sin®6+...... 
45. Prove that, » being a positive integer, 
14% (n— ee ae (n—1)(n— oo 4)(n— De Rue. 
=5 {ome —1)".2cos | ; 


46. Shew that the equations 
z* sin 2a+y? sin 28 +2 sin 2y — 2yz sin (8 +) — 22 sin (y+ a) — 2ay sin (a+ B)=0" 
2? cos2a+y? cos 28 +2? cos2y — 2yz cos (B+ y) — 2zn cos (y +a) — 2xy cos (a + B)=0° 
are satisfied by any of the following values : 
usy: 2: sin?$(B—y) : sin?4(y—a) : sin?4(a—8) 

:: sin? $(B8—y) : cos?s(y—a) : cos?4(a—8) 

:: cos*$(B—y) : sin?4(y—a) : cos?4(a—B) 

:: cos? (8—y) : cos*4(y—a) : sin?4(a—£). 


47. If 6), 6, 63, 64, are distinct values of 6 which satisfy the equation 
a cos 26+ bsin 26+4+c¢cos6+dsin 6+e=0, 


shew that 
Pe —¢ = ae. e 
coss sins Zcos(s—6) Ssin(s—6) 3cos}(0,+6,—63—6,)’ 
where 28=6,+6,+ 65+ 0. 
48. Prove that 
(- 1)” tan” 6=1-—nsec 6 cos 6 de sec? 8 cos 20—...... (m even), 
(—1)?—) tan 6=nsec sin 6——” = 1) sec? sin 26+...... (n odd). 
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49. Ifsin-!w=a,7+a,0°+......, Shew that the sum of the series 


Ay2 + Ag + ay yt+,..... is $ {cos~! (14.2? +04 — 2?) +sin-1 2}. 


50. Ifa, B,y,...... are the 2 roots of the equation w+ p,v"~1+...... i) 
prove that 
in 8 Bsin 6 
ct ie ia ,_ sind — 
: a cos Gag t ten Boosé—-a 0" 
=tan7! P Sin 8. e-14+-p, sin 20. v”?+...... + pn Sin nO 
a" +-p, 008 6. 2" 1+, cos 26. a+... + pp Cos 26° 


51. If (1—c) tan 6=(1+c) tan q, then each of the series 
esin 26— $c? sin 40+4¢3 sin 66-...... 
esin 2p+$c? sin 46 + 4c? sin 6$+4...... 

is equal to 6—¢, where 6 and ¢ vanish together, and c<1. 
52. Prove that 
cos $7+4 cos 27 +408 Bt... ad inf. =0. 


53. Shew that the series 


ni ior cos 3a@+ ee cos Mie Scio os 7+ 
ae oma ae ORAS Cae eS 


assumes the following values, 
(1) sin~1(cos$x—sin $x), when r>2x>0, 
(2) —sin~!(cos$x7+sin $x), when 2n >a2>rm. 


54. If c=cos? 6— 4 cos? 6 cos 36 +4 cos’ 6 cos 56 —...... 
shew that tan 2¢=2 cot? 6. 
55. Shew that 
e% 8B sin (a sinB) +e" SF sin (a sin2B)+...... ef 008(% - DB sin fa sin (n — 1) 8} =0, 
if B=2r/n. 
56. Prove that 
sin §. siné—4sin 26 sin? 6+4sin 36 sin’ 6—...... =cot—!(1+ cot 4 cot? 6). 
57. Prove that 


log (cosec x) = 2 (cos? w —} sin? 27+ 4cos?3x”—jfsin? 4v+...... ys 


ECS Ih 


58. Prove that 


_ vial 3 
eog—1(1 — x)= an es . 
cos~1(1 —2) Vi {145-5 (5)+--+an ai D 


59. Shew that the sum of the series 


1 es) Ho Be 6 _. COS ZO _ 
1—=cos 6+=— cos28 — 5 1S 
2 Tora 2.4, /2.cos 6’ 


where 6 lies between +7. 
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Sum to infinity the series in Examples 60—71. 


60. cos6é—4+cos36+14 cos 56-...... 
cos26 cos 46 
Ole Th a1 [aoane 
can Ean? 
62. cos@+ os cos 26+ _— cos 86+...... 
é; 1 1 

63. cos 6cos 26+ cos 26 cos 36+5; cos 36 cos 46+ 31 cos 46 cos 56+...... 
64. sing— sin3é4+— ain 64 

5 cha some Re <a siera 
65 cos 6 cos 26 cos 36 

TOs) Oe Bee Bagh 
66. cosa+ en a see oe an oe aPadaoen 


67. cos 6 cos d —$ cos 26 cos 2+ 4 cos 34 cos 3h —...... 


tanZasin37 tanasin 47 


68. tanasin 2v7+— 21 —-+ 31 piaeeesae 

- eo cos 6 e608 
69. 1+¢°°8*cos(sin 6) + “37 00s (2sin 6)+ 31 00S (3 sin 6)+...... 
70. sin @. sin6—4sin? @. sin 26+4sin® 6 sin 36—-...... 


71. msin?a— 4m? sin? 2a+ din sin? 3a—....., where m<1. 


CHAPTER XVI. 
THE HYBERBOLIC FUNCTIONS. 


258. THE hyperbolic cosine, sine, tangent, &., have already 
been defined in Chap. XV., by means of the equations 


coshu=4$(e"+e), sinhu=$(e"—e), tanh u=sinh u/cosh u, 
cothw=I1/tanhu,  sechw=1/coshwu, cosech w= 1/sinh wu, 


where the exponentials e”, e~” have their principal values. The 
hyperbolic functions are expressed in terms of circular functions 
of vu, by the equations 


cosh u=cosw, sinhu=—csinwu, tanhw=—ztanwu, 


coth w=.zcotw, sech w= sec wu, cosech wu = 4 cosec vu 


Relations between the hyperbolic functions. 


259. We have, at once from the definitions, the following 
relations between the hyperbolic functions 


fost ne? (ree: (240) 0 oe ad ree Se (1), 
Becie Weetan Ue Lo sores cweande neciine (2), 
COU the COSCON? Uh = Dogs isiez evewee ene caceots (8). 


These correspond to the relations 
cos? @+sin?@=1, sec?@—tan?@=1, cosec?@—cot?@=1, 
between the circular functions, and are at once deduced from them 


by putting @=w. By means of the relations (1), (2), (3), com- 
bined with the definitions, any one hyperbolic function can be 
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expressed in terms of any other one. The results are given in the 
following table. 


sinh w= | cosh u=2|tanhu= | coth uw=2 | sech w=) cosech u=< | . 
eat z 1 /1— x? 1 
: \ & 
hu= x oa = 
sinh w Ja? 1 View ee Fe Ze 
eee 1 x 1 V1 +22 
= 2 
cosh 2% 142 wv Vie aed . a 
@ x? —1 1 — 1 
wade eS || aes || Se x = — x = 
V1 +a? a Ee V1-2 Vitex? | 
Vat | _ 2% 1 1 z 
coth u= | - Zi Veet i a vi V1+22 
1 1 aes ley ee 2 
sech U= SS 5. — 72 x eee 
V1 +2? L VI-2 aL ; /1 +2? 
|) Sete ee 
1 if V1 _— x? = Lv | 
e ‘= —— a2, = Say eens Wh 
cosech u= Fe ere ee Va —1 ae v 
The addition formulae. 
260. We have 
cosh (w + v) = cos u(u + V) = COS Lu Cos Ww F SIN vu sin WW. 
hence cosh (u + v) = cosh wcosh vy + sinh wsinhy......... (4). 
Similarly we have 
sinh (uw + v) =sinh uw cosh v + cosh w sinh v......... (5). 


These are the addition formulae for the hyperbolic cosine and 
sine; they may, of course, be verified by substituting the expo- 


nential values of the functions. 


261. 


tanh (u + v) = 


Since 


coth (wu + v) = 


sinh (w + v) + sinh (w — v) = 2 sinh u cosh », 
sinh (wu + v) — sinh (uw — v) = 2 cosh u sinh v, 


cosh (u + v) + cosh (u — v) = 2 cosh u cosh v 


> 


cosh (w + v) — cosh (uw — v) = 2 sinh w sinh 2, 


From (4) and (5) we deduce 
tanh w + tanh » 


] + tanh U tanh pmo eR ot (6), 
coth w coth v + 1 ; 
coth 0) + coth u Ce i re iy ( ). 
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we have, by changing u, v into }(w+v), $(w—v) respectively, 
sinh wu + sinh v = 2 sinh $(w +7) cosh $(u — ”) 
sinh wu — sinh v = 2 cosh $ (w + v) sinh $ (wu — 2) 
cosh w + cosh v = 2 cosh (uv + v) cosh $(u — v) 
cosh w — cosh vy = 2 sinh $(w + v) sinh $(u — v) 


| Renee (8), 


which are the formulae for the addition or subtraction of two 
hyperbolic sines or cosines. 


Formulae for multiples and submultiples. 


262. From the formulae (4), (5), (6), and (8), the relations 
between the hyperbolic functions of multiples or submultiples, 
may be deduced, as in the case of the analogous formulae for 
circular functions. We find 

sinh 2w = 2 sinh w cosh u, 
cosh 2a = cosh? w + sinh? w = 2 cosh? w— 1 = 14+ 2 sinh? u, 
2 tanh wu 


Nea tanh a” 
sinh 8u =3 sinhw+4sinh? uw, cosh 3u = 4 cosh? uw — 3 cosh u, 


3 tanh w + tanh? w 
tanh 3u= +3 tanh2w 7 


1 + cosh u cosh wu — 1 
cosh $u = o Ay Tne sinh gu = whi te 


2 
ai ne wh cosh u-l b& sinh wu 
cae eu 1 N-becshieaiaal 9 L- cosh w 


Series for hyperbolic functions. 
263. We have 
e’=coshu+sinh wu, e-” =cosh wu —sinh w, 


thus the series for cosh w, sinh wv in powers of u, are 


Ue te 
coshu=1+ 5, +g,+-+ 
: we uP 
sinhu=ut+s5,+=+--- 
Bil pl 
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Also the principal value of (cosh w + sinh w)™ is always 
cosh mu + sinh mu, 


whatever m may be; this corresponds to De Moivre’s theorem for 
circular functions. We may express the theorem thus 

cosh mu = $ {(cosh u +sinh wv)” + (cosh w — sinh w)f, 

sinh mu = 4 {(cosh uw + sinh u)” — (cosh u — sinh w)"}. 


264. We obtain from the last expressions, by expansion, 


m (m a 1) (m = 2) cosh” y ante vere 


sinh mu=mcosh” u sinh w+ 


3! 
cosh mu=cosh”™u + ee y cosh” w sinh? w 
pitt (m—1)(m—2)(m—83) 


cosh’”—4 uw sinht u + .... 


4! 


As in the ease of circular functions, we can deduce from these 
series, the expansions of sinh mu, cosh mu in powers of sinh w; it 
is however unnecessary to repeat the work of collecting the various 
coefficients, as we may obtain the result at once by substituting ww 
for @ in the formula of Art. 214, Chapter XVI. We thus obtain 


m (mm? — 1? 
ori Sal w 


sinh mu =m sinh w+ 


3! 
4 — |? Fen Z 
suet = a 2) sinhFu+... 
YJ 2 
cosh mu = 1 +e sinh? wu gins is Beane w+ .. 


which series hold for all values of m, provided they are convergent, 
which is the case if sinh w=1. If we put sinh u=1, we find 


u = log (1 + /2). 
265. From the series for sinh mu, we deduce, as in the case of 


the circular functions, a series for w in powers of sinh w. Equavang 
the first powers of m, we obtain 


e Lit wed Tet 
U= sinh w — 5. -g sinh? u + 5— 4 5 sinh? u — ne Sang y sinh? ma 


This series is convergent if sinh u 1, or if u=log (1 +4/2). 


In particular, we have 


log (1 +2) =1- 


a Lad eevone 
4 4 eT vee 


11 
23 
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Periodicity of the hyperbolic functions. 


266. The functions cosh w, sinh wu, have an imaginary period 
2c, since e@ = e“+2"", We have therefore 


cosh w = cosh (w+ 2urk), sinh w= sinh (w+ 2erh), 


where & is any integer. Since e“t™=—¢", e—™+™ =e", we 
have cosh (w+ cm) =—cosh wu, sinh (w+ v7) =—sinh wu, therefore 
tanh (uw + vr) = tanh w, or the period of tanh w is ez, only half that 
of cosh wu, sinhw. We find the following values of sinh u, cosh wu, 
tanh w corresponding to the arguments 0, drs, re, 3ar0. 


0 3m me | Bem 
act 0) = L 0 —t 
cosh | 1 0 -1 0 
tanh , 90 co Xe 0) co Xt 
coth | o 00 : 0) 
sech | 1 oe) —1 ') 
cosech ee) -1 2 | l 


Just as the circular functions are the simplest single periodic 
functions with a real period, so the hyperbolic functions are the 
simplest singly periodic functions with an imaginary period. 


Analogy of the hyperbolic with the circular functions. 


267. Draw a rectangular hyperbola of semi-transverse-axis a, 
and centre O; let Q be any point on the hyperbola, and QW be the 
ordinate of Q, we have then from the property of the rectangular 
hyperbola, ON?—QN?=a?; if then we let ON=acoshu, we 
shall have QN=asinhwu. We shall shew that the area OAQ 
bounded by OA, OQ, and the arc AQ, is tau. Let Q’ be a 
neighbouring point on the curve, QN’ the ordinate of Q’, and let 
u+6u be the value of w corresponding to the point Q’, we have 
then 

ON’ =acosh(u+6u), Q’N’ =a sinh (wu + du); 
20—2 
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if we neglect the square of du, we have 

ON’ =a (cosh wu cosh 8 + sinh w sinh 8w) = a (cosh w + du sinh w) 
and 

Q'N’ =a (sinh u cosh Su + cosh u sinh du) = a (sinh w+ du cosh w) 
therefore NN’=8u.asinhdu, Q’n=6w.acosh dw. 


| 


Now A0QQ’ = AOQn— A OQn, hence since we may ultimately 
replace the arc QQ’ by its chord, we have to the first order in du, 
area OQY’ = $0N’. Qn—-—4QN. Qn, 

= tacosh (w+ du). acosh wu. du—4sasinh w. asinh w. du, 
= }a?. du (cosh? uw — sinh? wv) = $a?. du. 


If then we divide the arc AQ into an indefinite number of 
parts, and apply the above to find the area of each such part, we 
have for the area OAQ, the expression $a?8u; now for A, u=0, 
therefore area OAQ = dau. 


It should be observed that to represent points on the other branch of the 
hyperbola, ~ must be changed into w-w, since cosh (u—w)=—cosh uv, and 
sinh (ur — uv) =sinh wv. 
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268. If we describe a circle! of radius OA =a, and let P be 
any point on the circle, PM its ordinate, then denoting the angle 
POA by @, we have area OAP=4070. Let PN be the tangent 
at P, we have then 


OM=acos@, PM=asin0, PN=atan6, AM=avers@. 


bie 
y A 
12 
ei J 
Sit 6) M A N v 
s 
Ne’ 


From NV draw VQ perpendicular to OA, and equal to VP, then 
ON? — NQ =a’; therefore the locus of Q is a rectangular hyperbola 
of semi-axis a. Now denote the area of the sector OAQ by $a?u, 
then as we have proved in the last Article, we have ON =a cosh u, 
QN =asinh wu. Thus we see that just as the ordinate and abscissa 
of a point P on the circle, are denoted by asin @, a cos @, respec- 
tively, where 4a?0 is the area of the circular sector OAP, so the 
ordinate and abscissa of the point Q on the rectangular hyperbola 
are denoted by asinhw, acosh u respectively, where 4a?u is the 
area of the sector OAQ. Thus the hyperbolic sine and cosine 
have a property in reference to the rectangular hyperbola, exactly 


1 The figure in this Article is taken from a tract by Greenhill entitled ‘‘ A 
Chapter on the Integral Calculus.” 
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analogous to that of the sine and cosine with reference to the 
circle. For this reason the former functions are called hyperbolic 
functions, just as the latter are called circular functions. | 


269. We have from the figure of the last Article, when we 
consider the point Q on the rectangular hyperbola, corresponding 
to the point P on the circle, 


atand=QN=asinhu, and asecO=ON=acoshu, 


therefore the arguments @, u, for corresponding points, satisfy the 
relations tan @=sinhu, sec@=coshwu. Since 


sinh w 
h4e=-— —— 
tanh e? 1+ cosh w 
tan 6 in 0 
we have tanh fu = we ae tay 40, 


1+secd 1+cosé 
or @ and w satisfy the relation tanh $u = tan $0. 


Since AOQM< sector OAQ< AOAQ, we have 
tanh u<w<sinh w. 


It follows that the limiting values of ee - Es , when w is indefinitely 


diminished, are each unity, since cosh 0=1. 


270. We have 
e’ = cosh u + sinh w = sec 8 + tan @, 
therefore u = log, (sec 6 + tan 0) = log, tan (477 +48). 


Various names have been given to the quantity 0; it is called by 
Cayley the Gudermannian function of wu, and denoted by gdu, so 
that @=gdu, u=gd-0 = log tan (47 +46); this name was given 
in honour of Gudermann, who however called the function! the 
longitude of u. By Lambert, @ was called the transcendent angle, 
and by Hotiel? the hyperbolic amplitude of u (written amh wu). A 
table of the values of log tan (4% +46) for values of 6 from 0° to 
90° at intervals of 30’, and to 12 places of decimals, is to be found 
in Legendre’s “Théorie des Fonctions Elliptiques,” Vol. 11., Table rv. 
The table which we give at the end of the Chapter, for intervals 
of one degree, was extracted® from Legendre’s table by Prof. 


1 See Crelle’s Journal for 1833. 
* See ‘Théorie des Fonctions ecmplexes.” 
® See the ‘ Quarterly Journal,” Vol. xx., p. 220. 
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Cayley. The table enables us to find the numerical values of 
the hyperbolic functions of uw, by means of the relations 


sinhu=tan 6, cosh w=sec 8, 


using a table of natural tangents or secants of angles. 


Those who desire further information on the subject of the hyperbolic 
functions and their applications, may refer to Laisant’s “Essai sur les Fonc- 
tions Hyperboliques” in the Mémoires de la Société des Sciences de Bordeaux, 
Vol. x., also the treatises “Die hyperbolischen Functionen” by E. Heis and 
“Die Lehre von den gewéhnlichen und verallgemeinerten Hyperbol-funk- 
tionen” by Giinther. 


Expressions for the circular functions of complex quantities. 


271. The circular functions with a complex argument may, 
by the use of the notation of the hyperbolic functions, be con- 
veniently expressed in the form a+, where a and £8 are real 
quantities. Thus sin (#+ vy) =sin # cos vy + cos x sin vy, 


hence sin (7+ vy) =sin xz cosh y+ecosxsinhy ......... (9). 
Similarly we find 
cos (x + vy) = cos « cosh y — sin # sinh y......... (10). 
“1 ( eed: 
hie Senne te) oe sin (@ + ey) cos (w — wy) 


~ cos (@ + vy) cos (a — Ly) 
_ sin 2@ + sin 2ey 
~ cos 2a + cos Quy 


hence ; 
sin 2v + esinh 2y 


cos 2a” + cosh 2y 


tan (7 + wy) = 


The inverse circular functions of complex quantities. 


272. We shall first consider the function sin (#+ cy). Let 
sin (~ + ty) =a+ 18, then 
“+. =sin (a+¢8) =sin a cosh 8 +4 cos asinh £, 
or #=sinacosh 8, y=cosasinh 8; we have therefore, for the 
determination of 8, the equation «?/cosh? 6 + y’/sinh? 8 =1, or 
a (cosh? 8 — 1) + y? cosh? 8 = cosh? B (cosh? 6 — 1). 
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If we solve this quadratic for cosh? 8, we find 
cosh? B=h(at+y+1tEv(@+yt 1p —4e°*, 
therefore cosh 8=+4Vae+y?+2a+14 4a? +y? + 202+4+1, 


and since cosh £ is positive, we must have, if « is positive, 
cosh B=4V(a@+1P4+ yt 4v(@—1p+y. 


The corresponding value of sin @ is 


ajcosh 8 or 4V(@+1P+y ¥ 1V(@—1P +4", 

now cosh 8>1>=sina, hence we have 
cosh B=4V@41Pt+ y+ 3vV(e—-lPty=u 
sina=4V(e@+1P+y2—4V(e—1P4+ Y=. 


These are the values of cosh 8, sina, whether « is positive or 
negative. 


The quadratic cosh 8 =u, gives B= + log {u+Vu?— 1}; 
we have therefore 


sin7 (# + w) = kr +(— 1 sino + vlog fu+Vu = 1}, 


where & is an integer, and sin~» is the principal value of a, which 
satisfies the condition sina=v. To determine the ambiguous sign, 


put x= 0, then sin wy =k +clog(V1+y*?+y), hence 
wy = + cos kr sin[vlog (V1 + y+ y)] 


1 { i a2 
——— —y— +1l}=4+(-1) yw, 
2 Peve  S +(— ify 


Sly 


hence the ambiguous sign must be that of (— 1)’, or 


sin (w + vy) =kr + (—1)* sin v + (- 1)F clog {u+ Vu? — 1}...(12), 
hes GS eis eee 
and v= Wer liry—-We-ly te 

If we consider sin + « log {uw + Vu — 1}, as the principal value 

of sin“(#+ vw), and denote it by sin“(x+ vy), the general value is 


ka +(—1)' sin (#@+ vy) which is the same expression as for real 
arguments. 


A special case is that of «> 1, y=0; in this case usa, v=1, 


and the principal value of sin is 4a + log {a + Va? — 1}. We 
know a priort that sin can have no real value when «> 1, 
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273. Next let cos“(#+vy)=a+ 18, we have then as in the 
last case, c= cos acosh 8, y=—sin asinh B, and we find, as before, 
cosh 8=$V(a41P+y2+4V(a—1lY + y=, 
cosa=4V(e+1P+ y—4V(a—1)P + y=, 
hence cos“? (a + wy) = 2k + cos v + vlog fu + Vu? — 1}. 
To determine the sign of the last term, we put #=0, then 
wy =cos[t+hrtelog(y+Vy+1]=F sin {t+ clog(y+vy+1)} 
= (¥) (+ y), 


hence we see that the second ambiguous sign must be the opposite 
of the first, or 


cos (@ + wy) = 2k + {eos v — clog (w+ Vu? — 1)}...(18). 
If cosy —vlog (w+ WVu?—1) denotes the principal value of 
cos (# + wy), then the general value is 2ka + cos (a + wy). 
274. Let tan (x + vy)=a+ if, then 
sin 2a +4 sinh 2 
oe COS an cosh oa t 
sin 2a sinh 28 


h _ = ; 
gan cos 2a-+ cosh 26s I~ cos 2a + cosh 28’ 
we have 
oa sin? 2a+sinh?28 _ cosh? 28 —cos? 2a cosh 28 — cos 2a 


= (cos 2a + cosh 28) (cos 2a+ cosh 28)? ~ cosh 28 + cos 2a’ 


2 cos 2a 2 cosh 28 


or 1—-#-y’?=. and 1+a@?+y?= 


cosh 28 + cos 2a’ cosh 28 + cos 2a 
therefore tan 2a= nae and tanh 28 = -— tens 
Ue Laem y” Tee Ty 
a ii eae 2y Gee ee) 
Since pe 8 Teas x’ we have e# = B+ yl? 
iy pee eee las a 
s ae ts vel) 
hence the values of tan~! (z+ vy) are given by 
2x we+(y+ 1p 
=! — 1 1 ‘ 1 
tan (@ + w)=kr+ tan i 5 11 log erces 1p (14). 


The inverse hyperbolic functions. 


275. If sinha=z, then g is called the inverse hyperbolic sine 
of z, and is denoted by sinhz. A similar definition applies to 
cosh z, and tanh z. 
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i ae: 
If z=sinha=—vsinva, we have w=sinv@, or a= : sin (0Z).. 
Burk : ieee end 
Similarly if z=cosha=cos va, we have a= ina a 


also if z=tanha, a ia Ce). We have therefore the inverse 
l 


hyperbolic functions expressed as inverse circular functions by the 
equations 


sinh z=—zssin™ (uz), 
cosh z= — .cos* (2), 
tanh! z= — + tan (cz). 


276. By means of the expressions we have found for the 
inverse circular functions of a complex quantity, we may find the 
values of the inverse hyperbolic functions. We shall however find 
the expressions for them independently. 

(1) If z=sinha, we have e*—e-*=2z, solving this as a 
quadratic for e*, we find et =z+V14 2, 
hence a= 2uka + log. (g +V1 +2), or 2ukr + log, (2 — V¥1+2), 
both values of a are included in the expression 

tke + (—1)¥ log (¢+V14 2). 

Thus the general value of sinh y is eka + (—1)}*log, (2 +V1+2°), 
and its principal value is log, (¢+1-+ 2); this principal value is 
the one which is usually denoted by sinh z, 

(2) Ifz=cosha, we have e*+e-*=2z; hence we find 

eta=ztVver— 1, thus a= Qek7 + log, (2+ V22—1), 
hence 2uka + log, (2+ V2—1) is the general value of cosh z; the 
principal value, which is the one generally understood to be 


Pa | l+z 
3) if z=tank h eS dias eae 
(3) z=tanha, we have Ha Oe eee hence 
1 os 
a= tk +4 log, Gael this is the general value of tanh z, the 
principal value being $ log, (Gt :) : 


(4) We find for the principal values of coth—z, sech—z, 
cosech™ z, the expressions 

: z+1 14+V1—2 

soe ines es 


14+V142 
a7 : lgarcia 


respectively. 
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The solution of cubic equations. 


277. We have shewn in Art. 117, that when the roots of 
the cubic a°+q2+r=0 are all real, and ¢ is negative, they 


are V—4qsin 8, V—4qsin(9+2mr), V—4qsin(0+47), where 

: QT r? 
sin 36 = & 4q3 
in the case when two of the roots are imaginary. In this case, the 
condition 277? + 4g? > 0 is satisfied. 


3 
) . We shall now shew how to solve the cubic 


(1) Suppose q positive; consider the cubic 
4 sinh’? w + 3 sinh w= sinh 3u, 
let « =a sinh wu, then z satisfies the equation 
x + 2a?,.¢—4a*sinh 3u=0, 
this will coincide with the cubic #+qe+r=0, if q=2a’, 
a1 
64 g°/ ° 
Now the roots of the cubic 4sinh?w+3 sinh w=sinh 3u, are 


sinh uw, sinh(w+27rz), and sinh(u +47), hence the roots of the 
cubic a + qvu+r=0, are 


r =—ta’sinh 3u, or sinh 3u=— 4 ( 


V4q sinh u, V4q sinh (u+ 2a), V£qsinh (w+ $70), 
or V4q sinh u, Vig (— sinh w + 4/3 cosh w), 
where sinh 3u = —4 (27 nie We find the quantity 3u from a 


table of hyperbolic sines, when the numerical values of g and r 
are given, and then sinh w, cosh u, from the same tables; thus the 
numerical values of the roots will be found. 
(2) When q is negative ; consider the equation 
4 cosh? wu — 3 cosh uw = cosh 3u, 


we find, as in the last case, that if g = — 3a, r =— 14a* cosh 3u, the 
cubic which a cosh w satisfies is #+qce+r=0, thus the roots 
required are 


V— 4q cosh u, V— 4q cosh (w + 320), V— 4q cosh (w+ 471), 


or /—4q cosh u, V—19(—coshu + /3sinh w), 
2\ 
where cosh 3u = —4 (- oT = . Hence, as in the last case, we can 
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employ tables of hyperbolic functions to find the numerical values 
of the roots of the cubic, when the values of g and r are given. 


278. Table of values of u for given values of 0. 


6 u=log, tan (tr+46) || 6 u=log,tan(tr+36) 
we Sey YP eS 
OO ‘0 46° 8028515 ‘9062755 
15a), OM74533 0174542 47° *8203047 ‘9316316 
2° | -0349066 0349137 48° *8377580 ‘9574669 
3° | 0523599 0523838 49° °8552113 ‘9838079 
4° | 0698132 "0698699 50° *8726646 1:0106832 
5° | 0872665 0873774 pile *8901179 1:0381235 
6° | :1047198 1049117 522 9075712 1:0661617 
ae 221730 1224781 53° "9250245 1:0948335 
8° | -1396263 "1400822 54° 9424778 1:1241772 
9° | "1570796 1577296 Do» 9509311 1:1542346 
10° | 1745329 1754258 56° ‘9773844 1°1850507 
11° | 71919862 1931766 7s 9948377 1:2166748 
12° | 2094395 2109867 58° | 1:0122910 1:2491606 
13° | -2268928 "2288650 59° | 1:0297443 1:2825668 
14° | -2443461 "2468145 60° | 1:0471976 1:3169579 
15° | -2617994 *2648422 61° | 1:0646508 1°3524048 
16° || 2792527 2829545 62° | 1:0821041 1°3889860 
17° | :2967060 | 3011577 63° | 1:0995574 1°4267882 
18° | °3141593 | 3194583 64° | 1:1170107 1:4659083 
19° | 3316126 3378629 65° | 1:13844640 15064542 
20° | *3490659 3563785 66° | 1:1519173 1°5485472 
21° | 3665191 3750121 67° | 1:1693706 1°5923237 
22° | -3839724 3937710 68° | 11868239 16379387 
23° | -4014257 ‘4126626 69° | 1:2042772 16855685 
24° | -4188790 “4316947 | 70> |) 12277305 1°7354152 
25° | -4363323 "4508753 71° | 1:2391838 1°7877120 
26° | :45387856 “4702127 72° |) 1:2666371 1:8427300 
27° | -4712389 4897154 73° | 1:2740904 1:9007867 
28° | 4886922 5093923 74° | 1:2915436 1:9622572 
29° | 5061455 5292527 75° | 1:3089969 2:0275894 
30° | 5235988 5493061 76° | 1:3264502 2:0973240 
31° | 5410521 5695627 77° | 1:3439035 2°1721218 
32° | °5585054 59003829 78° | 1:°3613568 2°2528027 
33° | ‘5759587 6107275 79° | 13788101 2°3404007 
34° | 5934119 “6316581 80° | 1°3962634 2°4362460 
35° | 6108652 6528366 SIs | eAl3 7167 25420904 
36° | 6283185 "6742755 82° | 1°4311700 2°6603061 
37° | 6457718 *6959880 83° | 1:4486233 2°7942190 
38° | 6632251 "7179880 84° | 1:4660766 2°9487002 
39° | 6806784 "7402901 85° | 1:4835299 3°1313013 
40° | 6981317 *7629095 86° | 15009832 3°3546735 
41° | °7155850 *7858630 87° | 15184364 36425334 
42° | °7330383 8091672 88° | 1:5358897 4:0481254 
43° | -7504916 *8328406 89° | 15533430 4:7413488 
44° | -7679449 *8569026 90° | 15707963 ice) 
45° | °7853982 8813736 
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EXAMPLES ON CHAPTER XVI. 
1. Prove that 
8 sinh nw sinh? 7=2 sinh (n+2) v— 4 sinh nv+2 sinh (n—2) a. 
2. If cos(a+8)=cos p+ sin d, shew that sin @= +sin?a= +sinh?~. 
3. If cos (6+ uf) cos (a+143)=1, prove that tanh? @ cosh? B=sin? a, 


and tanh? B cosh? @=sin? 6. 
A tan y=tanatanh, tanz=cota tanh 8, 
shew that tan (y+z) =sinh 28 cosec 2a. 
5. Reduce eS!™(@+*) to the form A+cB. 
(ky log, sin (+h) =a+ (B, 
shew that 2 cos 26=2 cosh 2 — 4e”*, 
and cos (8— p) =e” cos (0+). 


— 


7. If tan(w+w)=sin (v+w), shew that coth v sinh 2y=cotysin wv. 
8. Express {cos (6+1p)-+csin (6—«p)}** in the form 4 +.B. 


9. Prove that 


tan-} (Se anas) 4+ tan-l (= o = tanh 4 =tan—!(cot 6 coth ¢). 


tan 26— tanh 2p tan 6+tanh d 
TO eet u=cosa—+cos3a+tcos 5a—...... 
v=sin a— 4 Sin 3a+4tsin 5a-...... 
prove that cot 2u tanh 2v=tan a, 


11. Prove that the sum of the infinite series 


1 cos 40 | cos 88 cos 126 
a 4! 8! 1a) te 


is 3 {cos (cos 8) cosh (sin 8) + cos (sin 8) cosh (cos 6)}. 
12. Prove that 


Pee ey eae nd Pe, Ae fice ir 
= Qn)! a gah {cos (cos 8) cosh (sin p6)} + cos a 


where a is the unit of circular measure. 


13. From Euler’s theorem 
us =cos $4 Cost COS 4M...... 
deduce that 
1 1 1 Deere | i dl 1 1 
(1) - Gaia a 
loge v—-1 QZl+a? 40+2* 81+wH 
1 


1 i 1. al ‘ me } ae . 
(2) gam cosech? # + 55 sech 5 v + ga sech 47 +g sech g’t ares es 


CHAPTER. XVII. 
INFINITE PRODUCTS. 


The Convergency of Infinite Products. 


Hi eal Wy MR ee) rey un be a series of quantities formed ac- 
cording to any given law, then if the value of the product 


(1 +u)=(14+%m) (1+ )...... (1+ Un), 
uf 


has a definite finite limit when m is increased indefinitely, the 
product is said to be convergent. 


When the product is not convergent, its limiting value may 
be zero or infinite, or it may have a finite value which is not 
definite but depends on the form of n, the product is then said 
to oscillate; for example it may have one value when 7 is even, 
and another when n is odd. 


The necessary and sufficient conditions that the product II (1+w) 
1 


may be convergent are (1) that the value of I (1 + uw) remains 
finite however great n is taken, and (2) that the limiting values 
of the two products I (1+ a + wu) may be equal, when n is 
indefinitely great, Sie ris ae positive integer. 


The condition (2) is necessary in order to exclude the case of 
an oscillating value of the product, as when it is satisfied, the 
limiting value of the product is independent of the form of the 
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number » which becomes infinite. This condition (2) includes as 
a particular case, that in the limit, 


n n+l 
Wd+u=0(1 + wu), 
1 1 
hence the limit of w,4,, or of u,, must be zero when n is infinite. 


280. Suppose wy, t-..... Un to be real positive quantities each 
of which is less than unity, and denote by P and Q respectively, 
the infinite products 

(1 + uw) (1 + wu) 1 + us)... ; 

el Po U;) (1 ms Up) (1 rot Us) eeeeee ) 
we shall prove that P and Q both converge, or both diverge, 
according as the series Dw= w+ Ut Us tree converges or 
diverges. 


We have 


(1 +m) (1 + Ue)...0.. (1+ Un) >L+ a+ tet .....- + Un; 
hence P > 1+ Xu, therefore P diverges if Zw does so. 


If the series Su converges, we may without loss of generality 
suppose that Xw is less than unity, for in order to make it so, it 
will only be necessary to. remove a finite number of terms from 
the beginning of the series, and we can remove the corresponding 
factors from the product without affecting its convergency. 


We have, as in Art. 226, 

(1 — u,) (1 — up)... (1 — Un) > 1 —(m + Uy +2000. + Un); 
hence @ lies between unity and 1 —w, and is therefore finite ; 
also 

(1 = tin 4)-1 — Unze). +--+. (1 — Un+,), 
lies between unity and 1 — (Ujyi + Uno + veers + Uns») } NOW since 
all the quantities wu are positive, if the series 2w converges, it does 
so absolutely, hence the limit of tpi; + Unzo +... Uns 18 ZeLo, 
when 1 is indefinitely increased; thus the limiting value of the 


n+r n 
ratio of II (1—w) to II (1 —u) is finite, so that the second con- 
1 1 


dition of convergency is also satisfied; therefore Q converges if 
wu does so. 

i 
Q 


L 
Q 


Again since >1+ u, we see that ~ > P, or P< ~, hence 


l—-—w 
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since P is greater than unity, its limiting value is finite; 
moreover 


1 
(+ tings) 1 + ttnts)--(L + inte) < Qa a 


— Nes) Fate = Unser) 2 
hence the limiting value of (1 + t¢n4)(1 + Un4o).-- + Uny,), When 
n is infinite, is unity, therefore both criteria for the convergency of 
P are satisfied. If Sw diverges, P is infinite and Q is zero. 


281. Next let 2, 2,......Un, be complex quantities, the 
modulus of each of which is less than unity; we shall shew that 


. ZZ F 
the product II (1+) converges if the series > mod. wu does so. 
1 


We have to shew that II (1+) is finite when n is infinite, 
1 
and also that the modulus of (1 + aw) (1 + Un4i)....-- (1 + Uni,) — 1, 
is In the limit equal to zero, when m becomes infinite. 
We have 
(1 +) (1 + w,)...... (1 + tn) = 1 + ty + Ug + Uytla +e reeee : 


now the modulus of the sum of any number of quantities is less 
than the sum of their moduli, hence denoting by pi, po-..--: the 


MOduit Of ,, Us... we see that the modulus of 
(1 + %) (1 + m)...0.. (1 + un), 

is less than 1 + pit pot pips + .-.+. 

or than (1 + p) (1 + po)...e.- (1 + pn); 


which is finite however great n is, if Xp is convergent; thus the 


n 
modulus of II (1 + w) is finite when n is infinite. 
1 


Also the modulus. of (1+ way) (1 + Unse)..eeee (1+tn+4,)—-1 1s 
less than 


(1+ pai) + Pn+2) senses (1+ pie) =, 
which is zero when » is infinite, for the product II (1 + p) converges, 
1 


since the series 2p converges absolutely. 


The product II (1+) may be convergent whilst the series 
1 


= mod. uz, is not so; in that case the product is called a semi- 
convergent one. 

It is obvious that there may be any finite number of factors in 
the product II (1+ wu), for which the moduli of the w are greater 


INFINITE PRODUCTS. 321 


than unity; this will not affect the convergency of the product, 
since such factors may be removed and the theorem applied to the 
remaining product. 

If U1, Uy, ...%ny».. are functions of a variable z, which are continuous when 
the point z is within any given area, then the product I (1+) is said to be 
uniformly convergent over that area, provided that Poeientics to any 


positive quantity « as small as we please, a number n can be found such 
that for all values of z within the given area, the modulus of 


(<2) m 
TI (1+%u)—-(1+~) 
1 1 


is less than e, for all values of m which are equal to, or greater than 7. 


Expressions for the sine and cosine as infinite products. 


282. We shall now find expressions for sin z, cos a, as infinite 
products involving the circular measure w; we first suppose x to 
be real, 


We have 
: ME Te 
sin # = 2 sin 5 sin — > 
De ig ee OE 
4, 4 4 Ae 


and continuing this process, we obtain 
L+0 . “2£+20 _ e+(n—1)7 
= 81D ——— a0 sin ——~—___ 
n n 


sin « = 2” sin — sin 
n 
where 7 is any positive integral power of 2; hence 


sin c= 2” s1n — cos — (sin? — —gin?— 
n n n n 


putting z= 0, this becomes 


ea ely . n—2Qr 
n= 2" sin? — sin? — ...... sin? —_— ; 
n n 2n 
hence, by division we find 

; sin? — sin? — sin? — 

sin & n n 
x = oe = 2 < 2 

e . Tv ° Tv 5 
n sin — Cos — sin? — sin? — ia mee 

n n n n Qn 


This is the particular case of the theorem (19), of Art. 87, when 
n is a power of 2. We might, of course, assume the general 
theorem. 


18 bed We ill 
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Let 4(n—2)=r, then if m be any number less than 7, we 


have 
sin? — sin? — sin? — 
: . & x 
sing=nsin —- cos -| 1 — 1— 1- R, 
n ar ie . nT 
sin? — sin? — sin? — 
n n n 
: ae 
sin? é sin? — 
where R=|1- read kee: 1— 
2m + iw sin? 
n 


Now, n being taken greater than 2a/7, m may be so chosen 


that «<(m+1)z, then R is positive and less than unity; also Rk 
is greater than 


m+1r 
1-— sin? cosec? ———— 
n n 


Sera + cosec? a 
Now we have shewn in Art. 96, Ex, (1), that if 0 < 477, 
ean sin 0 x sin $0 
6 4a 
hence coseot < i =; also sin?—< _ 
ae 1 ji 1 
h R>1- = 
ence Ge ais pt tae maeoy +3 , 
ee 1 1 
>1l- ie 


1 
m(m+1)* (m+1)(m+2)* expr 


asl 1 hoa 
>1~-4(5-3)> Died ore 


; ; Bre Oa: 
Since # is between 1 and 1—-—, we may put R=1— — 
4m’. 


Am,’ 
where @ is a proper fraction; we have then 
P ee 
s1n? — sin? — 
5 . Lv n 
sn “«=nsin-—-cos—] 1— 1-—-—— |...... 
n : S20 
sin? — sin? — 
sin? — 
fies n (1 Ox? 
sine 27 4m)’ 
n 


where m is any quantity less than n, such that #<(m+ 1)ar. 
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Now let x become indefinitely great, m remaining finite, we 
have then, since each sine in the product may be replaced by the 


corresponding circular measure, and since cos - becomes unity, 


. a a a 0,2" 
sine=0(1-%)(1- 5) eoecee (1- a5) 1- #), 


where @, is the limiting value of @, when n is indefinitely in- 
creased, 


Now by increasing m sufficiently, we may make the factor 


2 
1- Ee as nearly equal to unity as we please, hence we have the 


4m 
‘ ee hie x 
sine=a(1- 5) (1- 53) (1 - oe ew 


expression 
for sin z as an infinite product}. 


283. From the formula (17), in Art. 86, if 7 is even, 


See ale 
sin? — sin? - sin? — 
n : 
cosx=|{ 1— 1— peel 1 - —— |, 
CT, : 1 f ae 
sin? — sin? — sin2 i ae 
2n 2n on 


_ we may shew that 


4° Ag? An? ) Ox? 
cosa=(1- =) (1- ge) Bey 0- == (1-5), 


where m is any finite number such that 2«< (2m+1)z7, and @ is 
a proper fraction ; hence we obtain for cos # as an infinite product, 


the formula 
4n? 4a 4a? 
cos # = (1 - =) (1- a3) (1 - =) Eee 


284. On account of the importance of the formulae (1) and 
(2), we shall give another proof, taken from Serret’s Trigonometry. 
Taking the formulae 


. . r=} (1-2) 
sin 4 = 1 SIN — COS — 1—- : 
n P=1 : 


1 The investigation of this Article is due to Schlémilch, see his Compendium 
der hiheren Analysis, Vol. 1. 


21—2 
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SN 
sin? — 
ALi a 
cos x# = ——— 
y=l ° Mar ae 1) v 
sin? ~—__—__ 
2n 


which hold for even values of n, we transform them by means of 


sin? @ tan?a\ . 
the formula 1 —— = COS" @ (1 — =A) , into the forms 
sin? 8 tan? B 
x 
iad 
; x ge P=4(n—2) ae n 
sin # = cos” —.n tan — II 1- : 
. Sat tan? — 
x 
” tan? — 
ag van n 
cos a= cos” —. Il cee 
Dh oan (2r—1)7 
ta? 
2n 


Now it has been shewn in Art. 96, Ex. (1), that as @ increases 


i ee tan 0 
from 0 to $7, ey diminishes, and “3 


a 


1 sa) 1 >) (1-224) 
( ~ sin? 8 <( ~ B) <0 ~ tan B)”’ 


where the absolute value of each quantity is to be taken. 


increases, hence 


Hee & x 
Suppose so large that +a/n<47, then + sin as as Fagor! tan~ 


and + cos = <1, the signs being so taken that each quantity has 


its arithmetical value; the two expressions for sin a shew that 


: r=} (n-2) ae 
+snv<ge Il (1 — ) ; 
r=1 


5 2x r=}(n—2) we 
and + sinv> + cos”. x II (1-35). 
r=1 


and the two expressions for cos #, shew that 


ted 4a? 
+cosa<+ II (1 Se ae. a 
r=1 Ci Dyer 
gram yb 
and +cosa>-+cos”— II (1 - a 
NM pal or = 1\?ar? 
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now we know that ee 1l—e,, where e, is a quantity which 


vanishes when n is infinite; we have therefore 


sine=a(1-5)..... (1- =) (1-6) 


7 


4°? 4a? 4a? ; 
cos @ = (1 _ | (1 — — stesci ge (1 _ ane) (1 — 6,/), 
when @,, 6,’ are proper fractions which vanish when » is infinite ; 
making n infinite, we obtain the expressions (1) and (2). 


If we had used the formulae 


in? — 
_ gr=Hn-2) : 
snzvg=nsin— I 1-———= |, 
Nn yp=1 + 9 
sin? — 
1 sin? x 
we 7=2(n-1) Lc 
cos “=cos— II Ir —l1dm }> 
Nh p=y sin? 
2n 
which hold for an odd value of n, 
and the formulae 
w 
1 tan? — 
: aE ge 7=2(n-1) n 
sin £=cos” — . tan — I l-—— |, 

oe TT 
ees tan? — 

ae 

Jah tan? — 

ye T=E(n-1) nh 

cos z=cos"— II 1- 
No 7=1 gee Lr 
tan? — 


obtained from them, similar reasoning would have led to the same results. 


285. We shall next consider the case of a complex variable 
=£+ vy; we find as in Art. 282, 


bee meter ee 
Slileges sin? - sin a 
é eee zZ 
sin z=nsin—cos—| 1— 1— = R, 
n n Ais 27 - mr 
sin? — sin? — sin? —— 
n n n 
ee ep 
sin? — sin? — 
n n 
where R= 1- eg) 7: 1- ; 
gin? 7% + 17 sim? — 
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where n is an even integer, and r=4(n—2); we have to determine 
ee, 
limits for the value of R. Let p denote the modulus of sin 


then as in Art. 281, since the modulus of the sum of any quantities 
is less than the sum of their moduli, we see that the modulus 
of R —1 is less than 


now we know that e4”>14+ Ap%, if A is any positive quantity, 
hence the modulus of R — 1 is less than 


Paap 
ue we -+eosec?™") 


p2 (coseo: 
é 


aa 


and this is less than 
: 1 1 By 
om ert met tay 7, 


1 
ee than ilk a mritmmeet” 7 att 


therefore the modulus of R —1 is less than 
ey ee Pen? 
ot (Ge ah 1, or than e* ™ —1; 
ass 
thus the modulus of R—1 lies between zero and e ”—1. Now 


P= sin? = P| cosh? 4 oo cos? * = sinh? i= = sin?= a sinh? J 
2 


hence the limiting value of p’n? is 2*+ y’, therefore the limiting 
value of the modulus of R—1, when n is increased indefinitely, 
ety? v+y? 

hes between zero and e 4" —1; now e ™ may be made as near 
unity as we please, by taking m large enough, thus R may be 
made as near unity as we please, by taking m large enough; when 
n is indefinitely increased, each of the sines in the expression for 
sin z becomes ultimately equal to its argument, therefore 


A a aN ea 
sin Zz = 2(1 ort =) (1 = 22) (1 — seni) Sletneleiere 


The formula 


Az? 42? 42° 
oos2=(1— Fea) (1 ge) (1- a) agetinlen ; 


may be proved in a similar manner. 
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286. We remark about the formulae (1) and (2), that they 
satisfy the condition of nes oe given in Art. 281, 


: i pe 2 1 
since the two series ~ x= = dhe ee) are convergent. 
T4 1 (2r—1) 


Each quadratic factor in ey erie may be resolved into 
two factors linear in a, thus 


sing = 2(1+ e) (1-2) (1+ x) (1-55) fn: 
cose = (1+ =) (1 - =) (1+ 32) (1- =) ee: 


which may be written in the forms 


: titi x“ | 
sina=a II (1+=) paladin ena bate aes (3), 
— 2 TT 
cosa = II (a ~ pita ) eProp (4). 
—% 2r —17 


In these latter forms, the products are semi-convergent, since 
the products 


it (1+ =), 1 (1-<), tI (1+ ao iy i (1+ ie le 
1 TT 1 rT 1 2r — la 1 2r — lor 


being divergent. A semi- 


are divergent, the series Fe > ¥ = 7 
convergent product has ne ial analogous to that of semi- 
convergent series, that a derangement of the order of the factors 
affects the value of the product; we are entitled to consider the 
formulae (3) and (4), as correct, only when it is understood that 
an equal number of positive and of negative values of r are to be 
taken ; thus (3) and (4) must be regarded as an abbreviation 
of the forms 
n 


: mM 2a 
sin 2 =x D,-. I (1 + = , cosex=Ly_. I (1 +. a ). 
T 


—n —n 2r — lor 


287. It has been shewn by Weverstrass', that the divergent 


product 
z a z 
z(1+=) (1 a.) (1+ 5) a: 


1 See the Abhandlungen of the Berlin Academy, for 1876. 
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may be made convergent, by multiplying each factor by an ex- 
ponential factor; thus the product 


2 10 “ =e 4 {( + x) ¢ = ¢ a =) as ee 


is absolutely convergent. 
We have 


2 Pa 
r+ 2\e m= =(14 2) gris ie) aa eeeeee F 
NT 
2 oN 
= (ie) Oa 1-58 space (t+ 8n)p, 
=1-55 3 (Ao) 


where 6, denotes an absolutely convergent series, which for finite 
values of z, diminishes indefinitely as n imcreases. 

Suppose that for all values of z whose modulus is not greater 
2a 


than a given quantity, mod. (1+6,) $a, then = mod. Tia 


converges absolutely, hence > (1+6,) also converges abso- 


Zz 
ae 


lutely, and therefore on lo - (1+ 8.) is absolutely conver- 
n=1 


near? 2 
gent. We have thus shewn that the product 
~ ue 
II (1 + =. (hi 

nT 


1 


o Le 
and therefore also Il (1 ~~ =) Cae 
il NIT 
is absolutely convergent. If f(z) denotes the value of 
w =a 
II (1 + =.) Carts, 
1 NT 
sin z 


we have I@fen=— 


The above result may be conve to evaluate the limiting 
value of the expression 


d(2y= (1-2) (1-2) ax (1-2 )(4+2)(0+3) 


when m and are made infinite in any given ratio. 
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If s, denotes the series 11+ 27+ 37 4...... +n, we see that 


z 
= (sn =. Sm) 


sin z= 2L¢(z).e7 ; 


now it is well known that the limit when » is infinite, of s, — log, n 
is a finite quantity 0°5772156...... , called Euler’s constant, hence 


the limiting value of s, —s, when m and n are infinite, is log, 7 
We have therefore, 


z 


sin Z 


Lg (2)=(") SE 


Zz 


and the value of L¢ (z) is a , only when m and n become infinite 


in a ratio of equality. 


288. The formulae (2) or (4) for cos#, may be deduced from 
(1) or (3), by means of the formula cos w= sin 2/2 sin x. 
We have 
sin 2x 2x Ea ED 
= 2 fi (1+= =) | ae ti (1+=), 
2 rar / 


Se ae! ms 


the factors in the numerator, for which 7 is even, cancel with 
those in the denominator, hence if we consider the product in the 


' 2n 
numerator to be the limit of II (1+=), and that in the 


-2n 


nN 
denominator to be the limit of II (1 + eh when n is infinite, 
7 


-—n 
we see that cosa = II (1 + pate ) which agrees with (2) or (4). 
2s + la 
The condition of convergency of the products shews that taking 2n 
instead of n, in one of the products, does not affect the limiting 
value of that product when v is made infinite. 


— 00) 


289. We may deduce the product formula for sina from that 
of cos x, or vice-versa, by means of the formulae sin # = cos (47 — «), 
cos#=sin($7—2). From the formula (4) we have 


sine =f (14 bees z=) - i (= *) 
=o 2r —1r 2r —lar 


zat] hk oll (1-<), 


aoe ot wins 
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where the factor w corresponds to r=0; putting 2=0, we see 


oe 
that we must have II alas 1, 
: _» 2zr—1l 


hence sine=all (1- ~). 
290. The product formulae for sinw and cosa may be easily 


made to exhibit the property of periodicity which those functions 
possess. 


Let f(o)= eI (1 +2), 
then 
fwtn)=(e+n)(14+ 72") (1+ ere 
(1+ =") (1 - a2) eae (1 os “= 7) 
=—a(1+=)(14+ 5) ane Ce series 


__#@+(r4+1)r 


nt — x J (@), 
now when m becomes infinite, we have Lf(«+7)=— Lf (a), 
which is the equation sin (w+7)=—sinw; the formula (4) may 


be made, in a similar manner, to exhibit the property 
cos (# + 7) =— Cos a. 
The function sinz vanishes when 7=0, + 7, + 27..., and these values 
correspond to the factors x, 1 + » es - Rise in the formula (3); also it has 


been proved in Art, 235, that sin 2 does not vanish for any imaginary value of 
a, thus if it be assumed that sin z can be expressed in the form of an 
4 2a) (a@—b) (a0)... 


infinite product ee 


, the values of a, 0, ¢...... must be 0, 
m, —m, 2m, —2n.... The value of A is then determined by putting =0, and 
using the theorem p= =1, we obtain the formula (1) or (3). This is of 


course worthless as a proof of the formula, since we have no right to assume 
without proof that sin # is capable of expression in the required form. 


291. It is important to notice the forms which the formulae 
(1) and (2) take in the case of an imaginary argument wy; we 
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obtain in that case, the expressions for sinh y, cosh y as infinite 
products 


‘ le y? 2 am 
sinh y= y (1 + Y) (1 + 4) (1 + a) Preset y (5), 
Af Avy? 4? dy? 
cosh y = (1 + =a (1 + ea) (1 + a mene (6). 


The formulae (1), (2), (5), (6), were first obtained by Euler, by means of 
the identity 


as 
n=m-1 (1 — 2z cos m™m +2] 
2m_—Jl=m(2z2—-1) I | ; 


=] nIr 
e 2=2'cos —= 
m 


putting z=1 += , it becomes 


2 


Qn 4 
g\m a\7m m n=m-1 2 
(1+z) - (145) — Ti Pes 
tes ( +2) (2m sin =) 
m m 2m 


if m be now made to increase indefinitely, this becomes 


ii n= 2 
C—O aaa 1+—; 
2 ( ) n=1 ( a) 


which is the formula (5). 


The formula (1) was deduced by changing w into wv. The formulae (2), (6) 
were obtained in a similar manner, from the expression for 2?”+1 in factors. 


EXAMPLES. 


292. (1) Investigate Wallis’ expression for r. 


In the expression for sing in factors, put «=m, we have then the 
approximate formula 


nied 1 aa 
1=% (-5) (1 -7») ne ea) 


where 7 is large ; this may be written 


ee 2 
1 — 
V}n (Qn +1)=7-3 


which is Wallis’ formula. 


(2) Factorise cosh y — cos a, cos X — COS a. 
We have cosh y— cos a=2 sin 4 (a+) sin $ (a—w/) 


2 a+wy)? (a- yw)? 
Baie ry) u {1 Se } {} Tilt 


. na a 2 
putting y=0, 1—cos a=garll (1 = im) ) 
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hence 
cosh y— cosa 
l—cosa 
=(144 _y La ye, Ja v_) 
=(1+4) ii (+52) (1 a) (1 Qar +a 7 Ona ; 
therefore 


y\ y x 
cosh y— cosa=2sin? $a. ( +5) a {} + oe za} {1 + Gnee =} é 
Writing ww for y, we have 
Pons UN 2 es Peo 
COS #— COS a=2 sin? $a. ( -4) _ {! ara {! nm ~ =} : 
(3) Prove that 


1 1 il 1 
-1 = =| ee eee eee wee 
tan wat tan TLD tan meee ln? ye 


1 
eal 
=4n— tan (tants V2" - cot 2 <3): 
We have sin (v+w)=(v%+y) rat {t= ety ) ay, taking logarithms, this be- 
1 


comes 


~ 2 _ of 23 
log (sin # cosh y +4 cos # sinh y) = log (a+) +2 log 1-8 - ul 


equating the imaginary parts on both sides of the equation, we have 


Quy 


1 tayo — S ten) eee 
tan~1 (tanh y cot x) =tan~*= ht vray? 


let e=y=1),/2, 
we have then 


> fan*! —— . =jr—-tan-! (tanh 5 
1 n> 7? 


yea): 


Series for the tangent, cotangent, secant, and cosecant. 


293. We have shewn in Art. 285, that 


ee ig ee, aN tho 
sing=2(1+=) (1 aoa a) neteee 


(14+) (1-=-) ad +m) 


where m is any number greater than a certain number, and é, 
is such that its modulus may be made as small as we please by 
making m large enough. We have then 


losin z= | (1 =) -=) ( ae 
Ou ein = 108 27 Oat +log (1 ~} t log 1+<) 


z z z 
+ log (1 - gp) to Flog (1+) + log (1 — jez) + log (1 + en): 
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In this equation, change z into z+ h, we have then 


: as zth fi ath 
log sin (2 + h) = log (2 +h) + log (1 475") + log (1 — ft NV +... 
+ log (1 a) +log (1 + en’), 


where ¢, is the new value of e¢,; subtracting the last two 
equations we have 


log (cosh + sin h cot 2) 


h h h 
= log (1 +5) + log (1 +) +log(1 +") pete cum? 
h h L+en’\. 
+log (1 tas am) te (1 fige ae) st OEM) 
divide both sides of this equation by h, and then let h be indefi- 


log (cos h ee h cot 2) Sere 


nitely diminished; the limit of 


log aH cot 2) or cot z, that of - log (1 i =) is — 
supposing z is not a multiple of 7; hence we have 
1 1 1 1 1 
ar aS Pernt ea asl ee eses 


iL 1 1 jo] 
ae eee : 


1 1+ em 
and we shall shew that L i log ( ica 


be made as small as we please by taking m sufficiently large. It 


was shewn in Art. 285, that the modulus of ¢, lies between zero 
arty? wr+y2 

and e #” —1; e,, may therefore be denoted by (e *” —1)0,, 

where the modulus of @,, is less than unity ; we have therefore 


1 pe) oe Teme ale Ses aoe 
i log aes => }, {(En Em) 7) (Em Em } sexe cics ois }, 


) is a quantity which may 


and this is equal to Ce €m)(1+¢m), where the modulus of dn 


diminishes indefinitely as m increases. 
athl+y? i+ y? 
We have €m’ — €m=4 (Om + Om)(e *” —e ™) 
@thity ath 
a 4 (Orn a Om) {e 6k +e m — yah 
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24 a2 Bet ey? 6 6 
| wa Wry 2m 1 ee / — 6, 

hence sm om = CD a D ne (e @ -1)L rere ; 
Now 6, is a continuous function, and like é» 2 ultimately 
independent of the form of m, when m is infinitely great, since 
the expression for sin z as a product is convergent ; therefore 


the value of I se: 
h=0 U 


L ém — €m can be made as small as we please by increasing m 
h=0 
sufficiently, therefore the same is true of 
Le 1 
5 (€m! — €m) (1 + bm), OF i log 


, when m is infinite, is not infinite, hence 


1+ én 
L+eém’ 


therefore we have 


1 1 i il 1 
a OS ooze 2 R 
ave Pasi pee TT ee iv 
1 m 1 
= +225 —_-_ SR 
z 1 2-77? 


where R,, diminishes indefinitely when m is indefinitely increased; 
thus we have for cot z the series 


it I! i 1 


1 
eet ee eo Pyare eer everatovarste (7), 
il ca 1 
or cotlzZ= A + ee ae Re wie\e/siareiscelelelsielaletatetersreiete (8). 


The series in (7) is semi-convergent, and that in (8) is absolutely 
convergent, for all values of z except z=0, +a, +277...... for 
which the series are divergent. 


In order that the student may appreciate the necessity for the investigation 
in the text, of the remainder in the series for cot z, we remark that if f(z) be 
the sum of an infinite convergent series w, (z)+U,(z)+...+Un(z)+..., We are 
not entitled to assume that 


Tee a) =3i,4 (a+) » =tn(@) 


Suppose /,,, (2) is the remainder of the series after m terms, then 
F(A) = ty (2) +My (2) + oe + Um (2) + Bm (2) 


f (G44) ty (642) + ty (2B) + oor +m (248) + Rn (C+D), 
hence 


nag CPN=F) _ Srele+W= tele), 5 Boa(t8)— Bel) 


1 
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now since the given series is convergent, R,, (2), Ry, (z+) become indefinitely 
small when m is indefinitely increased ; it does not however necessarily follow 


erat 1 2m(e+H)— Pol 


‘ does the same, and it is only when it does, that 
we are entitled to make m infinite in the derived series. If for example 


Rm (z) were of the form A sin mz, we Should find 


L Rm (e+ a — Fim (@) _ A cos mz, 


which is not zero when m is made infinite, but oscillates between the values 
+A. 


294. From the expression 


42? 42? 42? 
cos Z= (1 — =) (1 — a) (1 — =) ane Ss 


we obtain by a method similar to that of the last Article, the 
infinite series 


1 ul i) 
Mees Fhe) tr. Pe mores 
1 i 
On le 2 he) ee ee (9), 
EA ih 
or tan = 822 eo ee (10), 


the series (9) is semi-convergent but (10) is absolutely convergent 
for all values of z except +477, + 37...... < 


295. We may find a series for cosecz by means of either of 
the formulae cosecz=cot4z—cotz, cosecz=4cot$z+4 tan }z; 
using the first of these formulae, we find on substituting the 
series for the cotangents 

2 2 2 2 2 
cosee s =| i‘ Gee Dale oder |- 


Z e+27 


eee 
BZ @+a 2-7 et+2r 2-207 24+37 2-37 0°" : 


hence cosec z 


if i 1 1 1 I 1 
= ES 1 eee wee = Eon 
£2 e+ Fagg Pads a ap +37 Pres wah 
1 a (-1¥ 2z 
or cosec Z = Pp + (2 — rn) Bai ejasa fale. 8; wee ara cinieeaye (12). 
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In the formula (11), change z into +47, we have then 

sec 2= (, ee — =F) — (, ms - =<) +...(138), 
(ee ae 
(2r — 1)? 9? — 42 
this series, when r is large, has its general term approaching the 
value os , therefore the series is only semi-convergent. 


or sec z= 43 


The cotangent and tangent series may also be obtained as follows :— 
Using the expressions for sin (z+) and sinz as infinite products, we find 
by division 


sin (Z+h) _ (1 - *) (= Salis a) (= —2—hP— =m) 


sin Z z 2 — 22 Q2q7? — 22 


if we assume that the product on the right-hand side can be expanded in powers 
of h, by multiplication, and put the left-hand side in the form cos h+sin h cot, 
then expand in powers of h, and equating the coefficients of on both sides of 
the equation, we find 


2 2 
hotye 5 sft + w Pie ascdene naa eens (8). 
2 g@—a7 


The justification for our assumption that the infinite product may be arranged 
in a series of ascending powers of h, the coefficients of which are the infinite 
series obtained by ordinary multiplication, would require an investigation of 
the conditions that such a process gives a correct result ; to do this, would 
however require certain general theorems for which we have no space. The 
tangent series may be obtained in a similar manner, from the infinite product 


cos (+h) (m?—424—4h?—8hz\ (371? — 422 — 4h? — 8hz 
cosz ' B22 — 4,2 


Oe eeeee 


mw? — 422 


If the cotangent of z is expressed in the form 


4z2 ge 
II il Sa Tr ar = _— —_—_— 
( 2m — Ti) [ar (1 at 


and this expression be transformed into partial fractions, the denominators of 


2 
») , we should obtain the series (8); a 


which are the factors in 2II (0-5 
mar 


similar remark applies to tan z, sec z, cosecz. The series have been obtained! 
by Glaisher, directly, by carrying out this transformation. 


1 See Quarterly Journal, Vol. xv1t. 
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Expansion of the tangent, cotangent, secant and cosecant 
in powers of the argument. 


296. We have shewn in Art. 293, that 


| 22 
cotz=—— yea 
2 4 7rnr—Zz 


ae Fira’ 
where f,, is a quantity which may be made as small as we please 
by taking m large enough. Now if the modulus of z is less 
than ra, we have 
1 1 2 ue oe 
(1 Sup eee S Gey Or + eg eae Oe ) 3 


rar? — 2 ra rar ra essays 


hence if we suppose that the modulus of z is less than 7, we may 
expand each of the fractions 1/(r?7?—z*) in this manner, and we 
have, arranging the result in powers of z 


ey Se eee 
cobz=—— a liato te app geet aoe aa)ooe 
217. 1 
a5 ice gan tose + ma) Toes + Ra ; 
let S., denote the sum of the convergent series 
1 1 
(ae ae tet eeeeees 


1 1 I : : : 
then S,,= I= + oan Ab seer us hen + €n, Where €, 18 a quantity which 


may be made as small as we please, by making m large enough ; 
we have then 


22 22° Migs 
cote == — Ba eeeeee Se sea ne 2, sseeee 
22 22° DE a 
+ Bin + 5b G eat shad era Gre 
We see that ¢, >¢,>6,...... , hence the modulus of 
22 225 
SG Eee aa tee 
: ce DZ 2s" : 
is less than e, multiplied by the modulus of eg eg hati which 
: : Pippo” 
is a convergent series, since mod. z< 7, therefore } ———— éy, may 
8 mm 


eh ae 2, 
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be made as small as we please, by making m large enough. We 
have therefore the infinite series for cot z, 


i v 22 228 wt 22° 


COU == 2— 
Cae 1 


which holds for all values of z such that mod. z< 7, and in par- 
ticular for all real values of z between + 7. 


From the theorem 


Mas Z 
tan z= 8> 


Cr PE Va, 


we may obtain, in a similar manner, the series for tan z in ascend- 
ing powers of z. This series may however be deduced from (15), 
by means of the identity tan z= cot z—2 cot 2z; we find 

2 (27-1 2 (24-1) 2 2 (26— 1) 2° 
tan 4 = eye Se Se = ( we So+ ores (16), 
which holds if the modulus of z is less than $7, and in particular, 
for real values of z between + $7. 


Substituting for cot $z, cot z their values from (15), in the 
formula cosec z= cot $z — cot z, we have 


il z 
cosec == + (2 — 1) St 
which holds if mod. z< 7. 


297. To obtain a formula for sec z, in powers of z, we use 
the formula 

2 ee 5 
T—4z? Br — 42? Ft — 42 

D2 m—1) 

(2m — 1) a? — 42? 
supposing the modulus of z to be less than 47; we have on 
expanding each fraction 


sec z= dar ( 


) + Ry” ; 


4 a ? iy er (- i ae! 94 1 1 1 
seor= 7 | Shuey as sabRBE +‘ ali ta Raia 
(—1)"> Qon+e 1 acaT 
et (Qm— 1) Bi eSDOne a Wnt an reas _— 3-1 Se PICO 
(<p } ; 
a 1 (2m — 1p-f Ai ernie spot + Bak 
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Now let 2.,;; denote the sum to infinity of the infinite series 
Ui i 1 


m+ Qon-+1 Sak Cae CR0 ’ 
dh 3 iy 


and let the remainder after the first m terms be €,4,, then we 
have 
2 4 2n+2 


2 2 
0 Ne ee ee Ry) ae Ca cs 
4{ 8 7 


gent 


a PIA + wereee 


92 94 
v7 nd 
+ Bin + e+ 5 es + et : 


let €' be the greatest of the quantities «, ¢5...... then the modulus 
2 4 4 : 
of — e+ a i es ae is less than é’ times that of 
T 7 
2 32 26 
—+ =e oe aa oR Z Se > 
Lee 


which last series is convergent when the modulus of z is less than 
TT. 


whe 


We have thus shewn that the remainder of the series we have 
obtained for sec z, is a quantity which diminishes indefinitely as m 
increases, hence we have for sec z the infinite series 


24 ya 
seoz=~ 3, +— 3 Dy + AR + Beane ee (18), 
which holds if mod. z< $2. 


298. Itis a well-known theorem in Algebra, that the function 
z/(e—1) where e’ has its principal value, can be expanded in a 
series of the form 


1 B, B. 2 nl Bn on 
1— 52+517 ae haa ag eee +(—1) (2n)1* west as 
where B,, B,,...... je ee are certain numbers called Bernowilli’s 


numbers, and that this expansion holds for all values of z for 
which the series is convergent. 


If we multiply by e—1 we have 
— the Raid fa Be gt 
2= ao veeeee + ny! os eeee [ 5) 2 | i ee 
2 
GW ne ae jake ae I, 


z being taken so small that both the series on the Eee, side 
are absolutely convergent, we may multiply them together, and 


22—2 
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arrange the product in a series of powers of z; the resulting series 
will be absolutely convergent, hence equating the coefficients of 
the powers of z above the first, on the right-hand side, to zero, we 
have a series of equations 


Bylo Sake gE ee 
Si 28) Sl” mag 390) catee oleae 
the general type of which is 


Be fol bee (-1)" B, (-I"71, Cp 
(Qn)! 31(Qn—2)! (Qn—1)!2! (Qn)! 2*@n4+D! 
By means of these equations, the numbers B,, B,, B;...... may 
be calculated; we find 
B, =}, B= gy B= ay Bi= sy Bs= ds, B= Sy, Br =F% ke. 


=O) 


299. The coefficients in the expansions of cot z, tan z, cosec z, 
in powers of z, may be expressed in terms of Bernouilli’s numbers. 


e'* te 2 
We have Choe aa =1(1+ at 
e# — ee ez] 


hence, if mod. z is small enough, 
= 1 2B, 2B, 3 Ye Dek. gn —1_ 

COU 5a rap eostelste ot gh eee 
Also cosec z= cot 42 — cot z, hence we have the series 
2(2—1)B, 2 (2°—1) B, 

ZA kit Genel 
2 (2% — 1) B, 

(2n)! 
Again since tan z= cot z— 2 cot 2z, we have the series 
22(2? — 1B, ,2@-YB 

2! 4! 

22 —1)B,, 
(2n)! 
It has been shewn that the series (19) and (20) are convergent 
if mod. z <7, and that (21) is convergent if mod. z < 4a. 
The series in (19), (20), (21), must be identical with those in 
(15), (16), (17), respectively, hence equating the coefficients in 
(19) to those in (15), we have 


2, 2 2 24 2 an 
phe = 5) Bp =a Se = 2 as 


1 
coset 2 = = + 


oe ieee (20). 


Sy A Neots 


tan z= 


2" 4.0...,(21), 
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hence using the values of B,, By, ...... in Art. 298, we have 
= Tr? w ca oy ii pe or’ = 92-1 madd 
Sa Si= 99> Se= gas» S8= 950° heh Sin=Tonyp Be 


thus S,, may be calculated by means of the formulae which give 
Bi 


The series (19) and (21) give a ready means of calculating the tangent or 
cotangent of an angle, the first few terms of the series are 


cot pee ee ae 2u° 
v ae 3 45 945 eeeeeeeoe 
gs Dae 17a 
tan @=ev#+—+ — 


3 5 + 3in7t aieae ; 


ne 


The calculation of tan = 90°, cot — 90° may be carried out as follows, 


tan (m/n 90°) = cot (m/n 90°) = 
Qmn |(n? — m) x 6366197723675 n/m X *636619772367581 
+m/n x °2975567820597 — 4mn/|(4n? —m?) x *3183098861837 
+m®n? x ‘0186886502773 ~— m/n x 2052888894145 
+m’?/n® x 0018424752034 — m/n} x 0065510747882 
+m [nt x 0001975800714 —m?/n? x 0003450292554 
+m°/n9 x 0000216977245 —m'/n™ x 0000202791060 
+m'4/nt x 0000024011370 — m®/n® x 0000012366527 
+m}3/n!8 x 0000002664132 — m4/n™ x 0000000764959 
+m /n x 0000000295864 — m3/n}8 x *0000000047597 
+m" /n*7 x 0000000032867 — im /n' x -0000000002969 
+709/n x 0000000003651 — 77 /n™ x 0000000000185 
+m?*1/n?1 x 0000000000405 — mn x 0000000000011 


+ m3 /n?3 x 0000000000045 
+m” /n x 0000000000005 

Zz 1 £ 
42? 7 tie 
formulae (10) and (8), are first calculated separately, the series being then 
more rapidly convergent. 


which occur in the 


In these expressions, the terms 


These series are taken from Huler’s “Analysis of the Infinite,” they are 
however given by him to twenty places of decimals. 
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Series for the logarithic sine and cosine. 


300. We have shewn in Art. 285, that 


; Z a ie 
sin Z2=2Z (1 = =) (1 = a) eeeees a = ve) Cl — On); 
42° 42? ‘ 
— Ft ast co Oe 2 hee 4 2 tae 1- m Jo 
cos Z= ( =a ) (1 — (1 a a} (1 -—@,,') 


where 0, On are quantities whose moduli may be made as small 
as we please by taking m large enough; taking logarithms, we 
have 


: 2 2 
log sin z = log z + log (1 — =) + log (1 - on) + heats 
+ log (1 — =a) + log (1 — @n), 


42? 42? 
log cos z = log (1 =- =| + log (1 - =) alee 


42° 
=a 1- CP ’ 
2m —1 a) re IB ) 


+ log (1 = 


expanding the logarithms, we have 


i sin Zz N= / | 1 
retest es fe + oan + ++ + on) os nam + log (1 — Om), 
‘ 1 1 1 Qenz2n 
log cosz=— > (Gat gat aes ae) os + log (1 — 0,,’). 
Now 
1 i 1 1 1 1 
pn + gm F am + Aor =(jn+gut mt coveee ) 
Pert att 1 \ 
+ 9m (ant gm + gat aicls wis ) 

1 1 1 Piles tk 
hence jm op gm t Bon Tver = 5am Son, 
we have therefore 

sin Zz gm gm 
log : ae =, €on + log (1 — Am) 


Q2nr _ 
| ee on 
og Cos Z > ; 2"Son + oe ae re + log (1 — 6,,’), 
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where €, No», are the remainders after m terms in the two series 


1 1 1 il 
ae eeeoee > ja t 3mt COE TO CLI 


The modulus of SS €, 18 less than that of ¢ (Be ae and 


art 


gem 


that of Ee ae is less than that of » Se where ¢’, 7’ are 


ore” vara 5) 
the Peso values of €, Non bed cts if mod. z<7, the 
gr Q2N gen 


series >,-—— = is convergent, and if mod. z<'47 the series } —— ae 
nor” nor” 


is convergent, hence 
sin Z au 
log = — 2 Sn + Rn, 


27 


| ; 
log cos z= & a Son + Rn, 


where &,, R,’ are quantities which vanish when n is infinite. 


920-1 ar 
(2n) ! 
log eee , log cos z, 
z 


Since S,, = B,,, we have the following infinite series for 


sin Z _ B, 2 Bee Sealergl Bus mn 
log . pian 23 241 ecees —2 n (Qn)! eokoe) 
where mod, z< 7, 
l Bee (eal ee, 1)? 
og cos z = — 2 ( Fz 317 5 a acre 
— 92n-1 PAR) ooo © 
Ze1( 2 ays - See tase (23), 


where mod. z < $7. 


The first few terms of the series (22), (23), are 


fo Ds susie aay 
z 6 180 2835 
Tie aie OAs 
log cos 2=—5 — 75 — Ga pe teas 
hence also 
log tan z = log 2+ 54 2 4 OF 4 basal 
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The series (22), (23), may be employed to calculate tables of logarithmic 
sines and cosines; it is best to calculate separately the first logarithms, 


log @ - 5); log (1 - = as we thus obtain the series in a more convergent 
1 


form than in (22), (28). 
We have 


m LB age i \ Gee 
log sin = = log us +log 5 5 +log ( - 7) —= (ee @ry! 7 wm) a} ; 


log hee 1” 3S oh 1 Bp aw “I 
98 Cg, 8 n? a deel © 7) lay ay dat a 


Multiplying the logarithms on the right-hand side of these equations by the 


modulus ‘4342944819, we get the ordinary logarithms of sin = 90°, cos ie 90° to 


the base 10; the formulae thus found are 


L (sin m/n 90°) = L (cos m/n 90°) = 

log m+ log (2n —m) +log (2n +m) log (n—m) + log (n+m) — 2 log n 
—3 log n+ 9°594059885702190 + 10°000000000000000 
—m?/n® x 070022826605901 — m*/n? x 101494859341892 
—mé*/n* x 001117266441661 —m'/n* x °003187294065451 
— m®/n® x °000089229146453 —m®/n® x 000209485800017 
— m§/n8 x ‘(000001729270798 —m/n’ x 000016848348597 
—m9/n! x -000000084362986 — m/nl x -000001480193986 
— m2/n'2 x 000000004348715 — mi2/nl2 x -000000186502272 
—m*/n!4 x 000000000231931 —m4/n!4 x -000000012981715 
—m'8/n'® x -000000000012659 — 76/16 x -000000001261471 
— m}8/n18 x -000000000000702 —m/8/n38 x -000000000124567 
— m/n x °000000000000039 — m*9/n9 x *000000000012456 


— mn” x ?000000000001258 
— m*4/n4 x °000000000000128 
— m*/n6 x 000000000000013 


These series were given by Euler, the decimals being given to twenty places. 


EXAMPLES. 


301. (1) Find the values of Sn-2, Sn-4, > (Qn- De 3(2n—1)-4 
it 1 1 1 
We have 


eeeeee 


Bee es 
mw n? Art ~ nA 


ae gf 2 gAN J /g2\2 
SrA Gi — 0-4 Re, Ne (eee | ae ee 
also log =log({1 6 + 190 ea 6 120) a\G ae 


sin x a v2 1 gt 1 
log ——— = ees Ws se 
og = log ( =m) 
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hence, equating the coefficients of x, a, in the two expressions for log ae ; 
we have 3n~?=47?, Sn-4=J,r4. Again 
4? i 4x? 1 8x* 1 


Rael ia'| = Ct at Only 


and log cos vlog (1-5 +55 -...)=-($-F)-3 (5), 
therefore equating the coefficients of w? and x, we find 
= (2n—-1)-2=Ae?, F(Qn—-1)-4= ger. 
1 1 1 
Poet eye t py 


In the theorem (10), put 2z=.rr, we thus find for the sum of the series, 


log cos v= log {1 


(2) Swim the infinite series 


yess 


a tanh $mv. The sum might have been obtained directly from the expression 
for cosh wr in factors, by taking logarithms and differentiating. 


(3) Shew that the sum of the squares of the reciprocals of all numbers which 
are not divisible by the square of any prime, ts 15/7. 

Let a, B; y...-.< denote the prime numbers 2, 3, 5...... , then the required 
sum is equal to the infinite product 


(+2) (+8) Ota) 
(3) (oa) Oy 
Sere is 


Th gal 
ltetat pt. 


1 
3t 


and this is equal to ; ; 
1 +54 asa re SAisnc 


| oe 
or to aa which is equal to 15/1. 
9 
(4) An infinite straight line is divided by an infinite number of points into 
portions each of length a. Prove that if a point be taken such that y is its 
distance from the straight line, and x the projection on the straight line, of its 
distance from one of the points of division, the sum of the squares of the 
reciprocals of the distances of this point from all the points of division ts 
eae 
sinh» 
OE en eh SE 
a Qarx" 
Y cosh 2a cos 
a a 
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1 ime : 
oe is ee lent to 
The series to be summed is 23 Prana which is equivalen 
: > ei d ) . The sum of the series is therefore 
Wy —» \V—-wytna xw+y+na 
z foot ganesh. cot eAeE) my ’ 
Quya a a 
sin ——= ony 
or BAS Aap Bova nection e+ 
0 > 
Quya sin 7 (w+) ae am (@— wy) 


a a 


which reduces to the given result. 


EXAMPLES ON CHAPTER XVII. 


1. Prove that 


cos ($7 sin 6) =m cos? 6 (1 1" S (1 + a riceee 
2. Prove that 
1+sin z=} (9-422)? {1- ie ta} {1 HG srt A 
1 


3. Prove that 3 $ 
oe cm (@+0) (e+) 


integral values, and 2 is not an integer. 


—7n*, where «4, j, have all unequal 


4, Prove that 


5. Prove that 


a Qn? Qn? + Qu? 
ita? ? Pay 348 t teeeee 


6. Prove that 


loa Ome 1? (te 
git pita tort guslene -H(1-%)- 


saaft-(2)}. moran (@ 2) 


express A (7+ 3a) in terms of p(x), and p(a+4a) in terms of A (x), and thence 


find the value when is infinite, of di. Saree V/2m+1. 


QM! 


ie abe 
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8. If P, denotes the products of ED ay sie taken 7 at a time, shew 
22 2n-2 2n—4 2 
that 2P,=™ u “ _ 
. ~ (Qn)! * (2) ! 2 * Gn @n—4)122 Boots? +3} Prathn 
9. Prove that 
l 1212. 3?) L2RS2 52 2 
ide 23. ae oF 4a gh Me 
10. Sum the series 
i 1 1 
[Pate ak meena eae 
11. Shew that the sum of the products of the fourth powers of the 
2 . “ye . . 8 
reciprocals of every pair of positive integers is —_ 


12. Prove that 


2 1 1 1 7 
1+ —, + —s4+—at...... } (— +# eee t+ eet eee =—, 
( +optigetiet \Gertastat ) 8 


13. Prove that the sum of the series 


1 2 il 2 l 2 
a +(s-3-4) +(5) “age 
is gr?— 38. 


14. Shew that 


(m?—1) (2?m?—1)...... (72mm? — 1) 


Drace 4m? — (a — 1)?} $2?m* —(m—1)*t...... (rm? — (m — 1} 
is m—1. 
15. Shew that the sum of the series : seo + ee: is 
: wo ap gt B84 gt B84 ge? 
gm sech $v. 


16. Prove that 
tan! 4 —tan4a¢+tant1e-...... =tan tanh fra. 
17. Prove that 
log 12-2 log m=S, +48, 4 JS, esses te Spy t vsee 
where S;,, is the sum of the reciprocals of the 7th powers of all numbers which 
are not prime. 


18. The side BC of a square A BCD is produced indefinitely, and along it 
are measured CC,, 0:C,, CLC, ...... each equal to BC; if 6,, @,...... be the 
angles BAO,, BAC,, BAC,...... , shew that sin 6, sin 6, sin 6,...... ad inf. 


= 4/2 cosech mr. 


19. If2, 3, 5... are all the prime numbers, shew that 


GCS) So 
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92 32 OB? ; 
; , ae =72/15 
and 241° 3241 S241 ty 


24 34 5t 


a1 atal Bee = 74/105, (Huler.) 
: ; A ae a COS ML COSY . 
‘4 1 me +2 —<- 
20. Express the doubly infinite series = i. (-1) mn (m2 +n") 


the form of a singly infinite series of cosines of multiples of y. 
21. Prove that 


o {ore = (sinh? Br/2 + cos? B 4/2 — 2 cos 2a cos B /2 cosh B»/2 


+ cos? 2a)/4 (at ++) 
where 7 has all integral values, positive and negative, excluding zero. 


22. Prove that 


! E Pe : oF log 2-34 
[.os.4 616. 73810 loge 9 4 lop eat 

i il 1 T 
1.3.6.7 '9.11.13.16' 17.19.21.93"°" —96.04,/2)° 


23. If d (w)=(1 +2) ( +5) (1 #2) ed HB, shew that 


tan~1- +tan= VF ptan t+ Spork: =tan=l— 
and hence shew that 


tan ~~ — tanh =~ 


2 
tan- 155+ tan~1¢ "+ tan- 12 aA be vas) =tan-1 pape ae 


32 
24. Prove that 


1 wey 2 sinh rv /2 +sin rv /2 1 
nt+a*  4a3 cosh ra 2 —cos rx V2 Qa” 


= 
1 


25. Prove that | = ; sec? 
aos ae faa 6. 


26. Prove that 
be oe? 
OLE 
=f eS f iy 4(b-—c)v+42? 
2 ae 2 \2 
1 + (b—c) \ In? +(b-c) { 252+ (b— att 


teeeee 


and 
ete ge—u 2x 4 (b—c) “+42? 4(b—c) v+42? 
LIE ty ioe SAG eee AG = 
Pué ( +h) {i+ dnt (b—o) fate 16n2+(5— ee 
(Huler.) 
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Die elt, 
ioe 1 1 1 1 
NM-M N+-MNM Bn-—M Seon in 5Bun+-m 
mews 1 1 1 
cc (n—m)? <i (n+m)2 + (8n— my t (32 +m)? Roose 
1 1 1 1 
= 3 P 3 =P a ci =f 
(n—m)> (n+m)> ~ (Bx-—m)> (3n+m)3 
1 1 i! 1 
c= ses 
(n—m)* > (n-+m)* x (8n+m)* + (382 —m)* nay 
prove that 
putt ga (2H +2) ria Pe (6k? +64) 23 gy (24H + 8243 + 8) mt 
Qn” 2.4.0? ” CACC. ye ice (O84 6.8. i et 
h ae sada A 
where k=tan a” (Euler.) 
28. Prove that the sum of the series 1 — ata- ; it cee , in which all 
odd numbers not divisible by 3, are taken, is a 18 ,/3. (Huler.) 


29. Prove that the sum of the squares of the reciprocals of all numbers 
which are not divisible by 3, is 42/27. (Huler.) 


30. Prove that 


sinhy+sinhe _ 1 +2 _ 2ey-¥? l Qey+y? 1 2cy—y? 
sinh ¢ 7? +2 a - 5555) eer 
and 
cosh y — cosh¢ _ 1-7 129-7 1 ty = Qey — x 
1—coshe e Ap? + C2 d+ 8 lén24+e@) 
(Huler.) 
31. Prove that when 7 is odd, 
2 2 Na EA Gy ae a 
cot an + cot I tore toot on 4 (w— 1) (n—2), 
Qe 4 (n-1)m 
vie ytd ANSE G) TS hes = 2 = 
cot In +cot mt + cot oP go (2-1) (n—2) (n? +3n— 13). 


2 
32. Prove that the infinite product (1+) (1 +: 5 im) € +5) cegees is 


equal to 
n—-1 


1 1 n-2 
ahi I (cosh max +cos mBx), or gia) cosh 4a " (cosh rav +cos B82) 


; cos” respectively 
in 2n P y 


where 7 is an odd number. (Glaisher.) 


according as 7 is even or odd, d;, Br, denoting sin /™ 
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an 
33. Prove that the infinite product x” (1+.") (2 +5) (1 +5) Renee 
is equal to 
1 1 
Ae a "(cosh Qraxv— COS 2rBx), or - gin=) ,, Sinh Te ir "(cosh Qrax — COS 2B7”) 


according as 7 is even or odd, a, 8, having the same meaning as in the last 
question. (Glaisher.) 


34. Prove that 
1 1 ih 


1224 y2n te en 4p yn qh 3mm yp gaat ARARGS 
—_ m  lasinh 2rav+ 8 sin 2rBx 1 
nam > cosh 2rar—cos2nBua = 2m? 
a, 8, having the same meaning as in the last question. (Glaisher.) 


35. Shew that 
au + by (Se {e tbytr(@+0?) | axt+by—r (a+ oe 


v+y? + rai ((atraP+(ytrb? * (w—raP+(y—rby 


nae ; an + by : ay — ba an + by 
18 equal to 7 Sin (20 e+e? i) | feosh (20 te) — COs (20 oH) . 


CHAPTER XVIII. 


CONTINUED FRACTIONS. 


Proof of the irrationality of mt. 


302. Ler f(c) denote the infinite series 


ie: x i Lip & eos is 
lie 1.2.c(e+1) 1.2.38.c(e+I)(e+2) , 
then fe+lh-f@= Sa ee + 2), 
hence _ F(e) we  f(¢+2) 


as fies 
Ge ia 6C+D fer: 
therefore f(c + 1)/f(c) can be expressed as a continued fraction of 
the second class 
1 #/c(c+1) #f(c +1) (c+ 2) a /(c +2) (c+ 8) 
pT = RT AD: 


Let c= 4, and write $a for a, the series f(c) becomes 


ie ie x} 
eo fereg 


or cos #, and f(c + 1) becomes = ; 


Belts tan x 1a? ae ae 
a et a Ree 


an expression for tana as a continued fraction of the second class. 


303. Lambert’s proof? of the irrationality of 7, depends on the 


1 Published in the memoirs of the Academy of Berlin in 1761. 
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continued fraction found in the last Article. Put #=47, and if 
possible let 42 =m/n, where m and n are integers, we have then 
LL 
n— 8n— 5n—Tn— 


now after a certain term, the denominators of the fractions m/n, 
m?/3n, m*/5n...... exceed the numerators by a quantity greater 
than unity, hence, by a well-known theorem}, the continued fraction 
on the right-hand side of the equation, has an incommensurable 
limit, and cannot therefore be equal to unity; hence }7 cannot be 
equal to a fraction m/n in which m and n are integers, therefore 7 
is incommensurable. 


Transformation of the quotient of two hypergeometric series. 


304. The fraction F(a, 8 +1, y+1, 2)/F (a, B, y, x), where 
F' (a, B, y, «) denotes the hypergeometrical series 


a(a+1).8(8+1) , 


1 + gf +e i wn. 
+oet 1s ye De 
can be transformed into the continued fraction 
1 ke ke kx 
a =: oe ee 
where 
(280-8), C+DO+1=% , _@+)@+1-8) 
y(ytl) 7 (yt Ay 42) 7 8 y $2) (7 +8) 
_(B+2)(y+2—a) —,_(atn—1)(ytn-1-8) 
hy 3) Gta) 2 oe ma (y+ In — 2) (y+ Qn—T) ’ 


k (80) (y = a) 
os (y + 2n —1)(y+2n)’ 


As an example of the use of this transformation, taking the 
series 


g=sin fos p {1+ $sinth + 5° sint p + baaee b 


and putting a= 1, B=0, y=4, «=sin’¢ in the above formula of 
transformation, we find 


1.2 3.4 
4g = sin goo gL. Tpit bs sos ue 
[iL oS ry eee : 


1 See Todhunter’s Algebra, Art. 792. 
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The second convergent gives Snellius’ formula for 6 


_sngcosd = 3sin2¢d | 
P14 anid 242 +08 2)" 


2 


Huler’s Transformation. 


305. Other series may be transformed by means of Euler’s 
theorems 


uU u Uy Us Uo U, 
Tee Phe dt, sna: cs = - = ee 
L— UW + Ug — UgtUs— Us + Uy — 
which may also be written! in the form 
Ib al if ak 1 Gre er 
+—+—+ — _ 4 
GM A, As” WN Gy — Ap + A, + Az + Ay + 


As an example of this method, we uvbtain from the theorem 
T mr 1 1 a 1 1 
see a + ee 
n n m n—-m ntm wWM-m Ww+m 


the theorem 


T .mr 1 m  (n—my (n+myP (2Qn—myP (Qn+myp 
— cot — = sg 
n n m+ n—-2m+ 2+ Wt 2m+ n—-%Ymn+ 


EXAMPLES ON CHAPTER XVIII. 


Investigate the theorems in Examples (1) to (13). 


1 tanh 7 1 2 


aL 1+ 34+ 54°07" 


ntan« (n?—1)tan®x (n?—4) tan? (n®—9) tan? x 


2. tannv= I 3_ Bo nae 


when w<$n, ” being unrestricted. 


ee ee a Stan! 2) (ni — 16) tan? x 


l—tamz— 3—Stante—- 5=dStante— "" 
atana (n?—1)tan?x (n?—9) tan? x 


ee 1 3—tan?v— 5—3tan?2— 


a 2 4% 


5 arp a eee pea 
DU Tian 2 Feet 64 


seeeee 


1 See Smith’s Algebra, Art. 367. 
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10. 


11. 


12. 


13. 
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x 4a? 1622 
l—-2?+ 3-30?+ 5-52?+ 


eeeeee 


tan-!a= 


tan-ly=— oa oe ~ 
14+ 8-2?+ 5-3224 


weeeee 


ntanhe (n?+1)tanh?2 (n?+4) tanh? x 
1- 3- i= 


tan nv = 


nm—1+ 1+ nm—1+ es 


1 (n-1)n n(n+1) (Qn—1)2n 


eeseee 


sin rx we I+ae 1-e@ 2(2+2) 2(2-2) 
=1+ : =o BS 0060 
TH l-—- #- 1+2- xL- 1l+a—-— 
WL vw 1l+u2 1-2 3(34+.2) 
cos = 1+7— fDi eee 
1 1 i 1 1 1 
CO SS SS SS SS ots 
we @-1+ 14 37-24 14+ 5H-24+ 
ila 1.2 3.4 3.4 
Rag + oe ieee 2 
Ssing 8° 298.6 Y FT Le TH 
(a 1- 1- 1- 9- 


sin? $6 


MISCELLANEOUS EXAMPLES. 


1. Prove that if m is a positive integer 


COS 2.2 — COS Ira 
cos #—- COS a 


=cosec a {2 sin acos (m— 1) #+2 sin 2a cos (m—2)a+...... 
+2 sin (m—1)acosx+sin ma}. (Hermite.) 
2. Prove that if m and 7 are positive integers 


sinmz 1 : L-—a 
: =— 3(—1)* sin ma cot 
sinne 2n ts) Oa hs 


where a= , and that the expressions are also equal to 


5 =(— 1) sin ma cot (4 —a), 
or es =(—1)' sin ma cosec (wv —a), 
an 
according as m+ is even or odd. (Hermite.) 
3. Prove that 
cot (7 —a) cot (7—f)...... cot (v—A)=cos$nm+3A cot (x—a) 
where A=cot (a—) cot (a—y) ...... cot (a—A). (Hermite.) 


4. If A, B, C be the angles of a triangle, and w, y, z are real quantities 
determined by the equations 


cosh # (sin B sin oc} =cos$A, 
cosh y (sin C’sin A) =cos 48, cosh z (sin A sin B)i=cos30, 


then any three points so situated that the distances between each pair are 
proportional to x, y, z, respectively, lie on a straight line. 


: > : and <, : 
L+a27 l+ata??’ 


ap Pa ee 
5. If #>4, shew that tan Tea: 


p=m k=n-1 Qpkr 


6. Prove that + 53 


: is equal to the greatest integer in m/n. 
p=1 k=0 
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7. Prove that 
4b2 4b2 4b? 


tant ei ee = 
ON Gat bP +3 Qa 3d)+302* (2a 2n—1b)?+302 


5 


nb? , 
a? +nab+b?’ 
series cot! (12+ #)+cot— (22+ 2)+cot! (82+ 2)+...... is cot. 


is equal to tan~! and hence shew that the sum of the infinite 


ey Ry tan A sec 6+tan B sec A=tan C, 
prove that 
tan A sec A+tan Bsec B+tan Csec (+2 tan A tan Btan C=0. ; 
Trace a connection between this result and the known theorem that 


sin A cos A+sin Bcos B+sin Ccos O-2sin A sin B sin C=0, 


where A, B, C, are the angles of a triangle. 


9. Ifm and n be any quantities, prove that 


sin 2 ‘aoe EU N LR a 
(m+n) (m+n+1) 2! 


+ m(n+1)(n +2) (n+3) roe | 
(m+n) (m+n-+1) (m+n+2) (m+n+3) 4! sisielerels 
# 
=(m-+-2 COS Z) aa 


1 ae 
Bet 6 GA 
(mm (m+ 1) (m+2) +n (n+1) (n+ 2) cos x} CHENG ERE SNC Hoe pte 


10. Prove that 


1 COS a, cos(a+), cos(a+B+y), cos(a+B+y+4), 
COS a, 1 cos B, cos (B+), cos (8+y+5), 
cos (a+8), cos B, 1 COS y, cos (y+), 
cos(a+B+y),  cos(B+y¥), COS y, 1 cos 6, 
cos(at+B+y+6), cos(B+y+5), cos (y+), cos 6, 1 
=(), 


11. Prove that the determinant 
| 1, cosA, sin A, cos(3d4+JX), 
1, cosB, sin B, cos(8B+ 2X), 
1, cosC, sin@, cos(80+ 2X), 
| 1, cosD, sinD, cos(8D+X), 
is equal to 3 sin (4+S+ X) multiplied by the product of the sines of haif the 
differences between A, B, C, D, and also by a numerical factor, S denoting 
3(A+B+C+D). 
12. Prove that, if 
cos (4% — y — 2) sin (y — z) + cos (4y — 2 —@) sin (z— w) +-cos(4z— v— y)sin(#—y)=0, 
and no two of the three w, y, z are equal, or differ by a multiple of 7, then 


cos 24+ cos 2y + cos 22=0. 
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13. Prove that, if y and 8 be two values of 6 between 0 and zx, which 
satisfy the equation 


sin 26 cos? (a+) +sin 2a cos? (8-+6) +-sin 28 cos? (a+ 6)=0, 
then a and B satisfy the equation 
sin 2h cos? (y+) +sin 2y cos? (6+ p)+sin 28 cos? (y+) =0. 


14. If tana, tanf, tany are the three values of tan : obtained when 
tan @ is given, prove that 
(1) cosacos cos ysin (a+8+y)+sin asin B sin y cos (a+B+y)=0. 
(2) sin (8+y) sin (y+) sin (a+8)=sin 2a sin 28 sin 2y. 
15. Shew that 


2 sin (8 — y) cos *=* cos ane sin ae) 


= sin (8 — y) cos Y ae cos 


see nee ee By 

_ sin 2(a+8+y)+5 sin (2a+B8+y) 

~ cos 2 (a+B+y)+5 cos (2a+B+y)’ 
where the summation = refers to the sum formed by a cyclical interchange of 
the angles a, f, y. 


16. Prove that, if 


6 6 
casa Y COS 5 2, COS 


u=1 c= re Taso aspaueen © ; 
the error made in taking the mth convergent to w instead of w is 
2 (u?—1) 
u—-V/4—w c gee au 


17. Prove that the series 
1 1 1 


Wize SS Beas eeceee to © 
: on on 
has for its sum i {sec ya i} : 


18. Shew that the equation tanz=az, where a is real, cannot have 
imaginary roots unless a<1, and that then it has one pair of imaginary 
roots. 


19. Shew that the antiparallels through A, B, C to any three lines AQ, 
BO, CO with respect to the angles A, B, C of the triangle ABC meet in a 
point O’, and that the six feet of the perpendiculars from O and O’ on the 
sides lie on a circle. 

If GL, Gi, GN be perpendiculars to the sides BC, CA, AB from the 
centroid G, and P any point on the circumference of the circle L/W, shew 
oa (407+ b? +0?) A P?+ (a? +4024 c*) BP?+ (a? + b? + 4c?) CP? 
is constant. 
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20. If w be real, and 1>«#>0, and if tan~!z mean the least positive 


angle whose tangent is z, shew that 
(2r+1) a 


ee) = ah B 
ri : ia 1 aN — me 1 ] pees , 
ha (-1)" tan @r+ 1? —a? tan {sinh Z 8G } 


21. If P be any point on a circle passing through the centres of the three 
circles escribed to the triangle A BO, prove the relation 
AP? BiR2 
= (1+cos A —cos B—cos C)+ me (1-—cos A +cos B—cos C) 


gee —cos A —cos B+cos C)=1+cos A +cos B+ cos C. 


22. If u,=AcosnO+Bsin nd, where A and B are independent of 2, 
prove geometrically the equation 
Un +1 — 2Uy, COS O+Upn—1=0. 
Prove that 


26 sin’ @+sin 76 _ oe a -3) 
58 coal Oa cosa an @ tan (0+) tan (6 6): 


23. If 0,, 02; Gy, Ga; Ny, N,; Py, P, be respectively the two positions 
of the circumcentre, centroid, nine-points centre, and orthocentre of a triangle 
in the ambiguous case, prove that 


20,0,=3G,G, cosec A=4N,N,= P,P, sec A ; 
a, b, A being the given parts. 


24, Lines ABC’, BC’A', CA'B’ are drawn through the angular points 
A, B, C of a triangle, making equal angles 6 with AB, BC, CA respectively ; 
and lines 40” B", CB" A", BA" CO” making equal angles 6 with AC, CB, BA 
respectively. Shew that the triangles A’B’C’, A” BC” are equal in all 
respects, the area of each being Asin? 6 (cot @—cot A —cot B—cot C). Shew 
also that if 74’, 74” be the tangents to the circumcircles of these triangles 
from the point A, with a similar notation for the tangents from B and C, then 
will 

oli=—clo, lr —ale clo —biee 


25. Sum the series 


n=p 


> 


elite et! 
n=-q_(-l)"#-a-n  n|’ 


where the value 7=0 is omitted, and p, g are positive integers to be increased 
without limit. 


26. Shew that, if a=2z/17, the quantities 
cos a+cos 37a+cos 34a+cos 3%a, and cos 3a+cos 33a+cos 3°a+cos 37 a 


are the roots of the equation z?4+4z=1, and explain how the process thus 
indicated can be continued to obtain the value of cos a. 


ABCDEFGHK are nine consecutive vertices of a regular polygon of 
seventeen sides inscribed in a circle whose centre is 0; a, B, y, 5 are the 
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projections upon OA of the middle points of the chords BH, OK, DF, GH 
respectively ; shew that the common chord of the two circles on a8 and yé as 
diameters passes through O, and is of length $04. 


27. If a, 8, y, 8 be the distances of the nine-points centre from those of 
the inscribed and escribed circles of a triangle ABC, shew that 


1 il 1 Al 
Bly eo- lia ysoto 18 SPena lly? apeey ole! 
and that a’? +6?+y?+6?= Rh? (13-8 cos A cos B cos C), 


where # is the radius of the circumcircle. 
30 . Ir 
28. Prove that tan it +4 sin il =~/ 112 


29. Prove that if J be the centre of the inscribed circle of a triangle A BC, 
and L, M, N the centres of the escribed circles, the circles inscribed in the 
triangles JN, INL, ILM touch the circle ABC, and the tangents of the 
angles of the triangle formed by the three points of contact are respectively 
equal to 

2 cos $A+cos$B+cos$C-sin}B-sin$C-2 
1—cos$B—cos$C0+sin$B+sin $C 


and two similar expressions. 


30. Shew that if z be not an integer, the series 
Q2-+m+n 
(+m) (e+n)? 
in which m and 7 receive in every possible way unequal values, zero or 
integers lying between J and —/J/, vanishes when J increases indefinitely. 


31. Shew that sin” 6 cos” 6 can be expanded in the form 


A, ~ (m+n) 6+4A, oi (m+n-2)8+Ag™ (m-+n—4) d-+8e, 


when m and 7 are positive integers. 
Shew also that 
(p+2) Apso+(m—N) Any, +(m+n—p) Ap=0, 


except in the case of the last terms of the series, when both m and n are even. 


32. The circumference of a circle whose centre is 0, is divided into 2 
equal parts at the points P,, P,, P3...... P,, and Q is any internal point. 
Prove that 

tan P,QO+tan P,QO+...... + tan P,QO=n tan P’Q’0, 


where P’ is a point on the circle such that QOP’=n. QOP,, and @ is a point 
on YO such that (if the ordinates QR, YR’ cut the circle in R, 2’) 


QOR' =n. QOR. 
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33. Prove that, if m,, 7%), <-.... mgs are the integers less than and prime 
to m, and if 1, py... are the different prime factors of m, 


5 . mé ; me 
sin mé . II sin —— . I sin ———— ...... 


Irsin (0+%") = Pi ane 3P4 i 
im 2 sin —* ein = ee 
Pi PiP2P3 


34. Prove that the sum of the products 
sin pa sin g (a+) sin 7 (a+) 


for all positive integral values of p, g, 7 which are such that p+g+r=s, when 
s2=3 is zero unless s is a multiple of 3, and is —}sin sa, when s is a multiple 
of 3. 


35. Prove that 
Ze a ae, 
tan 6= 51-7 ee — +... i, 


ASS Gs 
: L 3 31 187 
ein (iy IIb pede 
sin 6 5! rh +195" i034” ese suers \, 
Lea ala ear Cae ods reds 
2sin30—5 {1 a9” tanag% Te ; 


where 7=tan 26. 
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